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Abstract
We review the results of applying the statistical field-theoretic approach to the problem of fully devel-
oped turbulence in nonrelativistic three-dimensional magnetohydrodynamics (MHD), which have been
obtained over the past forty years. The review covers both general aspects of the physics of MHD
turbulence and the necessary mathematical machinery of statistical field theory, including elements
of renormalization theory and the renormalization-group (RG) method. The approach is illustrated
using a stochastic model of stationary, locally homogeneous, fully developed three-dimensional MHD
turbulence in the general case of a medium with broken spatial parity (helical MHD). In this model,
RG techniques make it possible to establish the existence of several infrared-stable scaling regimes
and to calculate the critical dimensions of various composite operators, the infrared asymptotics of
correlation functions, and the amplitude factors in scaling laws, as well as to incorporate the effects of
compressibility, anisotropy, etc.

For an important class of helical MHD systems, the field-theoretic approach provides an elegant
formulation of the fundamental problem of large-scale turbulent dynamo action — namely, the genera-
tion of a large-scale magnetic field ⟨b⟩ = B (where b denotes magnetic fluctuations) at the expense of
the energy of turbulent fluctuations — via the decay of the initial unstable vacuum state ⟨b⟩ = 0 as a
result of dynamical spontaneous symmetry breaking in the spirit of the Coleman-Weinberg mechanism,
followed by stabilization of the theory in the vicinity of the new ground state ⟨b⟩ = B (the dynamo
regime). The field-theoretic formulation we developed, together with a generalization of the standard
Feynman diagrammatic technique to the dynamo regime, not only makes it possible to treat within
a unified framework the existing theoretical approaches to helical magnetohydrodynamics (kinematic
MHD, large-scale dynamo theory), but also extends the RG formalism to the dynamo regime, which —
unlike closure procedures still common in dynamo theory — is particularly well suited for studying
statistically stationary turbulent states. The richness of MHD physics in the dynamo regime is illus-
trated both in the emergence of new effects (Goldstone-type corrections to Alfvén waves, anisotropic
corrections associated with the transport of the large-scale field) and in the theoretically predicted
strong dependence of the magnetic energy-spectrum slope on the degree of mirror-symmetry breaking.
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1. Introduction

By now, the renormalization group method has become standard in turbulence theory. This,
however, does not change the fact that by the term ‘renormalization group’, researchers in turbu-
lence often mean a variety of rather disparate formalisms: perturbative RG as part of the toolkit
of statistical field theory (SFT) [1–3], Wilson’s recursive mode elimination schemes [4, 5], the
Yakhot–Orszag approach [6, 7] (see also [8–10]), averaging methods over near-grid scales [11],
nonperturbative (i.e., functional) RG (FRG) [12], and others. Therefore, despite the continuing
intensive development of turbulence theory in many different directions, mutual understanding
among specialists has not improved substantially.

The situation is even more complicated in magnetohydrodynamic turbulence: although the
usefulness of RG methods is widely recognized, the considerable technical complexity of the
problem has so far prevented them from attaining the same prominence as in pure hydrodynamic
turbulence, and they have not yet been included in standard monographs (see, e.g., [13, 14]).
Inheriting many features of purely hydrodynamic turbulence, MHD turbulence is nevertheless
substantially more intricate and exhibits a wider range of interesting properties. This, together
with the need to systematize recent results and the apparent lack (to the best of our knowledge)
of a comparable review, motivated us to write the present review of the results of the SFT
approach to the problem of fully developed MHD turbulence. However, before turning directly
to magnetohydrodynamics, it would not be superfluous to say a few words about the state of
the art in pure hydrodynamics.
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1.1. Threshold: statistical field theory as a language of nonequilibrium physics

Statistical field theory began to take shape in the second half of the twentieth century at the
interface of quantum field theory (QFT), many-body theory, and statistical physics. Initially,
its main tools — Feynman diagrammatic techniques, renormalization methods, and RG — were
developed in the context of problems involving interacting fields in elementary particle physics
and, later, in condensed-matter theory. It soon became clear, however, that the basic objects
of quantum field theory — the functional integral, the effective action, and the renormalization
of parameters and observables — can be successfully carried over into a purely classical and
statistical context, where randomness is due not to quantum fluctuations but to thermal noise,
external stochastic forcing, or the complex dynamics of subsystems [15–18].

The key advantage of SFT is that it provides a unified, internally consistent language for
describing a multitude of physical systems that at first sight appear completely unrelated.
The statistical properties of systems specified by their microscopic dynamics — be it classical
Hamiltonian equations of motion or ordinary/stochastic differential hydrodynamic evolution
equations — are reinterpreted in terms of an equivalent Euclidean field theory formulated as
a functional integral over fields corresponding to the dynamical variables and over conjugate
‘response’ fields [3, 19, 20] (see also [21–23]). It turns out that, for a broad class of models
in classical physics, the field theories obtained in this way are multiplicatively renormalizable,
allowing a controlled transition from micro to macroscopic scales (see, e.g., [3]).

From the methodological point of view, statistical field theory comprises several comple-
mentary approaches. First, there is the Martin–Siggia–Rose formalism [24] and its functional
formulation in the Janssen–De Dominicis variant [25, 26] (MSRJD), which realizes expectation
values of observables in a stationary state through a formal representation in the form of a
path integral with the exponential of an effective action. Second, there are perturbative dia-
grammatic techniques and Wilsonian operator product expansion (OPE), supplemented by the
powerful machinery of ultraviolet renormalization adjusted to fluctuating models [3]. Simple
perturbative expansions are supplemented, on the one hand, by various functional methods
adapted from QFT [3, 16, 18, 27], such as Legendre transformations, Schwinger–Dyson equa-
tions, and Ward identities, and, on the other hand, by nonperturbative methods, in particular
the saddle-point method [16], lattice computations [28, 29], and so on, which together provide
a substantial amount of information about the structure and properties of the theory under
study. Finally, central to the framework is the use of the group of ultraviolet-finite renor-
malizations (the renormalization group), formulated in terms of finite renormalizations, which
enables a rigorous analysis of the asymptotic behaviour of the theory — primarily in the in-
frared (IR) regime, in contrast to QFT, where the main emphasis is traditionally placed on
ultraviolet (UV) properties [3, 17]. In contrast to Wilson’s iterative coarse-graining construc-
tion, the UV-finite renormalization group can be formulated as a genuine one-parameter Lie
group of transformations (see [30] for a discussion of relevant subgroups). Moreover, unlike the
Yakhot–Orszag scheme, it is internally consistent — renormalizing the full set of required oper-
ators in a symmetry-preserving way — which makes practical computations beyond the lowest
one-loop order feasible. The RG method provides a classification of possible scaling regimes,
the calculation of critical exponents and anomalous dimensions of composite operators in the
form of asymptotic expansions in some small parameter (the ε-, 1/n-, or 1/d-expansion; see
below).

In computations at high orders of perturbation theory (in practice, beyond the second order),
the resulting series are additionally resummed to obtain physical answers. The most reliable
approach is generally considered to be the procedure based on knowledge of the asymptotic
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behaviour of the N -th term of the perturbative series as N → ∞, which is obtained nonper-
turbatively using instanton analysis (the Lipatov method) [31]. Anticipating later discussion,
we note that for the problems of fully developed turbulence considered here, perturbative co-
efficients have, as a rule, been computed only up to second order, and therefore the issue of
resumming the series is usually not raised. In this case, the asymptotic series itself approxi-
mates the desired quantities rather well, provided we are dealing with universal characteristics
such as critical exponents or anomalous dimensions (see, e.g., the conclusions in [32]).

The collection of SFT methods has proved to be highly effective for a wide range of prob-
lems in modern statistical physics. Classic examples include the theory of phase transitions and
critical phenomena, where the RG method has provided a rigorous justification of the univer-
sality hypothesis and allowed one to obtain quantitative predictions for critical exponents that
agree with high accuracy with both experiment and direct numerical Monte Carlo simulations.
See, for instance, the detailed discussion in [33]. Similar approaches have turned out to be very
fruitful in the theory of disordered systems (spin glasses [34, 35], random media [36, 37], etc.), in
polymer physics [38–42], in models of random surface growth [43–46], reaction–diffusion systems
[47–59], percolation processes [60–65], and other problems in nonequilibrium dynamics where
no simple variational or equilibrium description is available. Wherever multiscale behaviour,
strong fluctuations, and the absence of small parameters play an essential role, statistical field
theory and the RG method serve as standard tools of analysis [66, 67].

1.2. Landscape: turbulence as a statistical theory

One of the most complex and conceptually rich domains of SFT applicability is the de-
scription of the turbulent flow of a continuous medium. Being one of the oldest problems
in theoretical physics, turbulence has remained the object of constant theoretical attention
throughout the twentieth and twenty-first centuries. In the literature, it has by now become
almost obligatory to emphasize that a theoretical understanding of this phenomenon remains,
in effect, the ‘last unresolved major problem of classical physics’. Moreover, the very notion of
‘turbulence’ has long since been not only a fundamental physical phenomenon, inherent to both
inanimate and living matter and manifest over a wide range of space-time scales — ‘from a cup
of tea to stellar and galactic structures’ [68, p. 1] — but also a part of our cultural vocabulary.

The English word turbulent, originating from the Latin turbulentus (‘full of commotion’,
‘restless’, ‘disturbed’), was used to describe ‘tempestuous’ epochs, crises, and human characters
long before it firmly entered the strictly scientific context. ‘Who shall deliver me from this
turbulent priest?’ exclaimed Henry II Plantagenet, referring to the figure of Thomas Becket, the
Archbishop of Canterbury, whose tragic death later shocked medieval Europe.1 This example
is an instructive illustration of how long and how deeply the entity under discussion has been
rooted in our conception of complex, multiscale, and potentially destructive dynamics. In what
follows, however, we shall consider only a certain regime of motion of a continuous medium.

Even in this substantially narrower sense, the phenomenon of turbulence pertains to an
extremely wide class of physical situations, and it is hardly to be expected that a complete
theory of turbulence will ever be constructed. Nevertheless, one usually singles out a canonical
set of phenomena that embody and exhibit the main features of the turbulent regime. These
include, in particular, the (in)stability of solutions of the hydrodynamic equations, the global

1Of course, like any member of the high English aristocracy of the twelfth century, King Henry did not
speak English in such contexts but addressed his entourage in French or Latin. The ‘classical’ English wording
currently quoted [69] is merely a later paraphrase, compiling several different forms, including those going back
to G. Lyttelton’s History of the Life of King Henry II (1769) [70].
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problem of proving the existence and smoothness of three-dimensional solutions of the Navier–
Stokes (one of Millennium Prize Problems [71]) or even Euler equations, the instability of
laminar flows, various scenarios for the onset and development of turbulence, and so on.

From a theoretical standpoint, all these topics, of both practical and conceptual importance,
are unified by viewing turbulence as a statistical theory. Its foundations were already laid in
1924 in the work of Friedmann2 and Keller [72], who first applied correlation functions to tur-
bulence and derived, directly from the Navier–Stokes (NS) equations, a hierarchy of equations
for these functions, analogous to Bogoliubov–Born–Green–Kirkwood–Yvon (BBGKY) chain
in statistical physics [73] and anticipating the ‘closure problem’ [11] that has been central to
turbulence theory since the middle of the 20th century.

By the mid-20th century, as statistical physics matured, a first-principles language for tur-
bulence theory had taken shape. It was based on hierarchies of differential equations derived
essentially from Reynolds’ concept of averaging for various moments of the hydrodynamic fields
(correlation functions), supplemented by a range of closure hypotheses for the higher moments.
This approach gave rise both to a vast family of naive zero-order closure models (Prandtl,
von Kármán, Taylor) and to first- and second-order models (various l-, k-, and ν-models and
their two-parameter extensions of the k–l, k–ω, k–ε type, etc.; see, e.g., reviews [74, 75]), as
well as to a whole series of more self-consistent closure schemes. The latter includes, in par-
ticular, the direct-interaction approximation (DIA) closure3 proposed by Kraichnan [77] (for
more details see also [78–80]) and its further generalizations, the two-scale direct-interaction
approximation (TSDIA) [81], as well as the eddy-damped quasi-normal Markovian (EDQNM)
approximation introduced by Orszag [82].

At present, these theoretical approaches have, in one form or another, served as the basis for
an even more ‘representative’ array of semi-empirical (‘engineering’) models for the numerical
simulation of turbulence of the most diverse nature, developed over recent decades. These in-
clude, in particular, models of unresolved-scale descriptions, such as Reynolds-averaged Navier–
Stokes (RANS) models and Reynolds stress models (RSM) [74, 83], large-eddy simulation (LES)
and detached-eddy simulation (DES) [84, 85] as intermediate strategies, direct numerical simu-
lation (DNS) [86] with explicit resolution of all essential scales, as well as alternative approaches,
including probability density function (PDF) methods [87], lattice Boltzmann method (LBM)
[88], proper orthogonal decomposition (POD) [89], dissipative particle dynamics (DPD) [90]
and direct simulation Monte Carlo (DSMC) [91] methods aimed at molecular-level simulation.

All of the approaches listed above — both theoretical and numerical — suffer, however, from
one crucial fundamental drawback. Although they allow one to describe very successfully vari-
ous scenarios for the onset of turbulence and regimes of relatively weak turbulence in a wide class
of situations, they, despite all the progress of recent decades, are poorly suited to describing a
statistically stationary, fully developed turbulent state corresponding to high Reynolds number
Re. Let us note that fully developed hydrodynamic turbulence is attained already at (based
on outer scale) Reynolds numbers of order Re ∼ 105 − 106. For DNS simulations, practically
attainable limits remain around Re ∼ 105; extending to significantly higher values is currently
infeasible because the number of grid points and the integration time grow very rapidly (often
quoted as Re3 for the computational cost in idealized settings). By contrast, in LES/DES
and other hybrid approaches, where small-scale dynamics are parametrized in advance — e.g.,
through wall models — rather than fully resolved (as in simulations of wing aerodynamics or

2Better known for his famous cosmological models.
3For stirred hydrodynamics [76], DIA is equivalent to the single-loop approximation to the Dyson equations.
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the atmospheric boundary layer), global Reynolds numbers as large as Re ∼ 107 − 108 can
be reached. Nevertheless, for obvious reasons, such computations still provide only limited
additional insight into the fundamental physics of fully developed turbulence.

This problem — the theory of ‘genuine’ fully developed hydrodynamic turbulence — has
always been one of the central topics in the study of turbulent flows. Turbulence of this type
is characterized by strong fluctuations of hydrodynamic fields and pronounced multiscale be-
haviour, which manifests itself in the presence, in turbulent statistics, of a wide inertial interval
in which the energy injected at large scales (the forcing scale) is transferred with almost no loss
down to small scales where viscosity becomes important (the dissipation scale). In this iner-
tial interval, the statistical characteristics of interest exhibit well-developed scaling properties.
A detailed exposition of principal achievements of the fundamental theory of hydrodynamic
turbulence, together with an extensive bibliography on this long-standing but in essence still
open problem, can be found in the classical monographs [5, 92–95].

Theoretical approaches to fully developed turbulence are so far focused mainly on the con-
cepts of (local) homogeneity and (local) isotropy, first proposed by Kolmogorov and Obukhov in
the framework of their celebrated Kolmogorov 1941 (K41) theory [96–99]. This theory provides
an accurate phenomenological description of fully developed turbulence, relying essentially on
dimensional considerations and two axioms that determine the form of the scaling functions
(see, e.g., [92, 93]). After the experimental confirmation of −5/3 spectra in the 1960s (see,
e.g., [100]), Kolmogorov’s hypotheses called for a theoretical justification; the field-theoretic
RG provided a systematic derivation of K41-type scaling within stochastic Navier–Stokes (NS)
models. A pioneering step was the 1977 application of RG methods to the hydrodynamics of
randomly stirred (but not yet turbulent) fluids described by what later became the paradig-
matic stochastic NS equation with random Gaussian forcing, as was done in the work of Forster
et al. [101], demonstrating the enormous potential of SFT for problems of this kind. This po-
tential was quickly realized, and by 1979, the K41 scaling exponents were recovered within
the RG framework [102] (see also [103]). Subsequent work has largely aimed at a complete
proof of Kolmogorov’s hypotheses and the resolution of related issues — such as the ‘freezing’
of critical dimensions and the emergence of ‘dangerous’ composite fields with negative critical
dimensions — as well as the study of anomalous scaling (see below), which remains an open
problem.

It is worth recalling that real turbulence exhibits intermittency, i.e., the presence, at dis-
sipative scales, of a ‘bursty’ space–time structure of small-scale fluctuations. In other words,
instead of an approximately uniform cascade à la K41, energy is dissipated in rare but statis-
tically significant events (thin vortex tubes, shear layers, etc.), and the distribution of velocity
increments δv(r) :=

(
v(x+r)−v(x)

)
·r/r becomes strongly non-Gaussian, with progressively

heavier tails as the scale r decreases. In turn, this implies that the moments of the distribution
of δv(r), i.e., the Galilean-invariant correlation functions (structure functions) Sn(r), are in
fact characterized by an infinite set of independent (local) scaling exponents associated with
different intermittent events (multifractality) [93]. The observed global exponent ζn, i.e., the
anomalous scaling phenomenon Sn(r) ∼ rζn with ζn ̸= ζK41

n := n/3, arises from an optimization
relation for this set of local exponents. Technically, anomalous scaling manifests itself as a
singular dependence of the structure functions Sn(r) on the integral scale of turbulence lmax

as lmax → ∞. In the language of Wilson’s operator product expansion, this is equivalent to
the following asymptotic behaviour of certain coefficients, CF (r) ∼ (r/lmax)

∆F as lmax → ∞,
where ∆F is the negative critical dimension of the corresponding ‘dangerous’ operator F . In
particular, the leading (most singular) contributions associated with the composite fields vn,
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i.e., powers of the fluctuating velocity, were explicitly resummed in [104, 105]. Then, this proce-
dure was extended to the case of a time-dependent large-scale field [106]. These results provide
an adequate RG-based description of sweeping effects. For details on these issues, we refer the
reader to the review [1], where one can also find the main bibliographic references tracing the
main stages in the development of RG theory of turbulence, and to the monographs [2, 3],
where this theory is presented in detail within the SFT framework adopted here.

For completeness, we also present here Kolmogorov’s hypotheses in their refined form [107]
(see also [1, 3]). Let m := l−1

max and Λ := l−1
min, where lmax and lmin are characteristic macro- and

microscales of the system (e.g., the system size and the dissipative length, respectively). Then,
for any turbulent flow at sufficiently large Re, one has:

1. In the region k ≫ m, |ω| ≫ ωmin, the distribution function of the spatial Fourier compo-
nents v(k, t) of the random velocity field v(x, t), taken at coincident times, has a finite
limit as m/k → 0 for m→ 0.

2. In the region k ≪ Λ, |ω| ≪ ωmax, the distribution of the Fourier components v(k, ω) of
the random velocity field v(x, t) does not depend on the viscosity coefficient ν0.

Over the last three decades, since the review [1], the SFT approach to the problem of fully
developed turbulence has evolved along several distinct directions: refinements of perturbative
RG for the forced stochastic Navier–Stokes equation, nonperturbative RG, and extension of
the class of models. Within the first paradigm, a two-loop RG analysis was performed for the
simplest case of incompressible NS with a Gaussian random force having a purely power-law
spectrum, ⟨f ⊗f⟩ ∼ k4−d−2ϵ, where ϵ is an expansion parameter analogous in spirit to Wilson’s
(4−d)-expansion but not directly related to the spatial dimension d [108]. The main outcome of
this work can be viewed both as a two-loop confirmation of the stability of the Kolmogorov fixed
point and as a conclusion that the ϵ-expansion becomes of limited practical use for amplitude
factors already at the two-loop order (in particular, the resulting two-loop prediction for the
Kolmogorov constant CK ≃ 3.02 substantially exceeds the experimentally measured value).
Accordingly, various ‘improved’ ϵ-expansions perform substantially better, including schemes
that resum pole contributions of renormalization constants as d→ 2 [32, 109, 110] or incorporate
the d → ∞ asymptotics [108, 111]; with these refinements, even a one-loop estimate CK ≃
1.89 [110] comes close to modern measurements CK ≃ 2.21 [112]. A broader comparison of
experimental and theoretical determinations of CK is given in Table 2 of [113]. Beyond the
incompressible case, the two-loop effects of compressibility [114] and parity breaking [115] on
the model’s universal regimes were also investigated.

An active research line seeks to go beyond the ‘pure’ ϵ-scheme, in which the physically
relevant case d = 3 with realistic (infrared) power-law forcing corresponds to the rather large
value ϵ = 2. Early attempts to this problem borrowed tools from critical phenomena — self-
consistency equations with skeleton diagrams (bootstrap) leading to a 1/n expansion, with
n the number of order-parameter components — but in the turbulence setting, this strategy
remains unsuccessful. In particular, introducing n ‘replicas’ of the velocity field to construct
1/n expansion conflicts with Galilean invariance [116].

In this respect, the 1/d expansion4, which has been repeatedly proposed in the context
of turbulence in a wide variety of schemes and settings [117–120], appears to be considerably
more promising. Of particular interest is the limit d → ∞, which provides the leading-order
approximation in the 1/d expansion. Indeed, calculations in the limit d → ∞ are greatly

4Note that for three-dimensional turbulence one has 1/d = 1/3, which is a reasonably small parameter.
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M. Hnatič et al. Natural Sci. Rev. 3 200604 (2026)

simplified; moreover, there is some hope that in this limit the model becomes ‘exactly solvable’.
At the very least, this is suggested by the fact that in the limit d → ∞ the theory displays
similar features to K41 (intermittency and anomalous scaling disappear or acquire a simple
‘calculable’ form) [118]. From the perspective of the ϵ-scheme, a crossover from Kolmogorov
scaling to anomalous scaling is expected at some (as yet unknown) value of ϵ. In recent years,
several very intriguing results have been obtained in this field [111, 121–123]: diagrammatic
calculations carried out up to four-loop order for the only model parameter that is realistically
needed — the anomalous dimension of the viscosity, γν(ϵ) — show that, in the limit d → ∞,
the coefficients of its ϵ expansion are rational numbers. This observation raises the hope that,
for d→ ∞, the ϵ expansion has a finite radius of convergence5 and may therefore be resummed
exactly by inferring the general term of the series from its initial segment.

An alternative to the purely perturbative strategy has been the conceptual leap achieved
in recent decades and associated with the FRG. Building on Wilson’s idea of integrating out
fluctuations scale by scale, FRG employs exact Wetterich-type flow equations for the effective
action Γ[ϕ] [125].6 In contrast to the original Wilson RG, the RG flow is formulated directly
for Γ[ϕ], and practical approximations need not rely on a small parameter such as ϵ. FRG was
soon applied to the forced stochastic Navier–Stokes equation in d = 2, 3, yielding RG fixed
points associated with fully developed turbulence [128–130]. Within a simple but symmetry-
consistent truncation, it produces fixed points corresponding to the direct and (in d = 2) inverse
energy cascades and reproduces key K41 predictions in three dimensions (notably the −5/3
spectrum and Kolmogorov’s fourth-fifths law [93]). Logarithmic deviations from pure power-
law scaling in higher-order structure functions, suggestive of intermittency, also arise naturally
[129]. However, capturing strong deviations from self-similarity, such as those described by
models like She-Lévêque [131], likely requires more sophisticated approximations that include
a richer set of (multi-local) composite operators and an expanded action space. Initial efforts
towards an ‘OPE within FRG’ are ongoing, though precise reproduction of experimental multi-
exponent scaling remains a challenge. Furthermore, FRG predicts a breakdown of simple scale
invariance in time-correlations: for a fixed wavenumber k, the two-time correlation function
can exhibit a crossover from Gaussian-like decay e−α(kvkt)

2 at short times t ≪ 1/(kvk) to an
exponential decay e−βΩkt at long times, where vk is the characteristic velocity at scale 1/k and
Ω ∼ kvk is a characteristic frequency [130]. This behaviour is linked to the non-local (in time)
structure of the effective interactions. High-precision DNS supports these temporal features
in the inertial range [132]. Notably, the FRG method has also proven capable of uncovering
new fixed points inaccessible to perturbative schemes, such as a non-trivial fixed point for the
inviscid Burgers equation in d ⩾ 1 characterized by a dynamic exponent z = 1 [133].

The third major block of progress in the development of RG approaches to turbulence is
associated with a broad spectrum of stochastic models related to the NS equation, to which the
same perturbative RG formalism, supplemented by the OPE, has been applied. Studies in this
direction, while not providing a direct solution to the problem of ‘pure’ isotropic Navier–Stokes
turbulence, have described a rather extensive class of situations in which RG yields controlled
multiscaling exponents and demonstrates how turbulent fluctuations modify the universal prop-
erties of other systems [67, 134]. First and foremost, one should mention models of passively
advected scalar and vector impurities, where, based on Kraichnan’s ensemble with synthetic
turbulence specified by the pair correlator of a random velocity field that is δ-correlated in

5A similar situation occurs in the 1/n expansion in the theory of critical phenomena, where in the limit
n→ ∞ the critical exponents are frequently given by simple analytic functions of ϵ [124].

6General details on FRG can be found in reviews [126, 127] and references therein.
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time and possesses a tunable spectrum in k [135, 136], systematic expansions have been ob-
tained for anomalous dimensions of structure functions of composite operators describing the
multiscaling of a passive scalar or vector [67, 137–140]. Models with power-law correlations
and finite correlation time τc, that is, with ‘coloured’ noise violating Galilean invariance, have
also been studied [141, 142]. Both early one-loop studies [143, 144] and subsequent systematic
developments deserve attention. For the Navier–Stokes equation with coloured forcing, three
IR-stable fixed points have been identified, corresponding to the regimes of ‘white’, ‘rapid’, and
‘frozen’ noise [145]. Subsequent work has shown that the correlation time τc inevitably tends
to zero in the IR limit [146], so that the asymptotics in the deep IR regime coincide with those
of the limiting case of white noise. A two-loop analysis of the analogous scaling behaviour for a
passively advected scalar with finite τc has shown that intermittency is enhanced as τc increases
and leads to a set of universal multifractal exponents [147]. A concise, up-to-date synopsis of
these results is provided in [148]. Most recently, in [149], it was shown that Galilean symmetry,
although explicitly broken by coloured noise, is spontaneously restored within the inertial range,
so that the infrared asymptotics coincide with those of the limiting white-noise case. The RG
approach has also been applied to problems of the influence of turbulent advection on critical
behaviour (model A and other types of critical dynamics in the standard classification [150]),
as well as to reaction-diffusion systems, which has made it possible to construct phase diagrams
for the ‘system plus turbulence’ and to describe changes in universality classes under the action
of stochastic advection [50, 53, 67, 151]. Finally, all of the above methods have, in one form
or another, been extended to magnetohydrodynamic turbulence (both with preserved and with
broken mirror symmetry), including models of turbulent dynamo action and passive magnetic
fields. The present article is devoted to a review of the results of this kind.

2. Fundamentals of magnetohydrodynamics

This section is written primarily for specialists in quantum and classical field theory, to
demonstrate that magnetohydrodynamics is not merely ‘yet another hydrodynamic model,’ but
rather a broad and far-reaching area of science that continually confronts researchers with new
and ever-emerging challenges. Without claiming completeness, we provide only the background
material in the form that seems most natural to us from the perspective of a field theorist. For
further details, the reader is referred to the references cited throughout the text.

Magnetohydrodynamics studies the motion of an electrically conducting continuous medium
(plasma or liquid metal) in an electromagnetic field. Historically, it emerged largely from
astrophysical needs.7 The necessity of applying the theory of the interaction of a conducting
medium with an electromagnetic field to astrophysical problems was first clearly formulated
in Alfvén’s famous article [153]. He drew attention to the following well-known facts. First,
the interstellar gas, stellar atmospheres, and the matter in stellar interiors are strongly ionized
and therefore are excellent electrical conductors. Second, many objects in the Universe possess
magnetic fields. These circumstances, together with the fact that, despite the extremely low
density, the linear dimensions of phenomena considered in astrophysics usually greatly exceed
the mean free path of the particles, so that the medium can be treated as continuous, formed the
basis of the modern theory of cosmic electromagnetic processes. Besides, conducting flows are
widely used in large-scale technologies, including MHD generators, tokamaks and stellarators,
breeder reactors with liquid-metal coolant, and metallurgical devices, etc.7 We also note recent
progress in numerical modelling of MHD systems.

7A list of relevant references can be found, for example, in the introduction to [152].
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2.1. Background: from the conservation laws for flows or two-fluid kinetics to one-fluid MHD

First, one may view any hydrodynamics simply as a set of equations for the fluxes of
conserved quantities, closed in one way or another. The theoretical basis of classical (non-
relativistic) MHD8 combines Maxwell’s equations without the displacement current and the
equations of motion of a continuous medium (the Euler or Navier–Stokes equations) [155–157].
These two sets of equations are coupled via induction currents produced by the motion of a
conducting fluid in a magnetic field, which enter Maxwell’s equations, and via the electromag-
netic body force (typically the Lorentz force) exerted by the field on the medium, which enters
the hydrodynamic equations. This mutual interaction between magnetic and velocity fields is
essential for describing realistic flows in strongly nonlinear regimes [157–159].

Alternatively, MHD can be obtained from kinetic theory as the outcome of a systematic
reduction of the two-fluid (electrons plus ions) description of fully ionized media derived from
the Boltzmann equation [160, 161]. In the regime of frequent collisions, this reduction yields
a single-fluid formulation in terms of mass-averaged variables [161–163]. Given the physical
significance of this situation, let us examine this result in more detail. The extended single-
fluid equations for three-dimensional non-relativistic conducting media (hereafter often simply
‘plasma’) can be written in the form

Dtρ0 + ρ0(∇ · u) = 0, ρ0Dtu = −∇ ·P+∇ ·Π+ (J ×B)/c+ F , (1)

E + (u×B)/c = J/σ0 + (J ×B)/enec− (∇ ·Pe)/ene + (me/e)D
(e)
t ue. (2)

Hereinafter, u is the single-fluid Eulerian velocity; E and B are the macroscopic electric and
magnetic fields, respectively; J is the conduction current, and F represents external force
(gravity, inertial forces, turbulent stirring, etc.). The total pressure tensor is P = Pe + Pi,
with the electron and the ion pressures Pe and Pi, respectively, and Π is the viscous stress
tensor. We denote by ρ0 the mass density (later set to a constant), by σ0 the (assumed
constant) conductivity, and c is the speed of light. The Eq. (2) includes the electron velocity
ue = u − J/(ene), where ne is the electron number density, me is the electron mass, and
e is the elementary charge; Dt := ∂t + (u · ∇) is the Lagrangian (material) derivative9, and
D(e)

t := Dt|u=ue .10 Throughout, all fields depend on (x, t) with d-dimensional spatial coordinates
x and time t; ∇ is the d-dimensional gradient, ∂t := ∂/∂t is the partial time derivative, and
the dot · denotes the standard Euclidean scalar product. Whenever we use the cross product or
the curl, we implicitly specialize to three dimensions, since ∇× maps a vector field to a vector
only in d = 3. However, the final equations can be formally generalized to d ⩾ 3; hence, we
keep d symbolic for transparency.

The first and second equations in (1) describe, respectively, mass conservation for ρ0 and
the evolution of the momentum density ρ0u, while (2) is the generalized Ohm’s law for a
conducting fluid in a magnetic field. It contains the Ohmic (resistive) term J/σ0 and several
contributions reflecting two-fluid physics: the Hall term (J × B)/enec, the electron-pressure
(thermoelectric/baroclinic) term −(∇ · Pe)/ene, and the electron-inertia term (me/e)D

(e)
t ue.

These terms are what make (2) ‘generalized’ compared with the simplest resistive-MHD form.

8As for relativistic MHD, see, for instance, the review [154] and cited literature.
9This derivative is a covariant time derivative in the sense that Dtφ remains a scalar density if φ is.

10The velocity in high collision limit u is defined as the centre-of-mass velocity, ρ0u = miniui + meneue.
With me ≪ mi and quasi-neutrality ne ≃ Zni (Z the ion charge number), one has u ≈ ui, and ue is then
obtained from the quasi-neutral conduction current J = Zeni(ui − ue). See [160] for more details.
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Over the past decades, such effects have attracted considerable interest in plasma physics,
especially when Hall and electron-inertial scales are dynamically important.

As a single-fluid hydrodynamic theory, Eqs. (1)–(2) apply to macroscopic, low-frequency
modes characterized by a minimal length scale ℓ and time scale τ (i.e., the shortest scales
retained in the dynamics). Hydrodynamics requires a small Knudsen number Kn := λmfp/ℓ≪ 1,
with λmfp := maxα(λmfp,α), and slow evolution compared with collisional relaxation, τ ≫ τcol
with τcol := maxα(ν

−1
α ), α = e, i; here λmfp,α and να are the mean free path and collision

frequency of electrons (e) and ions (i). The single-fluid approximation further assumes quasi-
neutrality, which requires ℓ ≫ λD (or ℓ ≫ λTF in degenerate conductors, e.g., liquid metals)
and τ ≫ 2π/ωpe (and hence τ ≫ 2π/ωpi), where λD and λTF are the Debye and Thomas–Fermi
screening lengths, and ωpα are the plasma (Langmuir) frequencies. The non-relativistic MHD
ordering is max(u, cs, uA) ≪ c, where u is a characteristic flow speed, cs is the sound speed,
and uA is the Alfvén speed. Finally, treating σ0 as a constant scalar conductivity assumes weak
electron magnetisation, Ωce/2πνe ≪ 1, where Ωce is the electron cyclotron (Larmor) frequency.
No analogous ion condition is needed, since the ionic contribution to σ0 is typically negligible.11

Pressure anisotropy and finite-Larmor-radius effects are negligible if Ωci/2πνi ≪ 1 and
ℓ≫ λLi with Ωci the ion cyclotron (Larmor) frequency and λLi the ion Larmor radius (ions are
key for pressure). Then one may set P = P I, where P = Pe + Pi, with the electron Pe and
ion Pi pressures, respectively and I is the unit tensor, and an isotropic (Newtonian) viscosity
tensor Π = µ0

[
(∇ ⊗ u) + (∇ ⊗ u)T

]
+
(
ζ0 − 2

3
µ0

)
(∇ · u) I, where µ0 and ζ0 are the shear

and bulk viscosities and symbol ⊗ stands throughout for the tensor product. If, furthermore,
one adopts the standard incompressible approximation used in turbulence theory12, ρ0 = const,
then the viscous term in the momentum equation in (1) reduces simply to ∇ ·Π = µ0∆u (with
∆ = ∇ · ∇ being the Laplace operator), the bulk-viscosity contribution drops out, and one
arrives at the so-called solenoidal extended MHD with constant ν0, σ0, and ρ0.

If also the relevant scales take on values well above electron and ion kinetic scales, ℓ ≫
{de, di} and τ ≫ {2π/Ωce, 2π/Ωci} (where de, di denote the electron and ion skin depths, and
Ωci is the ion Larmor frequency), then the Hall and electron-inertia contributions in (2) can be
neglected. Then, one obtains the following Ohm’s law for a moving conductor,

J/σ0 = E + (u×B)/c+ (1/ene)∇Pe. (3)

The electron-pressure term is a pure gradient and can be absorbed into the electrostatic poten-
tial. In the ideal-conductor limit σ0 → ∞, the right-hand side vanishes, expressing magnetic
flux freezing: the field is advected with the flow, and its topology is preserved (Alfvén’s theo-
rem). For finite σ0, flux freezing is weakened by magnetic diffusion, allowing changes of field-line
connectivity (magnetic reconnection). On large scales, Ohm’s law couples the plasma to the
magnetic field, endowing the fluid with an effective magnetic elasticity: small perturbations
excite Alfvén waves that propagate along the field lines with phase speed uA. Besides Alfvén
(incompressible) modes, the linear spectrum also contains magnetosonic waves — longitudinal
perturbations whose propagation depends on cs.13

11Note that the assumption of a constant σ0 effectively requires that transport anisotropy is not too strong.
In strongly magnetized, weakly collisional plasmas, one should instead use an anisotropic conductivity tensor
and Braginskii’s theory [161] (see also [164]).

12The standard argument is based on the typical smallness of the Mach number Mas := u/cs ≪ 1 for turbulent
flows. From the continuity equation in (1), one can then infer that ∇ · u = O(Ma2s), i.e., the flow is essentially
incompressible to leading order.

13In ideal MHD (ν0 = νm0 = 0) with isotropic pressure there are three linear wave families on top of a uniform
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2.2. Background: solenoidal resistive magnetohydrodynamics

Substituting E from (3) into Faraday’s law, ∇×E = −∂tB/c, and using the low-frequency
form of Ampère’s law (neglecting the displacement current), ∇×B = 4πJ/c, one can eliminate
J both from the induction equation and from the Lorentz force (J×B)/c in the second equation
of (1). This yields the classical solenoidal resistive-MHD equations,

ρ0Dtu = −∇
(
P +B2/8π

)
+ (B ·∇)B/4π + µ0∆u+ F , ∇ · u = 0, (4)

DtB = (B ·∇)u+ νm0∆B, ∇ ·B = 0, (5)

where νm0 := c2/(4πσ0) is the magnetic diffusivity, and without loss of generality the force F
is taken to be solenoidal, ∇ · F = 0 (the potential part can always be attributed to pressure).
In the literature, Eq. (5) is called the induction equation. The electric field then follows from
Eq. (3) and ∇×B = 4πJ/c: E = (−u×B+ νm0∇×B)/c− (1/ene)∇Pe. Let us emphasize
once again that the equations (4)–(5) can be derived not only from some kinetics, but can also
be simply understood as conservation laws for the hydrodynamic fields.

As for the pressure term in (4), it introduces no independent dynamics: in the incompressible
setting, the total pressure P +B2/8π is determined instantaneously by fields u and B through
a Poisson-like equation. For instance, if u and B satisfy homogeneous boundary conditions on
the boundary S of a d-dimensional ball of radius R at each time t, then (4) yields

P +B2/8π =− ρ0

∫
ddx′G(x,x′)∇ ·∇ ·

(
u(x′, t)⊗ u(x′, t)− b(x′, t)⊗ b(x′, t)

)
+ µ0

∫
S

dSx′ G(x,x′)n(x′) ·
(
∂2u(x′, t)

∂n2
− ∂2b(x′, t)

∂n2

)
, (6)

where the Green’s function G(x,x′) solves ∇2G(x,x′) = δ(x − x′) in the ball with Neu-
mann boundary condition ∂G/∂n

∣∣
S
= −1/(SdR

d−1).14 General form of G(x,x′) was found
recently in [165]. Here, in what follows, Sd denotes the surface area of the unit d-sphere,
Sd := 2πd/2/Γ(d/2), and Γ is the Euler gamma function. As will become explicit below, the
pressure acts as a Lagrange multiplier enforcing the solenoidality constraints ∇ · u = 0 and
∇ ·B = 0, respectively. Equivalently, pressure — and, more generally, any gradient contribu-
tion — can be eliminated from (4) and (5) by applying the Leray projector onto divergence-free
vector fields, P := I−∇∆−1∇·, where I is the identity operator. For the most common problem
statement on Rd with d ≥ 3, the action of P on a test field v(x, t) admits the singular-integral
representation

(Pv)i(x, t) =
d− 1

d
vi(x, t) + p.v.

1

Sd

∫
ddx′

(
d x′ix

′
j

|x′|d+2
vj(x− x′, t)− vi(x− x′, t)

|x′|d

)
, (7)

where the abbreviation ‘p.v’ represents the principal value of the integral (see, e.g., [166]).
Hereinafter, for repeating indices, Einstein’s summation convention is adopted. The form of
(4)–(5) obtained after applying P is referred to as the projection form of the MHD equations.
Below, we present its explicit dimensionless version.

background field B0: the Alfvén wave and the two magnetoacoustic modes (fast and slow) with phase speeds

u2f,s =

(
u2A + c2s ±

√
(u2A + c2s)

2 − 4u2Ac
2
s cos

2(θ)

)/
2, where θ is an angle between B0 and k.

14We note that some textbooks impose homogeneous Neumann conditions (see, e.g., [5, §2.1]), which is
inconsistent in a bounded domain. With homogeneous Neumann data the Green’s function must satisfy
∆G(x,x′) = δ(x− x′)− 1/V , where V is the domain volume.
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2.3. Background: control parameters and regime map of MHD flows

Flows described by Eqs. (4)–(5) are conveniently classified in terms of dimensionless num-
bers. Applying the Leray projector P and choosing characteristic scales of length ℓ, velocity
u, and magnetic field B0 (with ρ0 = const), we rescale x → ℓx, u → uu, t → (ℓ/u) t, and
B → B0B. This yields the dimensionless solenoidal MHD equations

∂tu− Re−1∆u = P∇ ·
(
−u⊗ u+Ma−2

A B ⊗B
)
, (8)

∂tB − Re−1
m ∆B = P∇ · (B ⊗ u− u⊗B). (9)

governed by three dimensionless parameters: the hydrodynamic Reynolds number Re := ρ0uℓ/µ0

(characterizes the ratio of inertial forces to viscous friction), the magnetic Reynolds number
Rem := uℓ/νm0 (compares the relative influence of magnetic induction and magnetic diffusion
in a conducting medium), and the Alfvénic Mach number MaA := u/uA with uA := B0/

√
4πρ0,

defined by analogy with the sonic Mach number Mas = u/cs.
The magnetic Reynolds number quantifies magnetic flux freezing: for Rem ≫ 1, advection

dominates diffusion and the field is largely carried with the flow, whereas for Rem ≪ 1 diffusion
dominates and the field decouples from the motion. Likewise, Re ≫ 1 corresponds to an inertial,
typically turbulent regime with a broad range of active scales, while Re ≪ 1 describes viscous,
laminar flow. The Alfvénic Mach number MaA compares inertial effects to magnetic tension and
thus indicates when, and to what extent, magnetic stresses control the dynamics. In the sub-
Alfvénic regime MaA ≪ 1, perturbations are transmitted along field lines faster than the flow
can distort them; in the trans-Alfvénic regime MaA ∼ 1, the flow distorts field lines on roughly
the same timescale as Alfvén waves propagate along them, so neither effect dominates; in the
super-Alfvénic regime MaA ≫ 1, the flow distorts the field more strongly and nonlinear effects,
including sharp gradients and instabilities, become more prominent. Overall, the magnetic field
fundamentally distinguishes MHD from ordinary hydrodynamics by generating scale-dependent
anisotropy and enabling a strong back-reaction of the advected vector field on the flow.

In addition to the independent control parameters Re, Rem, and MaA, it is instructive
to introduce several derived dimensionless numbers that delineate relative dynamical regimes.
The magnetic Prandtl number Prm := µ0/ρ0νm0 = Rem/Re compares viscous and resistive
(magnetic-diffusion) scales. Its magnitude varies widely: liquid-metal experiments typically
have Prm ∼ 10−6–10−5, whereas astrophysical plasmas may realize both Prm ≪ 1 (e.g., con-
vective zones, planetary cores) and Prm ≫ 1 (e.g., hot dilute media). The Stuart number
N := B2

0ℓ/4πρ0uνm0 = Rem/Ma2A is a convenient criterion in quasi-static (inductionless) MHD,
Rem ≪ 1, where magnetic diffusion is fast, and Eq. (9) becomes quasi-instantaneous, while
the flow dynamics is governed only by Eq. (8). It measures the relative importance of the
Lorentz force compared with inertia so that N ≪ 1 corresponds to essentially hydrodynamic
flow, while N ≳ 1 indicates a strong magnetic back-reaction, typically associated with pro-
nounced anisotropy and a tendency toward quasi-two-dimensional dynamics (three-dimensional
perturbations elongated along the field are suppressed). For N ≫ 1, electromagnetic braking
and Joule dissipation dominate inertia, so that a quasi-stationary balance between momen-
tum transport and Joule losses is established throughout the flow. In bounded domains, this
‘laminarizing’ action of the magnetic field typically promotes effectively two-dimensional dy-
namics and the emergence of large-scale vortical structures (see, e.g., [167]). The Lundquist
number, S := τν0m/τA = Rem/MaA compares the resistive diffusion time τν0m := ℓ2/ν0m to
the Alfvén time τA := ℓ/uA and is particularly important in magnetic-reconnection prob-
lems. The plasma parameter β := 8πp/B2

0 = 2c2s/γu
2
A = (2/γ)Ma2A/Ma2s (where γ is the

heat capacity ratio) shapes the magnetoacoustic branches and sets the kinetic-scale ordering
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via (λLs/ds)
2 ∝ βs (s = e, i) determining whether Hall/inertial effects or finite-Larmor-radius

corrections break the MHD approximation first at small scales. Finally, the Hartmann number
Ha := uAℓ/

√
ν0νm0 =

√
ReRem/MaA measures the ratio of Lorentz forces to viscous stresses. It

is practically useful for wall-bounded MHD flows, where Ha controls the thickness of Hartmann
boundary layers and thus the near-wall friction and overall flow profile.

The parameters introduced above provide a convenient basis for classifying flow regimes in
conducting media. A coarse division is into (I) laminar and quasi-laminar regimes, (II) hydro-
dynamic turbulence with a passive magnetic field, and (III) fully developed inertial-inductive
MHD turbulence. The latter encompasses astro- and geophysical turbulence as well as labora-
tory MHD experiments and is the primary focus of the present work. In this regime, induction
and advection dominate diffusion, the magnetic field is dynamically active, and a strong two-way
coupling between u and B is established via the Lorentz force. A turbulent cascade develops
across scales (see below), and magnetic self-organization (including large-scale field generation)
may occur. Each type of MHD flow, in turn, (qualitatively) admits several subregimes:

I.1 Viscous–resistive regime (Re ≪ 1, Rem ≪ 1, ∀MaA). Inertia is negligible, and the flow
is laminar; magnetic diffusion dominates induction, so the field is only weakly affected by the
motion, and its back-reaction is minimal.
I.2 Viscous inductive regime (Re ≪ 1, Rem ≫ 1, and typically MaA ≲ 1). The flow remains
laminar, but high conductivity implies efficient advection of magnetic flux: even slow ordered
motion can substantially distort and transport field lines.
II.1 Inertial resistive regime Re ≫ 1, Rem ≪ 1, N < 1. The flow is turbulent, yet induction is
weak; the magnetic field does not significantly structure the motion and can often be treated as
passive (it is weakly amplified or rapidly dissipated); thus, turbulence is close to hydrodynamic.
II.2 Quasi-stationary turbulent MHD (Re ≫ 1, Rem ≪ 1, N > 1). Magnetic diffusion is fast,
so the induced field adjusts quasi-instantaneously to u and the Lorentz force acts as distributed
Joule braking. This suppresses velocity fluctuations along the local mean field, producing strong
anisotropy and a tendency toward quasi-two-dimensionalization while preserving an inertial
cascade in planes transverse to the field. See detailed analysis in [168].
III.1 Sub-Alfvénic turbulence (Re ≫ 1, Rem ≫ 1, and MaA ≪ 1). At the injection scale, the
amplitude of characteristic velocity fluctuation v is small compared with the Alfvén speed uA,
so the dynamics is strongly anisotropic with respect to the local mean field (k⊥ ≫ k∥). On
large scales, this typically corresponds to weak (wave) MHD turbulence, with τA = ℓ∥/uA ≪
τnl = ℓ⊥/v; the cascade proceeds mainly toward larger k⊥ (with weak parallel transfer), and the
perpendicular total energy spectrum may approach E(k⊥) ∝ k−2

⊥ [169]. As the cascade reaches
smaller perpendicular scales, nonlinear interactions strengthen, and below the transition scale
ℓtr ∼ LMa2A (L is the system’s size), the system usually enters the strong, critical-balance
regime with τA ∼ τnl. There, the transfer is dominated by interactions of counterpropagat-
ing Alfvén wave packets 15, yielding perpendicular spectra close to E(k⊥) ∼ k

−5/3
⊥ , as pre-

dicted by Goldreich–Sridhar theory (GS95) [170] or k−3/2
⊥ (dynamic-alignment models a là

Boldyrev [171]), with scale-dependent anisotropy (e.g., k∥ ∝ k
2/3
⊥ in GS95).

III.2 Trans-Alfvénic turbulence (Re ≫ 1, Rem ≫ 1, and MaA ≃ 1). At the injection scale
τA ∼ τnl, so the cascade is strong from the outset, and anisotropy develops dynamically with

15This can be seen by adding and subtracting Eqs. (8) and (9), which yields the symmetrized (Elsässer)
problem formulation. In this form it is clear that the nonlinearity couples counterpropagating packets only: for
instance, u+B/

√
4πρ0 interacts with u−B/

√
4πρ0 but has no self-interaction.
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M. Hnatič et al. Natural Sci. Rev. 3 200604 (2026)

respect to the local mean field. Magnetic EM and kinetic EK energies are typically comparable,
although strict equipartition need not hold due to EK − EM ̸= 0. This possible imbalance is
associated with nonzero cross-helicity (see the definition below).
III.3 Super-Alfvénic turbulence (Re ≫ 1, Rem ≫ 1, and MaA ≫ 1). At the outer scale, the
magnetic field is dynamically weak, and the turbulence is close to hydrodynamic (approximately
Kolmogorov), but for sufficiently large Rem a small-scale dynamo (see below) amplifies magnetic
fluctuations. As the cascade proceeds to smaller scales, the velocity amplitude decreases, and
at the transition scale ℓA ∼ LMa−3

A one reaches a local MaA ∼ 1; below ℓA the cascade typically
becomes Alfvénic and develops the characteristic anisotropy with respect to the local field [172].
At Rem ≫ 1 (equivalently, large local Lundquist numbers of current sheets), a reconnection-
mediated subrange may appear at sufficiently small scales: turbulence generates thin current
layers that become tearing-/plasmoid-unstable, and reconnection begins to affect the transfer
and dissipation, potentially limiting the anisotropy. This is not a new class in MaA, but rather
a possible small-scale modification of the inertial cascade in highly conducting MHD [173, 174].

2.4. Background: dynamos, cascades, and invariants

Even before the advent of magnetohydrodynamics, the origin and persistence of planetary,
stellar, and galactic magnetism had been a longstanding challenge. With the emergence of
MHD, it soon took shape as a general theory of magnetic-field generation and/or maintenance
in moving conducting media — magnetic dynamo theory [158, 175–181]. Built on the equations
of MHD (both non-relativistic and relativistic), dynamo theory applies to a wide range of
geophysical and astrophysical phenomena (planetary and solar cycles, geomagnetic reversals,
star formation, jets and protostellar disks, accretion flows, etc.) as well as to laboratory plasmas,
where it addresses self-excitation and kinematic growth, nonlinear saturation via Lorentz-force
back-reaction, and the dynamo electromotive force (EMF) sustaining the field.7

The very term ‘dynamo’ reflects the ability of electrically conductive fluid motions to gen-
erate and sustain magnetic fields — much like an electrical generator, but without coils and
wires. The possibility of such a self-excited mechanism, first suggested in 1919 by Larmor [182],
was initially met with strong skepticism16, reinforced by a series of ‘anti-dynamo’ theorems
that rule out steady self-sustained fields in broad classes of overly symmetric or effectively
two-dimensional flows (e.g., Cowling’s for axisymmetric fields [184], Zel’dovich’s for planar
flows [185], and Elsässer’s for toroidal-velocity; see [186, 187] for review). Until the middle of
the 20th century, the existence of a dynamo was considered impossible. The resolution is that
successful dynamos require sufficiently three-dimensional, symmetry-breaking motions; explicit
kinematic examples were subsequently constructed, such as Roberts [188] or Ponomarenko-
type [189] periodic flows. See [190] for review. For large-scale (mean) magnetic field genera-
tion, the key ingredient is the emergence of an EMF containing an α-type contribution (the
α-effect), possible only if parity symmetry is violated. In mirror-symmetric turbulence, by
contrast, α-effect vanishes, and the dominant effect on the large-scale field is turbulent diffu-
sion. In mean-field theory, this was formalized in classic works by Parker [191], Elsässer [192],
Braginsky [193–196], and especially Steenbeck et al [197]. However, most observed large-scale
fields typically rely on broken reflectional symmetry induced by rotation, stratification, and/or
shear. Thus, modern dynamo theory focuses on the excitation and maintenance of magnetic
fields by three-dimensional, symmetry-breaking motions in conducting fluids [187, 198].

16In particular, in 1924 Einstein proposed that the Earth’s and the Sun’s magnetic fields might arise from a
tiny mismatch between the proton and electron charges and ‘is not produced by magnetic bodies’ [183].
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Neglecting the displacement current in the non-relativistic MHD approximation for media
with high σ0 enables the use of the classical concept of magnetic field lines. In the ideal limit
νm0 → 0, the magnetic flux through any material surface is conserved, so the flow advects the
field and can amplify it by stretching, folding, and twisting field lines (see, e.g., [199]), thereby
converting kinetic energy into magnetic energy while conserving the total energy. However, a
systematic growth of a large-scale magnetic field requires a mechanism that breaks reflection
symmetry, so that the mean EMF can contain an α-type contribution. A simple measure of such
parity breaking is the kinetic helicity Hk = ⟨u · (∇×u)⟩. Hereafter, in this section ⟨•⟩ denotes
some averaging procedure. Like any helicity, Hk ̸= 0 (in average) only in mirror-asymmetric
media, which are therefore often called helical (older literature also uses the term gyrotropic).
Note that, unlike pure hydrodynamics, vorticity ∇×u in MHD is not frozen into the flow, and
Hk is not conserved: the magnetic field can generate and redistribute vorticity. By contrast,
the ideal MHD equations (Eqs. (4) and (5) with ν0 = νm0 = 0) possess genuine invariants such
as the magnetic helicity Hm := ⟨A ·B⟩ with B = ∇ ×A (invariant under suitable boundary
conditions), the cross-helicity Hc := ⟨u · B⟩, and the total energy E. Together with other
Casimir invariants (see, e.g., [200]), these constraints underlie the rich cascade phenomenology
of MHD by restricting how invariants and energy can be redistributed across scales.

Let us emphasize that the existence of ideal invariants beyond the energy makes the cascade
phenomenology of MHD substantially richer than that of pure hydrodynamics. Recall that a
cascade (of E, Hm, etc.) is a regime in which a nearly scale-independent flux transports an
invariant (or quasi-invariant) quantity across scales via nonlinear transfer. The approximate
constancy of this flux is the hallmark of a cascade and the underlying reason why power-law
spectra arise (e.g., K41-type scalings).17 For example, when reflection symmetry is broken so
that Hm ̸= 0, magnetic helicity can undergo a robust inverse cascade toward small wavenum-
bers [206, 207]. This, in turn, promotes the growth of the part of large-scale magnetic energy18

and hence of a mean magnetic field. Thus, while the total energy cascade remains predominantly
forward, a helicity-carrying fraction of the magnetic energy is transferred upscale, leading to
the emergence of large-scale fields (a large-scale dynamo). In spectral terms, this is essentially
the same mechanism that underlies the well-known α-effect in dynamo theory.

Looking slightly ahead, we note that in the case where the turbulent character of the medium
motion dominates, the above picture of frozen-in magnetic flux turns out to be incompatible
with the notion of free motion of turbulent vortices. Indeed, in the absence of mechanisms
that change the topology of the magnetic field, one would expect the formation of an extremely
tangled, felt-like magnetic-field structure, which is not observed in practice. The point is that
magnetic fields in turbulent fluids do not obey Alfvén’s theorem and can change their topology
and connectivity due to the process of magnetic reconnection [208, 209]. The discovery of this
mechanism made it possible to explain rapid changes of magnetic fields in conducting media
and became a key milestone in the development of modern magnetohydrodynamics [14].

The classification of dynamo mechanisms is multifaceted and partly overlapping. The ref-
erences below are representative monographs and are not intended to be exhaustive. One may
distinguish (i) mean-field dynamos based on the α-effect in combination with shear (e.g., αΩ)

17A cascade need not require fully developed turbulence: statistically steady spectral fluxes of invariants also
arise in more organized regimes such as weak (wave) turbulence [201, 202]. For MHD, see, e.g., [169]. In that
case, the dynamics is governed by kinetic (or other effective) equations rather than the hydrodynamic system
(4)–(5) considered here. Nevertheless, such regimes can also be studied within statistical field theory; see, e.g.,
[3, 203–205] for treatments of Langmuir (wave) turbulence.

18One may infer that from the bound |Hm(k)| < Em(k)/k [207].
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M. Hnatič et al. Natural Sci. Rev. 3 200604 (2026)

or without it (e.g., α2) [158, 178, 210]; (ii) Lagrangian/topological scenarios of magnetic am-
plification associated with field-line stretching, folding, and twisting (often discussed in the
context of fast dynamos) [158, 211]; (iii) regimes classified by the magnetic Reynolds num-
ber — fast versus slow dynamos in the limit Rem → ∞ [158, 211]; (iv) laminar [158, 211]
versus turbulent dynamos [13, 157]; (v) large-scale (mean-field) [178, 210, 212] versus small-
scale (fluctuation) dynamos [13, 157, 177]; (vi) classifications by the type of forcing (convective,
shear-driven, precession- or tide-driven, etc.) [210, 212, 213] and by the symmetry and temporal
behaviour of the generated field (steady/oscillatory, dipolar/quadrupolar, axisymmetric/non-
axisymmetric) [158, 212].

From a theoretical standpoint, dynamo theory is commonly discussed in two formulations:
kinematic (linear) and nonlinear. In the kinematic formulation, the magnetic field is assumed
to be dynamically passive, with magnetic energy well below kinetic energy, and one studies
whether a prescribed velocity field can amplify magnetic fluctuations. In the nonlinear dynamo,
the growth saturates: magnetic stresses become comparable to inertial forces, the Lorentz-force
back-reaction is essential, and one must work with the fully coupled MHD system (4)–(5). The
kinematic regime is thus best viewed as an initial stage, since it typically produces a field strong
enough to affect the flow on astrophysically short timescales [158, 175]. Although kinematic
dynamos are analytically tractable and widely studied, nonlinear dynamos are the physically
relevant regime — especially in geophysical and astrophysical settings, where the driving is
turbulent [158, 175, 187, 198, 214–216]. Such turbulent dynamos can be described efficiently
within statistical theories, which is one of the themes of this review. It is also worth noting that
substantial experimental progress has been achieved in recent decades, notably in liquid-sodium
facilities (see the still-relevant review [217]) designed to probe turbulent dynamo [218–222].

2.5. Background: MHD turbulence and overview of representative systems

Observations of flows in the interstellar medium, galaxy clusters, and the solar wind indicate
that turbulence in cosmic plasmas is the rule rather than the exception [223–225]. Likewise, the
secular variability of planetary magnetic fields in the Solar System points to vigorous turbulent
motions in liquid-metal cores [226–229]. Together, these facts make MHD turbulence a key
example underpinning the view that turbulence is among the most widespread nonequilibrium
states in nature. Its driving is commonly attributed to convection and compositional buoyancy,
as well as to a broad range of instabilities, including the magnetorotational instability (MRI)
in accretion disks, Kelvin–Helmholtz shear instabilities in jets and boundary layers, Rayleigh–
Taylor modes in gravitationally stratified media, Parker instability in magnetized atmospheres,
tearing in current sheets, and kink/sausage instabilities in flux ropes and pinches [13, 230].

The MHD turbulent cascade is more naturally viewed not as a vortex cascade but as inter-
actions of counterpropagating Alfvén wave packets. In the weak-turbulence, this is literal: the
cascade proceeds through resonant three-wave interactions of Alfvén waves [169, 201], whereas
at sufficiently small (dissipative) scales the dynamics is increasingly dominated by intermittent
current sheets and localized reconnection events [174]. In developed turbulence, the relevant
‘waves’ are nonlinear Alfvénic fluctuations — localized Elsässer wave packets (or Favre-weighted
analogs for ρ0 ̸= const [231]) — that are advected and distorted by the cascade. As for the-
ory, unlike K41, there is no single compact axiomatic system that provides a unique universal
spectrum for all MHD turbulence phenomena. The underlying reason is that MHD introduces
new key ingredients: Alfvén waves and the associated time scale τA, scale-dependent anisotropy
relative to the local mean field, distinct cascade ‘channels’ for kinetic and magnetic energies,
and additional invariants and regimes (weak/strong, balanced/imbalanced, etc.).
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As for fundamental characteristics of the MHD turbulent state, the Politano–Pouquet
laws [232] play a central role as the analogue of Kolmogorov’s 4/5 law. Derived directly from the
von Kàrmàn–Howarth equation for MHD under standard statistical assumptions, they relate
third-order mixed structure functions of velocity and magnetic-field increments to the dissipa-
tion rates ε± associated with the two Elsässer ‘channels’. For solenoidal, (locally) homogeneous
three-dimensional MHD (without assuming local isotropy), they read

∇r ·
〈(
δu(r, t)∓ δb(r, t)

) ∣∣δu(r, t)± δb(r, t)
∣∣2〉 = −4 ε±, (10)

where δu(r, t) := u(x + r, t) − u(x, t), δb(r, t) := b(x + r, t) − b(x, t), and b := B/
√
4πρ0 is

the magnetic field in Alfvénic units. These relations show that the inertial-range fluxes ε± are
not merely postulated but are constrained by exact third-order laws.

For strong incompressible MHD turbulence, the most widely used ‘Kolmogorov analogue’
is the GS95 [170] phenomenology, which postulates critical balance, τnl(ℓ⊥) ≃ τA(ℓ∥), leading
to E(k⊥) ∝ k

−5/3
⊥ and scale-dependent anisotropy k∥ ∝ k

2/3
⊥ . An alternative phenomenology

due to Boldyrev [171] incorporates scale-dependent alignment of δu and δb, which weakens
the effective nonlinearity and yields E(k⊥) ∝ k

−3/2
⊥ while remaining consistent with the exact

third-order laws. In the presence of a strong guide field and weak nonlinearity, weak (wave)
MHD turbulence applies, giving a Kolmogorov–Zakharov-type spectrum E(k⊥) ∝ k−2

⊥ and a
predominantly perpendicular cascade. Finally, in imbalanced turbulence (e.g., in the solar
wind), where Hc ̸= 0, two distinct fluxes ε± appear, and additional closure assumptions are
required, further weakening universality at the level of amplitudes and characteristic times.

Real systems may fall into one of the aforementioned regimes (I.1)–(III.3) or occupy tran-
sitional states between them. The Table 1 summarizes representative MHD systems in na-
ture and in the laboratory, indicating whether turbulence is present, the degree of mirror-
symmetry breaking, and the occurrence of dynamo action. It suggests that simple one-fluid,
non-relativistic, three-dimensional solenoidal resistive MHD with scalar viscosity and conduc-
tivity (Eqs. (4)–(5)) is most adequate as an all-in-one model for liquid metals: planetary outer
cores, laboratory sodium/gallium flows, MHD pumps and electromagnetic braking, and, to first
order, liquid-metal batteries. These media are typically dense, strongly collisional, and quasi-
neutral, with u ≪ c and often weak compressibility, so electrons and ions (or the lattice) are
tightly coupled and the effective coefficients µ0 and σ0 (hence ν0 and νm0) may be treated as
scalars. The same framework is only conditionally applicable as a large-scale model — often re-
quiring effective (turbulent) transport coefficients and/or compressible/anelastic formulations —
in stellar convective zones, parts of accretion disks, and for global modes in tokamaks and
spheromaks, where stratification, compressibility, anisotropic transport, and Hall/two-fluid ef-
fects limit the scalar closure; likewise, although MHD is widely used for the intracluster medium,
a scalar-ν0, νm0 resistive model is often inadequate in weakly collisional, microinstability-prone
regimes. Nevertheless, in these settings Eqs. (4)–(5) can still provide a useful and often quan-
titatively accurate description of the turbulent cascade at sufficiently large scales. By contrast,
the model is generally inapplicable to weakly ionized multi-component media (molecular-cloud
ISM and ionospheric–magnetospheric current systems), where ambipolar diffusion and Hall
conductivity are essential, and to largely collisionless space plasmas (solar corona, solar wind,
magnetosheath), as well as jets and supernova remnants with shocks and possible relativistic
effects. Finally, magnetic reconnection in many natural settings requires two-fluid/Hall or ki-
netic physics: scalar resistive MHD with a single νm0 may provide a coarse macroscopic model,
but often misses the mechanism of fast reconnection.
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Table 1. Representative MHD systems in nature and laboratory experiments: turbulence, flow mirror
symmetry, and dynamo action. Generally known information about them is provided in footnotes.

Conducting medium Turbulence Developed turbulence Mirror symmetry Magnetic dynamo

A
st

ro
p
hy

si
ca

l
an

d
co

sm
ic

p
la

sm
as

Interstellar medium (ISM), molecular cloudsa ✓ ✓ ✘(large-scale dynamo/helicity) ✓(galactic mean-field & small-scale)

Accretion disksb ✓ ✓(anisotropic) Variable ✓(MRI dynamo)

Stellar convective zonesc ✓ ✓ ✘(helical convection) ✓(global αΩ)

Jets and remnants of supernovaed ✓ Partial ✘(shocks/shear) ✓(turbulent small-scale)

Intracluster medium (ICM) of galaxiese ✓ Often Approximate ✓(turbulent small-scale)

Solar corona, coronal loopsf ✓ Rarely ✘(photospheric helicity injection) ✘(field supplied from below)

Solar wind, interplanetary mediumg ✓ ✓(imbalanced) ✘(cross-helicity/imbalance) ✘(advected solar field)

Magnetospheric magnetosheathh ✓ Often ✘(weakly broken) ✘

Large-scale magnetic reconnectioni ✓ Often ✘(guide-field or global geometry) ✘(dissipative, not generative)

P
la

n
et

ar
y

m
ed

ia Liquid outer cores of planetsj ✓ ✘(geostrophic constraints) ✘(helical convection) ✓(planetary dynamo)
Ionospheric-magnetospheric
current systems on planets k Possible ✘ Variable ✘

L
ab

or
at

or
y

sy
st

em
s

Liquid metal flows (sodium/gallium)l ✓ Partial ✘(geometry/rotation) ✓(above critical Rm)

Tokamaks, spheromaksm ✓ Partial ✘(geometry-induced helicity) Spheromak: ✓; Tokamak: ✘

MHD pumps, electromagnetic jet brakingn ✘ ✘ ✓(engineered) ✘(Rm≪1)

Liquid metal batteries (Taylor instability)o Possible ✘ ✘(kink-mode chirality) ✘(TI alone not self-sustaining)

a In the ISM (including molecular clouds), turbulence (trans- or super-Alfvénic) is driven mainly by supernova feedback (shocks) and large-scale galactic flows; Re ≫ 1 (up to
Re ≳ 106 − 109), and magnetic advection dominates Ohmic diffusion on cloud/ISM scales (Rem ≫ 1; in weakly ionised gas, ambipolar diffusion becomes important at small scales).
Net kinetic helicity associated with galactic rotation enables an αΩ mean-field dynamo and sustains a coherent large-scale magnetic field.
b In sufficiently ionised accretion discs (around stars or black holes), differential rotation renders weakly magnetised flows unstable to the magnetorotational instability (MRI),
which typically drives vigorous MHD turbulence (usually considered trans-Alfvénic unless an external field is present) with Re, Rem ≫ 1. Owing to rotation and strong shear, the
turbulence is intrinsically anisotropic. MRI turbulence also acts as a dynamo, sustaining magnetic energy and, in many cases, generating organized large-scale field patterns (e.g.,
cyclic mean fields), via mechanisms that may be helical in stratified discs or non-helical in unstratified shear flows.
c Stellar convective zones are highly conducting plasmas with vigorous turbulent convection spanning a wide range of scales whose characteristic amplitudes and time-scales vary
with depth. Turbulence here is usually considered to be trans-Alfvénic. In a rotating, stratified envelope the Coriolis force imparts a systematic twist to convective motions, breaking
mirror symmetry and enabling mean-field dynamo action: differential rotation provides the Ω-effect, while helical convection contributes an α-effect, together sustaining a large-scale
magnetic field (in the Sun, associated with the ∼ 11-yr activity cycle and the ∼ 22-yr magnetic polarity cycle) on top of a strong small-scale turbulent field.
d Relativistic jets and supernova remnants are strongly inhomogeneous, with turbulence (in different regimes depending on the scale and magnetic mean field) generated only
in parts of the flow: in jets, chiefly in internal/recollimation shocks, shear layers, and MHD instabilities, and in remnants, mainly in the shocked downstream region and in
instability-driven mixing layers. The corresponding Reynolds numbers are typically enormous, yet the dynamics can remain dominated by bulk expansion/outflow rather than fully
developed turbulence. The shock–shear–instability-driven fluctuations can power efficient small-scale (turbulent) magnetic-field amplification, whereas a global large-scale dynamo
is not generally expected; in jets, the large-scale field is largely set by the central engine and is subsequently reshaped and intermittently amplified in situ.
e ICM is a hot, dilute, weakly collisional plasma in which mergers and sloshing drive intermittent and spatially inhomogeneous trans-Alfveńic turbulence (with effectively large Re
and Rem, though the microphysical transport coefficients are uncertain). Because clusters lack coherent global rotation, the net kinetic helicity is expected to be small (mirror
symmetry approximately restored on average), so a classical large-scale αΩ dynamo is not favoured; nevertheless, a small-scale turbulent dynamo can amplify seed fields to µG
strengths, producing tangled magnetic structures with coherence scales of order ∼ 1–50 kpc.
f The solar corona and coronal loops are hot, tenuous, magnetically dominated plasma structures above the photosphere; their dynamics is typically organized into long-lived
magnetic arches, while (sub- or trans-Alfveńic) turbulence is intermittent and local (e.g., in braided fields, current sheets, and during flares). Photospheric footpoint motions inject
twist/magnetic helicity and free energy into coronal fields, thereby breaking mirror symmetry. The corona is not the seat of a global dynamo: its large-scale field is generated below
the surface and is mainly stored, transported, and reconfigured (and dissipated) by reconnection rather than produced anew in situ.
g The solar wind and interplanetary medium are open, expanding magnetised plasmas with broadband MHD turbulence (trans- or super-Alfvénic) with a well-developed cascade
of velocity and magnetic fluctuations from large (hours) to small (seconds and below) time-scales, driven by solar-origin Alfvénic disturbances and by stream–stream interactions
(shear/compressions). The turbulence is often strongly imbalanced (large cross helicity) because outward-propagating Alfvén waves dominate, which breaks reflection symmetry. No
self-excited global dynamo is expected: the large-scale field is of solar origin, advected outward and decays with expansion, while turbulence redistributes and dissipates its energy.
h The planetary magnetosheath is the layer of shocked solar-wind plasma between the bow shock and the magnetopause, where strong velocity and magnetic fluctuations (waves
and intermittent super- or trans-Alfveńic turbulence) are commonly generated by shock processing and downstream instabilities. The average net helicity is typically small (mirror
symmetry only weakly broken), and no self-excited dynamo operates: the upstream field is mainly advected/compressed while flow energy is dissipated into heat and fluctuations.
i Large-scale magnetic reconnection (e.g., in the terrestrial magnetotail or solar flares) occurs where oppositely directed magnetic flux systems converge and reconnect within thin
current sheets. At high conductivity (S ≫ 1), such sheets commonly become unstable to tearing/plasmoid formation, fragmenting into plasmoids and secondary sheets and producing
intermittent, trans-Alfvén turbulence-like fluctuations. Reflection symmetry may be broken by the global geometry and, when present, a guide field. Reconnection is not a dynamo:
it mainly dissipates and rearranges the pre-existing field, converting magnetic energy into flows, particle acceleration, and heat.
j Planetary liquid-metal outer cores (e.g., Earth’s) host electrically conducting, buoyancy-driven convection under rapid rotation. Although Re ≫ 1 (sub-Alfvénic turbulence), the
flow is strongly rotation-constrained and far from isotropic, with quasi-geostrophic, columnar structures aligned with the rotation axis. Rotation-induced helicity breaks mirror
symmetry and enables a self-sustained dynamo that generates the global planetary field, often described as an α-type dynamo with shear-assisted Ω contributions.
k Ionosphere–magnetosphere current systems (field-aligned currents and ionospheric electrojets) form large-scale, magnetically guided circuits that are usually organized by the
background field, with sub- or trans-Alfvénic turbulence appearing only intermittently (e.g., in auroral arcs and thin current sheets during substorms). Mirror-symmetry properties
are configuration-dependent and may vary in time. These currents do not generate the planet’s main magnetic field (set by the internal core dynamo), but rather redistribute
magnetic flux and convert electromagnetic energy into particle acceleration and Joule heating, producing time-dependent magnetic perturbations.
l Laboratory liquid-metal flows (Na, Ga, etc.) can become turbulent at sufficiently strong forcing, reaching large Re (up to Re ∼ 106) with Rem ∼ 10–50 (sometimes ∼ 102) the
finite vessel size typically limits the inertial range, so the turbulence is not always fully developed. If so, then we speak of trans-Alfvén turbulence, otherwise of super-Alfvén. Mirror
symmetry is often deliberately broken by the apparatus geometry and/or rotation to impose net flow helicity and facilitate dynamo onset. When Rem exceeds a set-up-dependent
threshold (in sodium experiments, Rem,crit ∼ 10− 50), magnetic perturbations grow exponentially and saturate into a nonlinear self-sustained dynamo state (steady, oscillatory, or
reversing, depending on the configuration).
m High-temperature toroidal fusion plasmas (tokamaks and spheromaks) exhibit MHD instabilities and sub-Alfvénic turbulence that are strongly anisotropic and organized by the
confining magnetic geometry. In tokamaks, microturbulence (e.g., drift-wave turbulence) coexists with macroscopic MHD activity (e.g. sawteeth, fishbones, tearing modes), but the
large-scale confining field is primarily imposed by external coils together with the plasma current, so no self-excited large-scale dynamo is expected in the usual operating regime.
In spheromaks (compact tori with comparable poloidal and toroidal fields), the configuration is self-organized and typically formed/sustained by helicity injection; an internal
relaxation-driven MHD dynamo can maintain the current and magnetic structure against resistive decay.
n MHD pumps and electromagnetic brakes drive or retard liquid-metal flows by Lorentz forces in an imposed magnetic field. They are typically operated in a controlled (often
laminar or weakly turbulent) regime, while the magnetic Reynolds number is kept small, Rem ≪ 1, so magnetic induction and any dynamo action are negligible. Consequently, no
developed turbulent cascade is expected, and mirror symmetry is usually preserved by a symmetric channel/field design to avoid net helicity.
o Liquid-metal batteries can experience current-driven MHD instabilities at high current densities, most notably the Tayler instability (a kink-type mode of an axial current and its
azimuthal magnetic field). This can drive spontaneous large-scale swirling motions (often columnar/vortical flow about the cell axis) and, at sufficiently strong forcing, fluctuations
that may become weakly (sub-Alfvén-type) turbulent; in typical operating conditions, however, the flow is laminar or near transitional rather than fully developed turbulence. The
kink mode selects a handedness and thus breaks mirror symmetry. Nevertheless, it does not constitute a self-sustained dynamo: its practical impact is mainly on mixing, current
distribution, and heat/solute transport.
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3. The model of MHD turbulent state: stochastic helical magnetohydrodynamics

3.1. Preparation: from deterministic MHD to a bulk stochastic model of stationary turbulence

As can be gleaned from Table 1, most natural MHD systems are turbulent. They are gen-
erally neither homogeneous nor unbounded: they have finite size, specific boundary conditions,
and often exhibit strong large-scale inhomogeneity (e.g., stratification and density/temperature
gradients). They also typically rotate and are anisotropic due to gravitational stratification and
large-scale magnetic fields, and frequently exhibit large-scale shear (e.g., in accretion discs). On
the other hand, theoretical descriptions of MHD turbulence (as of any strongly nonlinear prob-
lem) typically invoke simplifying assumptions such as statistical homogeneity and stationarity,
an infinite domain, scalar transport coefficients, etc. Of these, (local) homogeneity is the most
‘structure-forming’ for a general theory, whereas the others can often be relaxed systematically.
In particular, isotropy is usually only a crude idealization: a (local) mean magnetic field makes
both the cascade and the fluctuation statistics essentially anisotropic [170].

As illustrated in section 2, when supplemented with appropriate initial and boundary con-
ditions, the resistive-MHD equations (4)–(5) adequately describe the physics of liquid-metal
conductors and a range of astrophysical situations away from boundaries (see [233]). Here, by
contrast, we treat Eqs. (4)–(5) as the dynamical basis of a model theory for a fully developed
turbulent state ‘in the bulk’ (i.e., far from boundaries), allowing, where needed, for pseudoscalar
effects (e.g., helicity and/or cross-helicity). Although the model may include explicit anisotropy,
we assume it to be not too strong (i.e., the large-scale mean field is small compared with the
scale of the fluctuations), so that scalar viscosity and conductivity remain adequate.

In fully developed turbulence, in both MHD and purely hydrodynamic settings, solutions
of Eqs. (4)–(5) have an extremely irregular spatio-temporal structure (see, e.g., DNS simula-
tions [234]) and are conveniently viewed as realizations of a random process. Because many
scales interact and the dynamics are highly sensitive to initial data, trajectory-based descrip-
tions in phase or configuration space are of limited use, whereas statistical characteristics of
the state become central and admittedly only feasible quantities from the pragmatic point of
view. Formally, these statistics are defined assuming (practical) ergodicity by an ensemble of
realisations (e.g., generated by varying initial conditions and/or external drives) and, in station-
ary settings, can be related to explicit ‘equilibrium’ ensemble constructions for truncated ideal
systems [206, 235–237]. Accordingly, a model of fully developed MHD turbulence is naturally
formulated as a theory of two vector random fluctuating fields obtained by ‘stochasticization’
of Eqs. (4)–(5).19

The explicit construction of the fluctuation (SFT) theory is deferred to the next section;
here we outline the standard ‘stochasticisation’ procedure suitable for the subsequent SFT
formulation. We begin with the Reynolds decomposition of the velocity field, u = U0 + v with
⟨u⟩ = U0.20 In a homogeneous full-space formulation, U0 = const (or, at most, a slowly varying
drift w(t)), so one can remove it by an (extended) Galilean transformation,

vw(x, t) = v
(
x+ s(t), t

)
−w(t), Bw(x, t) = B

(
x+ s(t), t

)
, s(t) =

∫ t

−∞
dt′ w(t′), (11)

19We emphasize that, unlike models of critical statics [3, 238], such ‘fluctuation’ theory is based on first-
principles equations of motion rather than phenomenological ones.

20Naively, one may justify this by a hierarchy of space–time scales in fully developed MHD turbulence;
however, the advection of small-scale Alfvénic wave packets by large-scale motions (an analogue of sweeping
in non-MHD turbulence) complicates a purely Eulerian time-scale separation. Therefore, a separation of time
scales is more consistently discussed employing quasi-Lagrangian variables or filtered equations [79, 239–241].
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i.e., by passing to a frame comoving with the fluid and taking v as the dynamical variable. This
highlights the difference between the SFT formulation, aimed at describing the turbulent state
itself, and most turbulence models targeting concrete systems, where U0 is a spatially varying
background and the dynamics hinges on its interaction with v.21 A key MHD distinction from
the purely hydrodynamic case is that a uniform mean magnetic field B0 (unlike U0) cannot
be eliminated by a Galilean transformation and instead sets a preferred direction, affecting
spectral transfer and anisotropy [158]. In section 4.5 we set ⟨B⟩ = 0 and consider an isotropic
model (as in early Iroshnikov–Kraichnan phenomenology) [79, 242], and in section 4.6 we take
⟨B⟩ = B0 and discuss the consequences of anisotropy.

As in hydrodynamics, turbulent MHD displays cascade transfer and scaling regimes, in-
cluding an inertial range. In strongly developed MHD turbulence [13, 79, 170], one distin-
guishes: (i) an outer (energy-containing) scale lmax where energy is injected; (ii) an inertial
interval lmin ≪ ℓ ≪ lmax where dissipation is negligible and transfer is governed by nonlinear-
ity; and (iii) dissipative scales, lν0 and lνm0 , associated with viscous and ohmic damping, with
lmin = max(lν0 , lνm0). The relevant time scales are the nonlinear time τnl = ℓ⊥/v and the Alfvén
time τA = ℓ∥/uA; their ratio controls the transition between wave (weak) and strong regimes
and underlies the anisotropic cascade picture (critical balance) [170].

In practice, turbulent MHD fluctuations and their correlations are often measured by
single-point techniques (e.g., a spacecraft in the solar wind), yielding one-dimensional fre-
quency or wavenumber spectra E(f) or E(k). In this setting, one commonly invokes Tay-
lor’s hypothesis [13, 92, 93, 243], which relates temporal measurements at a fixed point to
the spatial structure of the field by assuming that turbulent inhomogeneities ’evolve only
weakly’ while being advected past the sensor by the mean flow. Operationally, this implies
that the measured frequency in the laboratory/spacecraft frame is related to the wavenumber
in a nearly kinematic manner (see, e.g., [244]). For a sensor along the mean flow, one has
k ≈ ω/U0 = 2πf/U0, where f is the measured frequency. At the level of theory, this amounts
to postulating that for a constant U0, one approximates v(x − U0t, t) ≈ v(x − U0t, 0) and
b(x − U0t, t) ≈ b(x − U0t, 0), which relates Eulerian time correlators to the corresponding
static ones. In particular, ⟨v(x, t) ⊗ v(x − U0∆t, t)⟩ ≈ Dv

st(U0∆t), where Dv
st(x) denotes

the corresponding static correlator. Nevertheless, in the MHD context, the Taylor hypoth-
esis involves additional features worth highlighting. The single-point measurements record
ω(k) = ω0(k) + k · U0, where ω0 includes intrinsic wave and nonlinear contributions. The
key contributions to it come from Alfvén waves ωA ∼ ±k ·uA and from the inverse nonlin-
ear decorrelation (packet reorganization) time ωnl ∼ τ−1

nl . Thus, Taylor’s hypothesis in MHD
requires |(k · U0)| ≫ max{k · uA, τ

−1
nl }. Empirically, it often holds in the inertial range of

super-Alfvénic flows (e.g., the solar wind near 1 AU) and in many liquid-metal experiments.
In contrast, it may fail when the geometry enforces predominantly k ⊥ U0 (e.g., in tokamaks
or stellarators). Finally, it is important to bear in mind that Taylor’s hypothesis is tied to the
assumption of a constant advection velocity U0. A more accurate modern interpretation is that
Taylor’s hypothesis represents a ‘deterministic’ limiting case of sweeping: small-scale structures
are transported by a constant U0, whereas the sweeping effect corresponds to the more general
and realistic situation in which small scales are advected by a random/fluctuating large-scale
velocity U0(x, t), so that Eulerian (single-point) temporal correlations decay rapidly even if the
small-scale structures themselves do not have time to evolve appreciably (see, e.g., [245]).

21For instance, in pipe and channel turbulence the main source of turbulent-energy production is ∇ ⊗ U0,
whereas in our formulation this role is played by the random forcing.
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3.2. Stochasticisation: effective equations for stationary fully developed turbulence

After transforming to the comoving coordinates (x, t) → (x +U0t, t), we are left with the
final key step: the stochasticisation of Eqs. (4)–(5). Within the SFT approach, this is imple-
mented by introducing artificial random forces f v and f b with zero mean22 and translationally
invariant statistics, chosen to ensure a statistically stationary regime in an infinite domain. Of
course, real media contain various sources of randomness (thermal fluctuations, microscopic
noise, boundary imperfections, etc.). Here, however, f v and f b should be viewed as a model of
large-scale energy injection: if the forcing is concentrated at the largest scales, smaller scales
are fed predominantly by the cascade rather than directly from the work of forces f v and f b, so
inertial-range statistics are expected to depend only weakly on forcing details (a manifestation
of universality of fully developed turbulence). For theory, stochastic forcing is also preferable
to a deterministic, setup-specific drive (as in DNS), since it imposes minimal additional large-
scale structure and reduces the risk of model-dependent artefacts in the fluctuation statistics.
Finally, Gaussian forcing is largely a choice of convenience: it simplifies the SFT construction
and, being the maximum-entropy distribution among all with fixed second moment, introduces
no additional assumptions in the higher cumulants. The statistical distributions of the fields
v and b of primary interest are then chiefly shaped by nonlinear dynamics and, in the station-
ary regime, are expected (within the inertial range) to be only weakly sensitive to the forcing,
provided injection occurs at large scales, and the basic symmetries are respected.

However, it is important to emphasize that in standard stochastic MHD with additive
Gaussian forcing, the forcing terms are taken to be statistically independent of u and b and
are therefore not equivalent to prescribing initial or boundary conditions.23 They play only
an analogous role: they fix the statistical injection rates of energy and helicities and thereby
ensure the existence of a stationary invariant measure on the space of field configurations. In
this respect, they are closer to a thermostat/reservoir (or ‘pump’) than to a ‘stirrer’ that gener-
ates turbulence via specific initial and boundary conditions. Consequently, although stochastic
MHD defines the full non-stationary evolution of the random process (u(x, t), b(x, t)), it need
not provide a physically faithful model of the route to turbulence, nor does it necessarily de-
scribe particular linear or nonlinear instabilities, their saturation, mode excitation, and related
transition dynamics. Its domain of applicability is therefore restricted primarily to the statistics
of fully developed turbulence, as encoded by the corresponding stationary measure. This obser-
vation, in turn, implies that the stochastic MHD equations need not, in general, coincide term
by term with the original deterministic equations (4) and (5) and may contain additional terms
that were absent from the original deterministic equations but have evolved before achieving a
stationary turbulent state (e.g. were generated in the course of coarse-graining or RG transfor-
mation) and must be included in the effective description model. For most models, this remark
is essentially routine: all terms permitted by the symmetries and relevant in the infrared (recall
that, in RG language, developed turbulence corresponds to a critical IR regime) are already
present in the bare equations, and the transition to turbulence amounts to renormalizing the
corresponding coefficients. Helical MHD is an exception: in this case, a pseudoscalar contri-
bution linear in momentum is allowed in the induction equation, which in mean-field language
leads to α-type terms. This is discussed in more detail in section 4.3.

22The imposed condition ⟨fv⟩ = ⟨f b⟩ = 0 precludes systematic (large-scale) acceleration, is consistent with
translational invariance, and by itself does not select a preferred direction.

23Recall that for linear problems, under fairly general assumptions, inhomogeneous initial and boundary
conditions can be recast as an effective source term in the equation.
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3.3. The model: equations of stochastic helical magnetohydrodynamics and forcing

Finally, the canonical nonrelativistic, resistive, three-dimensional stochastic MHD equations
for a homogeneous incompressible fluid read

Dtv = ν0∆v + (b ·∇)b−∇
(
p+ b2/2

)
+ f v, (12)

Dtb = νm0∆b+ (b ·∇)v + f b, (13)
∇ · v = 0, ∇ · b = 0, ∇ · f v = 0, ∇ · f b = 0. (14)

Here v(x, t) and b(x, t)=B(x, t)/(4πρ0)
1/2 are the fluctuating velocity and magnetic-induction

fields (with b in Alfvénic units), while ρ0p, ρ0f v, and ρ0f
b denote the pressure and external

random forces sustaining turbulence. We also parameterise νm0 = ν0u0 via the inverse magnetic
Prandtl number u0 := Pr−1

m .
In the conventional SFT setting, the system (12)–(14) is supplemented by vanishing bound-

ary and asymptotic initial conditions in the whole space,

lim
∥x∥→∞

v(x, t) = 0, lim
∥x∥→∞

b(x, t) = 0, lim
t→−∞

v(x, t) = 0, lim
t→−∞

b(x, t) = 0. (15)

For the magnetic field, these conditions are far from obvious (unlike for the velocity field v)
and amount to assuming the absence of an imposed mean/external field; we shall relax this
assumption below. In general, the outer scale of the inertial range is set by the system size
and by the inhomogeneity scale of the forcing. In an unbounded domain without deterministic
forces, one may formally envisage stationary turbulence with an inertial range extending to
arbitrarily large scales (at the cost of an infinite mean energy density).

The force densities f v(x, t) and f b(x, t) are considered stationary (in the broad sense)
random processes and are conventionally taken to be Gaussian random fields with zero mean
(otherwise the mean flow u0 would accelerate in time and stationary turbulence in infinite space
would be impossible), with correlator24

Dαβ
ij (x− x′, t− t′) := ⟨fα

i (x, t)f
β
j (x

′, t′)⟩f = δ(t− t′)

∫
ddk

(2π)d
Dαβ

ij (k) e
ik·(x−x′), (16)

where Dαβ
ij (k) are the pumping kernels specified below, α, β ∈ {v, b}, and ⟨•⟩f denotes averaging

over the forcing statistics. Besides stationarity, the temporal white-noise δ(t− t′) amounts to a
Markov approximation, compatible with Galilean invariance and convenient for ϵ-expansions;
non-Markovian (coloured) forcing can also be considered (see Refs. cited in section 1).

Due to (16), Eqs. (12)–(14) are translation-invariant, all moments of the resulting stationary
measure inherit translation invariance. This contrasts with the Cauchy problem, where trans-
lation invariance is recovered only in the large-time asymptotic limit t → ∞ once the system
has effectively forgotten finite-time initial data. Under conditions (15), the state is determined
by the long-time balance and is independent of any initial data prescribed at a finite time.

Technically, the RG treatment imposes additional constraints on the force correlator Dαβ
ij

such as a power-law behaviour of Dij(k) as |k| → 0. In the SFT formulation the kernels Dij(k)
enter the Gaussian part of the action (see Sec. 4.1), and a scaling regime with dilatational
symmetry can exist only if the leading terms in the action are homogeneous in |k| → 0;
otherwise no closed self-similar asymptotics emerges.

24Since the Navier–Stokes equation has no genuine static limit, the force correlator is not uniquely fixed
(unlike in critical-dynamics models [3]) and is therefore a part of the model of turbulence definition.
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In this article, we focus on forced MHD turbulence in a helical medium. Helicity explicitly
breaks mirror symmetry, so that the relevant symmetry group is SO(3) ≃ O(3)/Z2 rather than
the full O(3) (in the discussion below, we restrict ourselves to d = 3).25 In the full space,
wall-free formulation, we take ‘mirror reflection’ to mean the complete inversion P : x → −x
(the central element of O(3)).

With all this in mind, we choose the simplest power-law pumping kernel 2 × 2 matrix
Dij(k) :=

[
Dαβ

ij (k)
]
, α, β ∈ {v, b} as

Dij(k) = ν30k
4−d

(
g01 k

−2ϵR(1)
ij (k) g03 k

−ϵ−aϵ R(3)
ij (k)

g03 k
−ϵ−aϵR(3)

ij (k) g02 k
−2aϵR(2)

ij (k)

)
θ(Λ− k)θ(k −m), (17)

where θ(x) is the Heaviside step function, k := |k|, ϵ > 0 is the analytic (‘ϵ’) regularization
parameter (see Sec. 4.4), and a > 0 is a free model parameter. The bare couplings g0i (i =
1, 2, 3) are constrained by the positive definiteness of the covariance matrix: g01, g02 ≥ 0, and
g01g02 ≥ g203. The specific a -dependence in (17) is chosen so that the interactions generated
by the correlators Dvv, Dvb, and Dbb become simultaneously logarithmic at ϵ = 0; otherwise
some contributions would be IR-irrelevant and could be consistently discarded [246, 247]. The
θ-functions implement the UV and IR cutoffs and define the inertial range m ≪ k ≪ Λ
introduced above, with m = l−1

max, k = ℓ−1, and Λ = l−1
min. This sharp-cutoff regularization is

convenient for multiloop calculations: in any Feynman diagram, the number of lines carrying
Dαβ

ij (k) equals the number of loops. Unlike typical UV regularizations in relativistic field theory,
these cutoffs do not violate the global symmetries of the model.

A power-law pumping ∼ k4−d−2ϵ in (17) is meaningful for 0 ⩽ ϵ ⩽ 2, with the physical
value ϵ = 2 corresponding to δ-like pumping function (after m → 0 and Λ → ∞). Since the
(generically direct) MHD energy cascade requires IR pumping, it is natural to demand that at
ϵ = 2 the scalar kernels in Dbb

ij (k) and Dvb
ij (k) also reduce to δ-type IR forcing (from infinitely

large-scale); within the simple ansatz (17) this is possible only for a = 1. Thus, for the present
power-law model, the natural ‘physical’ choice is ϵ = 2 and a = 1. More general constructions
are possible, e.g., Dαβ

ij (k) = k4−d−2fαβ(a)ϵHαβ
ij (m/k), with Hαβ

ij (0) = 1, for which sufficiently
large ϵ yields IR pumping for any fαβ(a) > 0. To our knowledge, however, such generalized
kernels have not been explored in stochastic MHD. For further details regarding the ϵ-expansion
in turbulent models, see Refs. [1–3, 107, 108].

The tensor structures R(n)
ij (k) in solenoidal MHD are the most general mixtures of the

transverse projector Pij(k) := δij − kikj/k
2 (the Leray projector P in Fourier space) and the

helical pseudotensor Hij(k) := i εijmkm/k:

R(1,2)
ij (k) = Pij(k) + ρ1,2Hij(k), R(3)

ij (k) = Hij(k) + ρ3 Pij(k). (18)

where εijm is the Levi–Civita symbol and the dimensionless parameters ρ1,2,3 quantify parity
breaking in the corresponding ‘channels’, due to the fact that in helical MHD, three indepen-
dent characteristic pseudoscalars can be non-zero, and each of them defines, generally speaking,
a specific measure of parity breaking. Positive definiteness of the covariance kernel (17) imme-
diately yields |ρ1,2,3| ≤ 1 (often attributed to Bochner’s theorem [178]). For simplicity, one may

25This means that any solenoidal vector field can be expanded in the helical basis, f(k, t) = f+(k, t)h+(k)+

f−(k, t)h−(k), which diagonalizes tensors such as Dαβ
ij . Here h±(k) are transverse eigenvectors of the operator

∇× in the k-space, ik × h± = ±kh±, with h± · k = 0 and hs · hs′ ∗ = δss′ , and may be chosen as h± =
(e1 ± ie2)/

√
2 for any k ̸= 0, where e1,2 are orthonormal unit vectors transverse to k. We shall not use this

decomposition explicitly, but only note its existence.

24
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set ρ1 = ρ2 = ρ3 := ρ. Assuming no additional dynamical suppression or spontaneous parity
breaking, they may be estimated from observed steady-state correlators as

ρ1 ≃
|⟨v · (∇× v)⟩|√
⟨v2⟩⟨(∇× v)2⟩

, ρ2 ≃
|⟨b · (∇× b)⟩|√
⟨b2⟩⟨(∇× b)2⟩

, ρ3 ≃
|⟨v · b⟩|√
⟨v2⟩⟨b2⟩

. (19)

3.4. Steady turbulent state: energy budget in stochastic MHD

As already noted, the only essential requirement on the random forces f v and f b is that their
work compensates viscous and ohmic dissipation. This requirement is conveniently expressed by
the exact energy-balance identities, obtained directly from Eqs. (12)–(14) as equalities between
composite fields:

∂t(v
2/2) +∇ ·

(
v(v2/2 + p)− b(v · b)

)
= −b · (b ·∇)v − ν0v ·∆v + v · f v,

∂t(b
2/2) +∇ ·

(
vb2/2

)
= b · (b ·∇)v − νm0b ·∆b+ b · f b.

(20)

Note that (20) involve no averaging: they hold pointwise as identities for the composite fields
(random variables) themselves.

Summing Eqs. (20) and averaging with ⟨•⟩f , the divergence (transfer) terms vanish by
translation invariance, yielding the integral energy balance

Ediss :=
〈
E

[ν0]
diss

〉
f
+
〈
E

[νm0]
diss

〉
f
= Ein :=

1

2

∫
ddk

(2π)d

(
Dvv

ii (k) + Dbb
ii (k) + 2Dvb

ii (k)
)
, (21)

where E[ν0]
diss := ν0

(
(∇ ⊗ u) + (∇ ⊗ u)T

)2
/2 and E

[νm0]
diss := νm0

(
(∇ ⊗ b) + (∇ ⊗ b)T

)2
/2 de-

note the viscous and ohmic dissipation rates, respectively, and Ein is the mean injected power
compensating dissipation. The forcing contributions ⟨v · f v⟩f and ⟨b · f b⟩f are rewritten using
Furutsu–Novikov identities [248, 249], e.g.,

⟨vi(x, t)f v
j (x, t)⟩f =

∫
ddx′dt′ Dvβ

il (x− x′, t− t′)

〈
δvj(x, t)

δfβ
l (x

′, t′)

〉
f

=
1

2

∑
β=v,b

∫
ddk

(2π)d
Dvβ

ij (k),(22)

where the second equality follows from the symmetric extension of the definition of the re-
sponse function at coincide times, ⟨δvj(x, t)/δf v

l (x
′, t′)⟩f

∣∣
t→t′−

= δjl δ(x−x′)/2, which is equiv-
alent to the prescription θ(0) = 1/2, i.e., to the use of the Stratonovich stochastic calculus.26

While equations like (20) are often discussed for decaying turbulence or within closures such
as EDQNM (see, e.g., [79]) and with specific model of force correlator, it is worth noting that
for ordinary turbulence the work [250] reconstructed an effective ‘physical’ injection function in
the pumping and inertial ranges; extending this idea to MHD remains a matter for the future.

Unlike the single-forcing case, in the general setting, the couplings g0i are related to the
total injection Ein in a more complicated way. At the leading order as Λ/m→ ∞, we have

Ein ∼ ν30
Cd

(
ΛβUV

βUV

∑
βi=βUV

g0i +

(∑
βi=0

g0i

)
ln

Λ

m
+
m−|βIR|

|βIR|
∑

βi=βIR

g0i

)
, (23)

where Cd := 2(2π)d/[Sd(d− 1)] (with Sd was defined above, see the discussion following Eq. (6)
and then for physically realistic case we get C3 = 2π2) and

β1 := 4− 2ϵ, β2 := 4− 2aϵ, β3 := 4− (1 + a)ϵ, βUV := max
i

{βi > 0}, βIR := min
i
{βi < 0}.

26This is justified, since in deriving (20) we used classical differentiation according to the Leibniz rule.
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For the present power-law forcing, we treat Eq. (23) as applicable up to ϵ = 2, i.e., as an
interpolation that allows different components of the pumping matrix to be dominated either
by the infrared (k ∼ m) or by the ultraviolet (k ∼ Λ) end of the inertial interval, depending on
their scaling exponents. In the simplest kinetic forcing model (no magnetic noise), where the
only nonzero correlator is Dvv

ij , Eq. (23) reduces to

g01ν
3
0 ∼ CdEin ×


(2− ϵ)Λ2ϵ−4, 0 ⩽ ϵ < 2,

1/ ln(Λ/m), ϵ = 2,

(ϵ− 2)m2ϵ−4, ϵ > 2.

(24)

4. Statistical field theory approach in MHD turbulence

Before turning to the details of the SFT-based treatment of Eqs. (12)–(14), let us briefly
recall how turbulent MHD has been studied by renormalization-group methods and, more
generally, within the statistical field-theoretic framework. To the best of our knowledge, one
of the earliest Wilson-style RG analyses of turbulent MHD was performed in [246] for the
mirror-symmetric case. A more systematic field-theoretic formulation of the same problem was
subsequently developed in [247]. In particular, it was shown that, in the isotropic setting, two
infrared-stable fixed points exist — the so-called kinetic and magnetic fixed points. The former
leads to Kolmogorov-type spectra. At the magnetic fixed point, the scaling is generally nonuni-
versal (in the sense that not all Green’s functions possess well-defined critical dimensions).

Later, [251] addressed helical (‘gyrotropic’ in their terminology) MHD in the absence of
magnetic noise. The key observation is that breaking mirror symmetry — even without mag-
netic fluctuations — makes the linearized MHD equations unstable; this effect, first identified
in [252], can lead to the emergence of a large-scale homogeneous magnetic field. This field can,
in principle, stabilize the system in its new ‘vacuum state’ through a dynamical, spontaneous
breaking of three-dimensional rotational symmetry (the Coleman–Weinberg mechanism [253]),
thereby bringing the system to a state equivalent to that produced by the dynamo mecha-
nism. From a technical viewpoint, the instability generates new polynomially divergent tensor
counterterms, analogous to mass renormalization in the O(n)-symmetric φ4 theory. These
counterterms already arise at the one-loop level in the course of UV renormalization and can
be removed by a suitably chosen shift of the magnetic field. Furthermore, [251] demonstrated
that, in this dynamo regime, the Kolmogorov spectrum applies only to the velocity–velocity
correlator. At the same time, the magnetic-field correlator acquires a different spectral slope,
which essentially signals a fundamental violation of energy equipartition.

Subsequently, the RG methodology was extended to other models of magnetohydrodynamic
turbulence, including the well-known Kraichnan–Kazantsev kinematic model [177, 254–258], the
kinematic MHD model [259–261], as well as a broad class of advection–diffusion models that
are MHD-like to varying degrees and involve different types of admixtures, such as passive
scalar impurities [262, 263], magnetic impurities [264], and vector impurities [265–268]. Here,
the Kraichnan–Kazantsev model is understood as a kinematic dynamo problem in which the
magnetic field evolves according to the induction equation but is advected and stretched by
a prescribed random velocity field, most commonly taken to be Gaussian, homogeneous and
isotropic, with a scale-invariant spatial correlator and δ-correlation in time (the Kraichnan
‘rapid-change’ ensemble). The kinematic MHD model relaxes this idealization by letting the
velocity be determined self-consistently (e.g., by a stochastic Navier–Stokes dynamics) while
still neglecting the Lorentz-force back-reaction, so that the magnetic field remains a passive
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(though stretched) vector admixture [269–272]. Advection–diffusion models further generalize
the setting by replacing the magnetic field with a scalar or vector impurity transported by
the flow: in passive variants, it does not affect the velocity statistics, whereas in active cases it
feeds back on the flow through additional stresses or forces, with full MHD being the archetypal
coupled active vector system. Within the RG/SFT approach, these simplified models serve as
controlled laboratories for identifying IR scaling regimes and universality classes, as well as for
analyzing anomalous scaling and intermittency via the renormalization of composite operators.
For a review on these topics, see, e.g., [113, 273] and the references therein.

It is also worth mentioning the paradigmatic A-model (not to be confused with the standard
Hohenberg–Halperin notation [150] for models of critical dynamics mentioned in Sec. 1) of an
active vector impurity, of which helical MHD constitutes a particular case. Over the last two
decades, the sustained efforts of the group of authors cited above have improved the precision
of computations in this model to two loops [152].
4.1. General: functional representation of stochastic differential equations

In what follows, our main mathematical object is a class of stochastic evolution equations.
Such equations arise routinely in statistical physics and related areas [274]. Since the seminal
works [25, 275], it has been understood that their perturbation theory can be recast in a
convenient field-theoretic form (see also [3, 22, 276] for reviews and further details). Below, we
summarize the main steps of this construction.

We consider a broad class of semilinear stochastic partial differential equations (SPDEs)
with additive Gaussian noise, written in differential Itô form as

dφi(x, t) =
[
(Lφ)i(x, t) + ni(x, t;φ) + Aφ′

i (x, t)
]
dt+ σij(x) dWt,j, i, j = 1, . . . , N. (25)

Here φi(x, t) is a random field; in many SPDE settings, one works with φi(x, t) taking values
in a space of distributions, e.g. D′(Rd), or in a suitable Sobolev space. The operator L is
assumed to generate a strongly continuous semigroup etL on an appropriate Banach (or Hilbert)
space; a standard dissipative example is L = ν0∆. The processes {Wt,j} are independent one-
dimensional Wiener processes (equivalently, components of a cylindrical Wiener process), and
σ is independent of φ (additive noise). The nonlinearity ni(x, t;φ) contains no time derivatives
and is assumed local in time. Finally, Aφ′

i (x, t) is a deterministic forcing (probe) field introduced
to generate response functions; its role will become explicit below. We restrict ourselves to
additive noise, i.e. σ does not depend on φ; in this case, there is no Itô–Stratonovich correction,
and the two interpretations yield indistinguishable solutions.

In the SPDE literature, (25) is typically posed as a Cauchy problem with initial data at some
finite time t0, φ(x, t0) = φ0(x). In many stationary settings it is convenient to use the equiv-
alent prescription obtained by sending t0 → −∞ and imposing suitable asymptotic/boundary
conditions (e.g. decay as t → −∞ and |x| → ∞ for fixed t).27 More precisely, if the dynamics
admits an invariant (stationary) measure, then taking φ0 distributed according to this mea-
sure makes the Cauchy formulation equivalent to the t0 → −∞ prescription at the level of
finite-dimensional distributions.

Under standard assumptions, equation (25) can be written as

φi(x, t) =

∫ t

−∞
dτ
[
e(t−τ)L

(
Aφ′

(· , τ) + n(· , τ ;φ)
)]

i
(x) +

∫ t

−∞

[
e(t−τ)Lσ

]
ij
(x) dWτ,j. (26)

27In the MSRJD representation, a finite-time initial condition is encoded by an additional boundary weight in
the action. If this contribution is omitted, the resulting functional may break the supersymmetry/BRST-type
structure of the bulk MSRJD action; see [16] for a detailed discussion.
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Equation (26) is the standard variation-of-constants (Duhamel) representation of a mild solution
of (25). Under standard assumptions on L, n, and σ (e.g. L generates a C0-semigroup and n
is locally Lipschitz with suitable growth bounds), one obtains existence and uniqueness of a
(local or global) mild solution; see, e.g., [277, 278]. The deterministic integral is a Bochner
(Lebesgue) integral in the chosen Banach/Hilbert space, while the stochastic term is an Itô
integral. Depending on the additional regularity of L, n, and the noise, mild solutions can be
upgraded to strong (or more regular) solutions. For instance, the three-dimensional stochastic
Navier–Stokes equation admits global martingale solutions and (under additional assumptions)
local strong solutions; see [278] and references therein.

For diagrammatic constructions, it is customary to pass to a shorthand ‘physical’ notation
by introducing the formal white noise ηi(x, t) := σij(x) dWt,j/dt understood as a generalized
(distributional) time derivative of Wt. In this notation (25) becomes

∂tφ(x) = Lφ(x) + n(x;φ) + Aφ′
(x) + η(x), (27)

where φ(x) := {φi(x)} and x := (x, t). Similarly, η(x) := {ηi(x)}, n(x;φ) := {ni(x;φ)}, and
Aφ′

(x) := {Aφ′

i (x)}. We reserve the term ‘source’ for the non-random probe fields Aφ and
Aφ′ introduced below; η will be referred to as the (random) noise or random forcing. By
construction, η is a centered Gaussian generalized random field, white in time, with covariance

⟨ηi(x)⟩ = 0, ⟨ηi(x)ηj(x′)⟩ = δ(t− t′)Dij(x,x
′), Dij(x,x

′) = Dji(x
′,x). (28)

Note that symmetry and (positive) definiteness of the covariance kernel D imply the existence
of a square root in the operator sense, so that one may write D = σσT.

Let us also mention the special (near-equilibrium) case when Lφ+n[φ] (with φ(x) → φ(x))
can be written as the variational derivative of a time-independent functional U [φ],

Lφ(x) + n(x;φ) =
1

2

∫
ddx′D(x,x′)

δU(x;φ)

δφ(x′)
, (29)

then the dynamics satisfies detailed balance and is linked to a static model with stationary
measure formally proportional to exp{U [φ]}; see [3]. In such equilibrium-type models, the
noise covariance D is fixed by the fluctuation–dissipation relation (as exemplified by Langevin-
type equations [3, 19]), whereas far from equilibrium, the choice of D becomes an intrinsic
part of the model definition. This situation is characteristic of, for instance, the stochastic
Navier–Stokes or resistive MHD equations (12)–(14).

When analyzing specific physical models, the main goal is to compute averages of products of
fields (e.g., over equilibrium fluctuations or over noise realizations), as well as the corresponding
response functions. Diagrammatically, these objects can be generated from iterative (tree-
level) solutions of (27) in the spirit of Wyld [76] and then averaged over the noise. If all
field arguments are distinct, one obtains ordinary Green’s (correlation) functions; coinciding
arguments lead to Green’s functions with composite-field insertions. Response functions are
generated by functional derivatives of ⟨φ⟩ with respect to a deterministic probe field Aφ′ .
The MSRJD formalism provides a compact functional representation for both correlation and
response functions.

On a purely formal level, the MSRJD formalism can be outlined as follows [3, 19, 27, 279].
Assuming the existence of solutions φ(x; η, Aφ′

) of (27) for a fixed realization of the noise
η, consider the generating functional of field products

G[Aφ, Aφ′
, η] := exp {Aφφ[η, Aφ′

]} =
∞∑
n=0

1

n!

{∫
dxAφ(x)φ

(
x; η,Aφ′)}n

. (30)
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Henceforth, we employ a condensed notation that implies integration over space-time over the
measure dx is defined as dx := ddx dt and summation over repeated discrete indices. For
instance, the term Aφφ[η] in the exponent of G[Aφ, Aφ′

, η] is shorthand for the expression:

Aφφ[η, Aφ′
] :=

∫
dxAφ(x)φ

(
x; η,Aφ′)

=
∑
i

∫
dd x dt Aφ

i (x, t)φi

(
x, t; η, Aφ′)

. (31)

It can be readily seen that the derivatives of G[Aφ, η] with respect to Aφ(x), evaluated at
Aφ(x) = 0, yield products of the solution φ(x; η) to equation (27). Hereinafter, the field Aφ(x)
will be referred to as the source (a non-random force), and η(x) as the noise (a random force).

Then, using the functional δ-function (whose operational rules are analogous to those of the
Dirac δ-function in finite-dimensional Euclidean space), (30) can be rewritten as:

G[Aφ, Aφ′
, η] =

∫
D[φ] δ(φ− φ[η])eA

φφ[η] =

∫
D[φ] δ(φ− φ[η])eA

φφ, (32)

where, in the second integral, the argument of the exponent has been changed from φ[η] to
φ by virtue of the sifting property of the δ-function. Then, employing the Fourier integral
representation of the functional δ-function:

δ(ψ) =
∏
(x,t)

δ (ψ(x, t)) =

∫
D

[
iφ′

2π

]
exp

{∫
dt ddxφ′(x, t)ψ(x, t)

}
(33)

and by transforming the argument of the δ-function in (32) from ψ := (φ−φ[η]) toQ[φ, η, Aφ′
] :=

−∂tφ+Lφ+n[φ]+Aφ′
+η (noting that {ψ : ψ = 0} coincides with the solution of the equation

Q[φ, η, Aφ′
] = 0), we obtain an expression for G[Aφ, Aφ′

, η] as a functional integral over two
fields φ and φ′:

G[Aφ, Aφ′
, η] =

∫
D[φ]D[φ′]

∣∣J [φ]
∣∣ exp{φ′(− ∂tφ+ Lφ+ n[φ] + η

)
+ Aφ′

φ′ + Aφφ
}
. (34)

In the functional integral over φ′ in (33), the imaginary unit was explicitly transferred from the
exponent to the integration measure.28 Subsequently, however, this factor will also be omitted
from the measure by absorbing it into the definition of the functional space over which the
φ′ integration is performed. The functional determinant J [φ] in (34) (the Jacobian of the
non-linear transformation from φ to Q[φ, η] for a fixed η) is given by:

J [φ] := det

∥∥∥∥δQδφ
∥∥∥∥ = det

∥∥∥∥( ∂

∂t
− L

)
δ(x− x′)− δn(x;φ)

δφ(x′)

∥∥∥∥ (35)

Formally, using detM = exp{Tr lnM} and the retarded Green’s function (propagator) R :=
(∂t − L)−1, explicitly through (∂t − L)R(x, t;x′, t′) = δ(x − x′)δ+(t − t′), where δ+ is the
asymmetric δ function [280] defined by

∫ b

a+0
dt′f(t′)δ+(t − t′) = limε→0+ f(t + ε) if a ≤ t < b

and zero otherwise29, one finds that the Jacobian can be written as [3, 17]

J [φ] = det∥(∂t − L)∥ exp

{
θ(0)

∫
dx

δn(x;φ)

δφ(x)

}
. (36)

28It is also noteworthy that due to the invariance of the functional integral under transformations of the form
φ′ → cφ′ (where c ∈ C), the MSRJD auxiliary fields φ′ can be interpreted as Lagrange multipliers enforcing
the constraint ψ(x) = 0 [3].

29The use of δ+ is equivalent to the causality (retardation) conditionR(x, t;x′, t′) = 0 for t < t′ complementing
the corresponding linear problem in the case of using the usual δ-function.
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This expression involves the product of two ill-defined quantities: θ(0) (the equal-time value
of the Heaviside function) and the divergent integral of δn(x;φ)/δφ, which requires regular-
ization [281, 282]. The field-independent factor det ∥∂t − L∥ is conventionally absorbed into
the overall normalization of the functional integral. The problem that arises regarding the
definition of θ(0) will be discussed below.

Summarizing, (34) provides a compact formal representation of the delta-functional con-
straint selecting solutions of the SPDE. Taken literally, this two-field functional integral is not
meant to define a convergent iterated integral (in contrast to the Gaussian-noise case discussed
below). Its proper meaning is a compact representation of the perturbation theory [283]: it
is a generating device for the diagrammatic expansion (tree graphs for fixed η), equivalently
encoded by the functional-differential (S-matrix) representation [22, 27].

Our primary interest, however, lies not in the functional G[Aφ, Aφ′
, η] itself, but in its average

over the probability distribution P [η] ∝ exp {−1
2
ηD−1η} of the random noise η. This average

defines the generating functional G[Aφ, Aφ′
] of correlation functions for the field φ(x):

G[Aφ, Aφ′
] =

〈
G[Aφ, Aφ′

, η]
〉
η
,

〈
•
〉
η
:=

∫
D[η] . . . exp

{
lnP [η]

}
, (37)

where the operation ⟨. . .⟩η denotes averaging over the statistical distribution of the random noise
η(x), characterized by the probability density functional P [η]. We write here explicitly P [η]
because, as can be seen from the given general construction, the MSRJD formalism can describe
SPDE statistics driven by more than just Gaussian noise. This representation can be justified
by arguments in the spirit of the Bochner-Minlos theorem, which guarantees the existence of a
probability measure on a suitable topological vector space, given the characteristic functional of
a random process. The characteristic functional is then the Fourier transform of this measure.
These are, of course, largely heuristic arguments in the present context. A description of some
a priori constraints that this vector space must satisfy can be found in [27].

Finally, the Gaussian integral over η in (37) can be performed explicitly, yielding

G[A] =
∫

D[ϕ]
∣∣J [φ]

∣∣ eS[ϕ]+Aϕ, S[ϕ] :=
1

2
φ′Dφ′ + φ′(− ∂tφ+ Lφ+ n[φ]

)
. (38)

Here, the functional S[ϕ] is known as the De Dominicis-Janssen action, and we have introduced
the multiplet notation: A := (Aφ, Aφ′

), ϕ := (φ, φ′), and D[ϕ] := D[φ]D[φ′]. Note that in this
notation, the linear term Aϕ is given by:

Aϕ :=

∫
dx [Aφ(x)φ(x) + Aφ(x)φ′(x)] . (39)

It should be emphasized that the Jacobian determinant J [φ] is not a dispensable technical-
ity. A convenient way to handle it is to represent J [φ] as a functional integral over Grassmann
(ghost) fields, which makes the associated Becchi-Rouet-Stora-Tyutin (BRST)-type symmetry
explicit; see, e.g., [16, 284]. This symmetry implies Ward identities, from which many important
consequences can be derived, such as Liouville’s theorem [285], and the proper normalization
G[0] = 1. Integrating out the auxiliary field φ′ (with the Jacobian term treated consistently)
leads to an Onsager–Machlup-type functional for φ alone [19].

A subtle point in (36) concerns the definition of θ(t) at t = 0 (equivalently, the equal-time
value of the retarded propagator). A standard way to fix this ambiguity is time discretization
in (34): forward (pre-point) discretization corresponds to the Itô convention θ(0) = 0, while
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midpoint discretization yields θ(0) = 1/2 and corresponds to the Stratonovich interpretation
of the original SPDE or symmetric Weyl ordering in QFT [3, 16]. Independently of the dis-
cretization choice, diagrams containing closed loops of retarded response lines are cancelled by
contributions originating from the Jacobian determinant [3, 286]. Moreover, this cancellation is
generally insensitive to the nature of η (whether stochastic or deterministic) and persists even
in multiplicative-noise equations [286], contrary to some claims in the literature. Furthermore,
if one focuses on the S-matrix perturbation theory, one can show that G[A] is, in fact, arbitrary
with respect to the diagonal value of R(x, t;x, t) and there is no need to involve stochastic
problems here at all [22]. Therefore, physical Green’s functions are independent of the chosen
value of θ(0), provided the Jacobian is treated consistently. In practice, one may adopt the Itô
convention θ(0) = 0 and discard all diagrams containing closed response loops ab initio; this
technically convenient convention will be used throughout this article.

The corresponding correlation and response functions, known in statistical field theory as
Green’s functions G(m,n), can be expressed using the general notation:

G(m,n) :=
δm+nG[A]

δAφ(x1) · · · δAφ′(xn)

∣∣∣∣
A=0

=

〈 m∏
i=1

φ(xi)
n∏

j=m+1

φ′(xj)

〉
,
〈
•
〉
:=

∫
D[ϕ] . . . eS[ϕ]. (40)

Decomposing the De Dominicis-Janssen action S[ϕ] in (38) into its free (quadratic) part
S0[ϕ] and interaction part Sint[ϕ], such that S[ϕ] = S0[ϕ] + Sint[ϕ], with definitions:

S0[ϕ] = −1

2

(
φ
φ′

)(
0 (∂t − L)T

(∂t − L) −D

)(
φ
φ′

)
, Sint[ϕ] = φ′n[φ], (41)

we can express G[A] within the functional-differential representation (also known as S-matrix
functional) for the generating functional

G[A] = P exp

{
Sint[ϕ] + Aϕ

}∣∣∣∣
ϕ=0

, P := exp

{
1

2

∫
dxdx′

δ

δϕi(x)
Gϕiϕk(x, x′)

δ

δϕk(x′)

}
, (42)

where P is the reduction operator (see, [22, 27, 287] for details), ϕ1 = φ and ϕ2 = φ′, and the
transpose T operation applies to both continuous and discrete variables.

Naturally, the decomposition of an action into free and interaction parts is somewhat
ambiguous; here, we adopt the most conventional choice. Here, G :=

[
Gϕiϕk

(x, x′)
]
i,k

=

⟨ϕi(x)ϕk(x
′)⟩0 (i, k = 1, 2) is the propagator matrix comprising the complete set of bare prop-

agators. Its blocks are defined as follows:

G =

(
(∂t − L)−1D(∂t − L)−1T (∂t − L)−1

(∂t − L)−1T 0

)
. (43)

Henceforth, ⟨•⟩0 denotes averaging of the same type as in (40), but performed with the free
action S0[ϕ] instead of the full action S[ϕ]. The propagator G12 = R is retarded, consequently,
G21 = GT

12 is advanced. The symmetric propagator G11 contains both retarded and advanced
contributions.

Expanding the exponentials in (42) as functional Taylor series yields the desired perturbation
theory. In diagrammatic terms, the free part S0[ϕ] is associated with lines (propagators), while
the interaction part Sint[ϕ] generates vertices. These vertices typically involve one φ′ field and
two or more φ fields, their specific structure being determined by the form of n[φ]. Given that
G12 is retarded, that G22 = 0, and that the correlator ⟨φφ′⟩ is interpreted as a (linear) response
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function R(x, x′) = δ⟨φ(x)⟩η/δAφ′
(x′)
∣∣
Aφ′=0

, the resulting Feynman diagrammatic technique
coincides with the Wyld diagrams for the SPDE [76].

Equation (42) provides a compact functional restatement of Wick’s theorem [3, 16, 18],
which was originally formulated in operator QFT [288]. Expansion of both exponents in (42)
leads to the standard Feynman diagrammatic technique for Green’s functions. This diagram-
matic technique plays a primary role in our constructive approach, serving to legitimize every
manipulation of the functional integral. In this sense, the path-integral formulation (38) for G[A]
is indeed an equivalent compact representation of perturbation theory: the formal expansion
of the exponential in powers of Sint[ϕ], combined with averaging ⟨•⟩0, yields the same diagram-
matic series as that derived from (42). The formal correspondence between the path-integral
definition (38) and expression (42) is established by the following operator relation:

PF [ϕ]
∣∣∣
ϕ=0

= ⟨F [ϕ]⟩0 =
∫

D[ϕ]F [ϕ]eS0[ϕ], (44)

where the operator P is defined in (42). For internal self-consistency, it is assumed that the
integration space is determined by the unperturbed problem (specifically, by the free action
S0[ϕ] when developing perturbation theory in Sint[ϕ]), rather than by the exact problem. This
assumption is justified as long as one remains within the framework of perturbation theory [3,
27]. All relevant boundary or asymptotic conditions for φ, along with conditions ensuring the
selection of the desired (retarded) Green’s function R, are assumed to be implicitly incorporated
into this functional integration space.

Finally, let us list a few standard consequences of causality in the MSRJD diagrammatics [3]:
(i) any 1PI diagram with external legs consisting solely of φ fields vanishes (it necessarily
contains a closed cycle of retarded G12 lines); (ii) any connected diagram with external legs
consisting solely of φ′ fields vanishes; in particular, all vacuum diagrams vanish, consistently
with G[0] = 1, (iii) All non-trivial (i.e., excluding bare or tree-level) diagrams for equal-time
1PI functions that include at least one external φ line, or for functions that include at least
one φ′ field, provide zero contribution.

As has been noted, from a statistical physics perspective, G[A] represents the partition
function in an external field. On the other hand, physical significance often resides not in the
partition function itself but in its logarithm, i.e., the Massieu-Planck potential in statistical
mechanics terminology. Therefore, the generating functional of connected Green’s functions,
W [A], is introduced as:

W [A] := lnG[A]. (45)

According to the (first) Mayer cluster theorem, this functional represents the sum of all con-
nected Feynman diagrams (see, for instance, [27]). Then, the corresponding Green’s functions
Wn are obtained by the following functional differentiation:

Wn(x1, . . . , xn) =
δnW [A]

δA(x1) · · · δA(xn)

∣∣∣∣
A=0

. (46)

These Wn(x1, . . . , xn) represent the n-point connected Green’s functions of the system.
For completeness, we also consider another important functional, which is particularly useful

when studying the stability of field-theoretic models. In nontrivial models, the connected
functions generated by W [A] may develop non-analyticities as parameters (or sources) are
varied. A familiar example is spontaneous symmetry breaking in a ferromagnet, where the
one-point function W1(x) = ⟨φ(x)⟩ becomes non-unique at zero external field in the ordered
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phase. A convenient way to handle such situations is to switch to the Legendre-transformed
effective action Γ[α], which is typically better behaved (e.g. convex) as a functional of the mean
field30

Γ[α] = sup
A

{W [A]− αA}, (47)

where A is determined by the ‘equation of state’: α(x) := W1(x) = δW [A]/δA(x).
The functional Γ[α] defined in (47) is known as the effective action in QFT, the Gibbs free

energy in equilibrium statistical physics, and the rate function in large deviation theory. Its
diagrammatic representation can be derived from the loop expansion of W [A] =

∑∞
l=0W

(l)[A],
where W (l)[A] is the sum of all connected diagrams with l loops. The corresponding loop
expansion for the effective action, Γ[α] =

∑∞
l=0 Γ

(l)[α], is then given by the formulas [3]:

Γ(0)[α] = S0[α] + 1PI
[
W (0)[A]− AGA

2

] ∣∣∣∣
A=G−1α

, Γ(l)[α] = 1PI
[
W (l)[A]

]∣∣∣∣
A=G−1α

(48)

where S0[α] = −αG−1α/2 is precisely the free action of the model, the operation 1PI[F ] denotes
the sum of all one-particle irreducible (1PI) diagrams contributing to the functional F , and
l ⩾ 1. Recall that a diagram is termed one-particle irreducible if it remains connected after
any single internal line is cut. In quantum field theory terminology, this is known as strong
connectivity. Analogous to (46), 1PI vertex functions (or proper vertices) Γn are defined as:

Γn(x1, . . . , xn) =
δnΓ[α]

δα(x1) · · · δα(xn)

∣∣∣∣
α=0

. (49)

Finally, we add a remark on the functional space underlying the formal ‘integration’ used
in hydrodynamic field theories. The identity G[A] = ⟨eAϕ⟩, with ⟨·⟩ defined by a functional
integral, provides a compact representation of the corresponding perturbation theory. At the
same time, the functional integral is often interpreted more broadly than as a purely pertur-
bative device, in particular when discussing nonperturbative phenomena. With this in mind,
we briefly comment on spontaneous symmetry breaking for generating functionals of the type
G[A] in field-theoretic approaches to stochastic Navier–Stokes and MHD turbulence.

Owing to the δ-correlated pumping, the action (50) is quasi-invariant31 under the generalized
Galilean transformations {v,v′} → {vw,v

′
w}, accompanied by the coordinate shift x 7→ xw.

The transformation law for v is given in (11), while the response field transforms by pullback,
v′
w(x) = v′(xw), with xw := (x+s(t), t) and s(t) from (11). For w(t) = const, this reduces to the

usual Galilean symmetry and the action becomes strictly invariant, S0[Φ] = S0[Φw]. However, as
emphasized in [290], this symmetry is spontaneously broken in the velocity sector. The breaking
is induced by the boundary/initial conditions that specify the functional integration domain
in (38) (e.g., in the present stochastic MHD setting, by the conditions in (15)). Although
the action (50) is invariant under (11) for w(t) = const, the functional integration domain
(equivalently, the measure defined by the boundary conditions) need not be. Imposing, for
instance, v(t → −∞) = v0 selects a particular ‘ground state’ (reference frame), which can
nevertheless be mapped to other equivalent states by (11).

30When traversing the model’s parameter space and intersecting corresponding critical manifold, non-
analyticities (colloquially, “fractures”) can appear on the surface defined by W [A]. In contrast, for Γ[α], these
correspond to regions where its convexity becomes non-strict (forming flat sections).

31That is, it is invariant up to a linear term of the form S0 → S0 − (∂tv
′)·w. This quasi-invariance and its

implications (in particular, for renormalizability) are discussed in [289].
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It is also useful to note that the transformations (11) share certain structural features with
gauge symmetries: they relate physically equivalent descriptions corresponding to different
choices of a reference frame. Accordingly, one may fix this freedom by adding a ‘gauge-fixing’
term that constrains the zero mode of the velocity field, for instance S0 → S0 +

1
2ξ

∫
dtu2(t),

u(t) ∝
∫
ddxv(x, t), with a gauge parameter ξ. This term fixes only the spatially uniform

mode and does not affect finite-k fluctuations. The resulting gauge-fixed theory possesses a
BRST symmetry associated with the corresponding Faddeev–Popov determinant (rather than
with the MSRJD Jacobian of stochastic quantization); see [16] for general background. Such
gauge-like treatments are standard for the stochastic Navier–Stokes problem [291–293] and
carry over to MHD without essential modifications.

In MHD, spontaneous symmetry breaking may also occur in the magnetic sector: in dynamo-
type regimes, a spontaneously generated mean magnetic field selects a preferred direction and
thereby breaks the rotational symmetry SO(3) down to an axial subgroup. Unlike a constant
mean velocity, such a mean magnetic field cannot be removed by a Galilean transformation.
We return to this issue in Sec. 4.3.

4.2. Core: stochastic MHD as a field theory

For Eqs. (12)–(14), the (bare) De Dominicis–Janssen [25, 26] action functional can be
written in terms of the classical stochastic fields v and b together with the auxiliary transverse
fields v′ and b′ [251]:

S0 =
1

2
v′Dvvv′ +

1

2
b′Dbbb′ + v′Dvbb′ + v′ · [−Dtv + ν0∆v + (b ·∇)b]

+ b′ · [−Dtb+ u0ν0∆b+ (b ·∇)v] , (50)

where Dvv, Dbb, and Dvb are the elements of the forcing correlator matrix introduced in Eq. (16).
Here and throughout, we employ a condensed notation in which integration over space–time in
the action and in similar functionals is left implicit.

Within the standard perturbative framework, the action (50) can be written in the form [3]

S0 = −1

2
ΦKΦ+ Sint, (51)

where the field multiplet Φ := (v, b,v′, b′) collects all dynamical and auxiliary variables of the
model, K is the 4 × 4 matrix specifying the quadratic form that follows from (50), and Sint

contains the interaction contributions.
The independent elements of the propagator matrix G := K−1 are displayed at the bottom

of Fig. In the momentum–frequency representation (k, ω), these propagators take the form

Gv′v
ij =

Pij(k)

α(k, ω)
, Gb′b

ij =
Pij(k)

β(k, ω)
, Gvv

ij =
Dvv

ij (k)

|α(k, ω)|2
, Gbb

ij =
Dbb

ij (k)

|β(k, ω)|2
, Gbv

ij =
Dbv

ij (k)

α(k, ω)β∗(k, ω)
,(52)

where we introduce the abbreviations α(k, ω) := iω + ν0k
2 and β(k, ω) := iω + u0ν0k

2. All
remaining components of matrix G are fixed by the relation Gab

ij (k, ω) = Gba
ji (−k,−ω) with

a, b ∈ Φ, which encodes the Hermitian symmetry the propagator matrix. Using the transver-
sality of all fields, the interaction Sint in Eq. (51) can be recast as

Sint =
1

2
v′iUijlbjbl +

1

2
v′iWijlvjvl + b′iVijlvjbl, (53)
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Figure 1. Graphical representation of the diagrammatic technique elements in the model (50).

with the vertex tensors defined in momentum space by

Wijl(k) = i(kjδil + klδij), Uijl(k) = −Wijl(k), Vijl(k) = i(kjδil − klδij). (54)

The vertex W corresponds to the standard Navier–Stokes nonlinearity, U governs the renor-
malization of the Lorentz-force term, and V is commonly referred to as the Ohm’s law vertex.
For clarity, the vertex structures are shown schematically on top of Fig. 1. In Eq. (54), the
momentum k is always taken to enter the vertex through the corresponding auxiliary leg: b′

for U and v′ for W and V. Combinatorial factors of 1/2 in Eq. (53) reflect the symmetry of
the vertices W and U under permutations of the associated fields.

4.3. Long wavelength instability in helical MHD: kinematic and dynamo stable regimes

A convenient entry point into the physics encoded in the model (50) is its stability analysis.
Recall that a necessary stability requirement in stochastic dynamics reads [3]{

⟨v ⊗ v′⟩, ⟨b⊗ b′⟩, Gvv′ , Gbb′
}
∈ A(C+), (55)

where A(C+) denotes the class of functions analytic in the upper half-plane C+ of the complex
frequency variable ω. The bare response propagators Gvv′ and Gbb′ are given in (52), whereas
the exact (dressed) response functions can be expressed via the corresponding 1PI functions as
⟨v⊗v′⟩ = −

[
Γv′v

]−1 and ⟨b⊗b′⟩ = −
[
Γb′b
]−1, with Γv′v and Γb′b satisfying the Dyson equations

Γv′v
ij (k, ω) = −α(k, ω)Pij(k) + Σv′v

ij (k, ω), Γb′b
ij (k, ω) = −β(k, ω)Pij(k) + Σb′b

ij (k, ω). (56)

Here Σv′v
ij and Σb′b

ij are the self-energy parts that incorporate all loop corrections to the 1PI
functions Γv′v

ij and Γb′b
ij , respectively. Let us emphasize that, throughout this subsection, ‘sta-

bility’ is understood in the local (linear) sense. A genuinely global stability statement appears
to be out of reach, at least within the present model.

The bare response propagators Gvv′ and Gbb′ have no singularities in the upper half of
the complex ω-plane. By contrast, the exact response functions may develop poles whose
positions are determined by the zeros of the corresponding 1PI functions. At first glance,
since Σv′v and Σb′b start at O(g0i), one might expect them to be small compared with the
viscous contributions in α(k, ω) and β(k, ω) and therefore unable to violate (55). However,
the perturbative expansion of Σb′b

ij in the vicinity of ω = 0 and k = 0 contains a parity-odd
contribution linear in k. In the power-law model this term has the form ν0 h0

[
i εijlkl

]
Λ, where
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h0 = h0(ρs, g0s, ϵ, u0) is a dimensionless coefficient; this is precisely the curl-type contribution
in the terminology of [294].32 Keeping only the terms linear in k at ω = 0 in the expansion of
Σb′b

ij , one finds that the corresponding response function, with the curl contribution resummed,
takes the form

⟨b′ibj⟩ =
β(k, ω)Pij(k)− ν0h0kHij(k)

β2(k, ω)− ν20h
2
0k

2
+O(k2;ω1), (57)

where the function β(k, ω) is defined after Eq. (52). The denominator on the right-hand
side of (57) yields a pole with Imω > 0, which violates the local stability criterion (55). In
QFT language, this corresponds to a tachyonic (unstable) mode in ⟨b′ ⊗ b⟩, indicating that
fluctuations destabilize the trivial ground state.

In the SFT parlance, this instability is nothing but the destruction of the ‘naive’ magnetic
ground state ⟨b⟩ = 0 under the influence of arbitrarily small fluctuations. From a physical
standpoint, we are dealing here with an instability similar to that found in the mean-field
theory of the magnetic dynamo (see, e.g., [158, 175, 178]) in the description of the α-effect.
This analogy, as well as further details of the instability mechanism, was discussed in [294].
Here we briefly summarize the conclusions of that article.

To reach a steady turbulent state, a helical MHD system must eliminate this instability.
In [294], two such stabilization scenarios were identified: the kinematic regime and the dynamo
regime of the model S0 in (50). Both scenarios amount to incorporating into S0 the curl term
generated by loop diagrams, i.e., ν0h0 b′ · (∇ × b). In the kinematic regime, one assumes that
S0 already contains a bare curl term whose coefficient is tuned so as to cancel, order by order,
the loop-generated contribution. As a result, the effective action in this regime is precisely S0.

A more physically motivated option is to include the loop-generated curl contribution from
Σb′b into the action without any fine-tuned counterterm and to interpret the ensuing instability
as a signal that the SO(3)-symmetric vacuum is not the true stable state. One then assumes
that turbulent fluctuations drive the system into an ‘energetically favourable’ SO(2)-symmetric
vacuum with ⟨b⟩ = B0 ̸= 0, where B0 is a large-scale magnetic field.33 Accordingly, the theory
re-expanded in the neighbourhood of ⟨b⟩ = B0 must be stable. Within the SFT approximations
adopted here (statistical homogeneity, translational invariance, etc.), B0 is simply a constant
uniform field, and its emergence can be interpreted as the outcome of a large-scale turbulent
dynamo mechanism. This is precisely why this regime is called the dynamo regime.

Formally, the re-expansion of S0 about ⟨b⟩ = B0 is implemented by the shift b → b +B0.
This shift modifies only the quadratic part of the action, yielding the dynamo-regime action

SB0 = S0 + v′ · (B0 ·∇)b+ b′ · (B0 ·∇)v. (58)

Thus, among all structures in (50), only the propagator matrix G is modified. In (k, ω)-
representation, it is given by the following matrix

G
[B0]
ij =

1

|ξ|2


β∗ξPij iγξPij

iγξPij α∗ξPij

βξ∗Pij −iγξ∗Pij

−iγξ∗Pij αξ∗Pij

−Gij

0

. (59)

32The expansion of Σv′v
ij cannot contain such a term due to the i↔ j symmetry of the NS vertex Wijl [294].

33In the language of quantum field theory, this means that the system enters this state through spontaneous
symmetry breaking caused by radiative corrections, known in the literature also as the Coleman-Weinberg
mechanism [253, 295].
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Here ξ(k, ω) := γ2+α(k, ω)β(k, ω) and γ := (B0·k). An asterisk ∗ denotes complex conjugation,
and ω and k are implicit arguments of all functions and tensor operators. The 2× 2 matrix G
is given by

Gij :=

(
β∗(iγDvb

ij − βDvv
ij ) + iγ(iγDbb

ij − βDvb
ij ) β∗(iγDvv

ij − αDvb
ij ) + iγ(iγDvb

ij − αDbb
ij )

iγ(iγDvb
ij − βDvv

ij ) + α∗(iγDbb
ij − βDvb

ij ) iγ(iγDvv
ij − αDvb

ij ) + α∗(iγDvb
ij − αDbb

ij )

)
. (60)

Within this symmetry-breaking picture, the kinematic regime also admits a transparent
interpretation. Formally, it corresponds to assuming an external mechanism that suppresses
the instability, or equivalently to working in the limit of a sufficiently weak uniform field,
B0 ≈ 0. This is precisely the logic adopted in the standard kinematic dynamo theory. Also
note that the stabilized vacuum is analogous to an absorbing state in nonequilibrium statistical
mechanics (see, e.g., [60, 62]) or to the ground state in quantum mechanics: once the system
settles into it, small perturbations do not trigger further runaway instabilities. The key here is
that no other instabilities arise, even in the presence of a large-scale field B0 [294].

At the level of the equations of motion, adding such a term to the action is equivalent to the
appearance of an extra contribution ν0h0∇ × b on the right-hand side of the induction equa-
tion (13). Phenomenologically, one may view it as assuming a parity-odd contribution to the
current density in Ohm’s law (3), of the form ξ0B with an effective pseudoscalar conductivity
coefficient ξ0. Inserted into the standard derivation of resistive MHD, this term generates the
required curl contribution in (13). We emphasize that although the curl term is often discussed
from the viewpoint of renormalization (in power-law pumped models (17) one has h0 ∼ Λ, i.e.,
a linear UV divergence), its appearance is not intrinsically tied to renormalization. Rather, it
is dictated by parity breaking (the absence of mirror symmetry). For illustration, consider a
model free of IR and UV divergences with a realistic energy-injection kernel Dαβ

ij (k), concen-
trated at k ∼ 1/lmax and rapidly decaying both as k → 0 and as k → ∞. In such a setting, the
coefficient of the curl term is finite already at the perturbative level and is not associated with
renormalization, while the need to eliminate it persists because it still generates an instability.

The emergence of curl-type terms in the magnetic response function ⟨b′⊗b⟩ (and hence in the
induction equation (13)), together with their absence (at one loop) in the velocity equation (12),
was first pointed out in [252]. In that work, the resulting instability was taken as an indication
that a straightforward RG treatment is problematic in helical MHD. In a more systematic field-
theoretic approach [251], the issue was addressed by invoking dynamical spontaneous symmetry
breaking and the emergence of a large-scale field B0; however, the one-loop estimate of the
resulting stabilizing field magnitude B0 turned out to be inconsistent. Indeed, for fixed Λ and
ϵ and without additional regularization, the one-loop cancellation condition for the curl term
admits an exact solution only in the formal limit B0 → ∞, as noted in [294]. If, however,
one allows for a bare curl term in (50) with a finite coefficient h00 ∼ ξ0 ∝ g0i (as permitted
by a general Ohm’s law in the absence of mirror symmetry), then the cancellation of the curl
contribution occurs already at finite B0 for arbitrarily small h00. Moreover, even for very small
|h00|, the resulting magnitude B0 can remain parametrically small. As argued in [294], the
one-point average ⟨b⟩ plays a role analogous to the ground-state energy in quantum mechanics
in that it may require additional regularization to become finite.

4.4. Ultraviolet renormalization in space dimensions d > 2: linear and logarithmic divergences

For d > 2, which is the case of interest here, the renormalizability of the general model (50)
follows from Refs. [247, 251, 294, 296]. The borderline case d → 2+ is discussed in [296]; see
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Table 2. Canonical (engineering) dimensions of the bare fields and parameters in the action (50).

Quantity v, b v′, b′ ν0 u0, ρ g01 g02 g03 m,Λ

dpQ −1 d+ 1 −2 0 2ϵ 2aϵ ϵ(1 + a) 1

dωQ 1 −1 1 0 0 0 0 0

dQ 1 d− 1 0 0 2ϵ 2aϵ ϵ(1 + a) 1

also [2, 3, 297–299]. When d > 2, all superficial UV divergences occur only in the 1PI functions
Γv′v, Γb′b, and Γv′bb. These divergences are identified by assigning canonical dimensions so that
each term in the action (50) is dimensionless with respect to the diffusive scaling ω ∼ k2,
while treating momentum and frequency dimensions independently. The resulting canonical
(engineering) dimensions — the momentum dimensions dpQ, the frequency dimensions dωQ, and
the total dimensions dQ = dpQ + 2dωQ — for all quantities Q entering (50) are collected in
Table 2. Consequently, a complete UV renormalization reduces to removing the divergences in
these three 1PI functions: Γv′v, Γb′b, and Γv′bb.

A careful renormalization procedure consists of two stages. First, one isolates and subtracts
power divergences in the UV scale Λ (polynomial in Λ). Second, one removes the remaining
logarithmic UV divergences; within analytic regularization, these manifest themselves, after the
formal limit Λ → ∞, as poles 1/ϵp, p = 1, 2, . . .. Technically, analytic regularization [3, 300] is
closely related to dimensional regularization, but here the parameter ϵ is not tied to the space
dimension d and enters through the choice of the pumping function (17). For details in the
MHD context, we refer to [294]; a general discussion can be found in [3].

For a strictly multiplicatively renormalizable theory, power divergences can be absorbed by
renormalizing parameters already present in the action, and they do not require introducing
new operators. In that sense, the standard RG machinery is most straightforwardly applicable
to multiplicatively renormalizable models. In helical MHD described by (50), the situation
is different. The model is pseudo-multiplicatively renormalizable: loop corrections generate
a divergence (the curl term) that renormalizes an operator absent from the original action
but allowed by the symmetries. Once this operator is included from the outset, the set of
counterterms closes, and the renormalization of the extended model becomes multiplicative.
The nontrivial two-loop analysis of the linear Λ divergence associated with the curl term, as
well as its elimination, was carried out in [294] for the simplified model with Dbb = Dvb = 0,
in both the kinematic and turbulent-dynamo regimes. As also shown in [294], there are no
other power divergences in Λ in that model. Including magnetic noise does not change this
conclusion qualitatively and only produces additional contributions to the coefficient of the curl
term. For the resulting multiplicatively renormalizable model the counterterm functional ∆S
contains only a finite set of operators with the same algebraic structure as in the original action
S0, and the renormalized action can be written as SR = S0|e0→e + ∆S [3]. Here e0 and e are
bare and renormalized action parameters, respectively.

After the Λ-renormalization, the remaining ϵ-renormalization (with the formal limit Λ → ∞)
proceeds in the standard way in both regimes (kinematic and dynamo) [294] and reduces to
computing three independent renormalization constants. In the dynamo regime, the large-scale
field produces additional contributions, but they are renormalized by the same constants as in
the kinematic regime. Notably, the curl term can be technically eliminated both at the stage
of Λ-renormalization and after ϵ-renormalization [294]. As a result, expressing bare parameters
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e0 in (50) through the renormalized ones e according to

ν0 → ν, u0 → u, g01 → g1µ
2ϵ, g02 → g2µ

2aϵ, g03 → g3µ
ϵ(1+a), (B0 → B), (61)

while keeping the helicity parameters ρs (s = 1, 2, 3) unrenormalized [251], and adding the nec-
essary counterterms is equivalent to introducing three independent renormalization constants
Z1, Z2, and Z3 that absorb all logarithmic UV divergences, irrespective of the regime.34 The
prescription (61) involves the renormalization mass (mass scale) µ [17], an auxiliary momentum
scale typically chosen of the order of the ultraviolet scale, µ ∼ 1/lmin.

In practical calculations, the renormalization constants Zi are conveniently evaluated in the
Minimal Subtraction (MS) scheme, where they are determined solely by the pole parts of their
Laurent expansions in ϵ. Accordingly, their general structure can be written as

Zi = 1 +
∞∑
n=1

n∑
m=1

1

ϵm

n∑
s=0

z
(i)
m, sn−s(ρ, u)g

s
1g

n−s
2 , i = 1, . . . , 3. (62)

One useful feature of MS-like schemes is that the renormalization of the curl operator does not
affect the constants Z1,2,3 computed in the curl-free sector: in particular, Z1,2,3 cannot depend
on IR scales (such as m) or on IR-relevant external parameters. The sum in (62) involves only
the two independent couplings g1 and g2. Indeed, Ref. [247] implies g3 = κ (g1g2)

1/2, where κ
is an arbitrary parameter constrained by |κ| ⩽ 1 (from the positivity of the correlator matrix),
playing a role analogous to a gauge parameter in quantum electrodynamics.

Thus, if we factor out the independent renormalization (and subsequent cancellation) of the
curl term — which, in the MS scheme, does not affect the renormalization of the remaining
parameters — the key points of the logarithmic renormalization can be illustrated already in
the kinematic regime. The multiplicative ϵ-renormalization in this regime has the form

SR [Φ; ν0, u0, g01, g02, g03] = S0

[
v, bZb, v

′, b′Zb; νZν , uZu, g1µ
2ϵZg1 , g2µ

2aϵZg2 , g3µ
ϵ(1+a)

]
, (63)

from which all the relationships between the renormalized and bare fields and parameters can
be explicitly inferred

b → bZb, b′ → b′ Zb′ , v → v, v′ → v′,

ν0 = νZν , u0 = uZu, g01 = g1µ
2ϵZg1 , g02 = g2µ

2aϵZg2 , g03 = g3µ
ϵ(1+a).

(64)

Diagrammatically, one determines the constants Z1, Z2, and Z3 by imposing UV finiteness
of the corresponding 1PI functions Γv′v, Γb′b, and Γv′bb; equivalently, these constants multiply
the operators associated with the structures renormalized in the action:

SR =
1

2
v′ Dvv

R v′ +
1

2
b′Dbb

Rb
′ + v′Dvb

R b′ + v′ ·
[
−Dtv + νZ1∆v + Z3(b ·∇)b

]
+ b′ ·

[
−Dtb+ uνZ2∆b+ (b ·∇)v

]
. (65)

Here Dαβ
R denotes the renormalized noise correlator (16). For d > 2, it differs from the bare

one only by the replacement of bare parameters with renormalized ones according to (61); no
additional renormalization constants are required for Dvv

R and Dbb
R [247]. Three renormalization

34A fourth constant Z4 may be introduced for the curl operator if its cancellation is postponed until the
ϵ-renormalization stage; this option was also analysed in [294].
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constants Zi needed for renormalization are evaluated in the MS scheme. For d > 2 no coun-
terterm is needed for Dαβ

R , so that g01ν30 ≡ g1ν
3µ2ϵ, g02ν30 ≡ g2ν

3µ2aϵ, and g03ν
3
0 ≡ g3ν

3µϵ(1+a).
Another hallmark of the RG approach to turbulence is that the fields v and v′ are not renor-
malized (see [1, 3, 296]). From the renormalized action (65), one immediately reads off the full
set of renormalization constants for the model parameters and fields via

Zv = Zv′ = 1, Zb = Z−1
b′ = Z

1/2
3 , Zν = Z1, Zu = Z2Z

−1
1 , Zg1 = Z−3

1 , Zg2 = Z−3
1 Z3. (66)

Thus, the objects that are actually subject to computation are the renormalization constants
Z1, Z2, and Z3. They are fixed by imposing ultraviolet finiteness of the corresponding 1PI
functions Γv′v, Γb′b, and Γv′bb. Within the framework of the MS scheme and under analytical
regularization, they contain only logarithmic divergences (in the form of poles in ϵ) and are
the only parameters that completely determine the characteristics of the model’s universal
behaviour. These characteristics are studied using the RG method and are discussed in the two
subsequent sections 4.5 and 4.6, respectively.

In the general model (65) with a mixed correlator Dαβ
R , the renormalization constants Zi were

calculated at the one-loop level [247] (see also [301]). Importantly, at that order all Zi turned
out to be independent of ρs (since the corresponding diagrams in the one-loop approximation
do not contain pseudotensor lines Gbv), which allowed the results of [247] to be used in the
one-loop study of the model with only non-zero Dvv

R reported in [251].
Further progress in the calculation focused on this simplified model with energy injection

only by means of kinetic helicity, i.e., with only nonzero force f v and Dvb
R = Dbb

R = 0. The
renormalization constants Zi were practically extracted from reduced auxiliary models that
retain only the vertices and propagators required to construct the relevant 1PI function from
the set Γv′v, Γb′b, and Γv′bb. In these simplified models, many authors have worked out the
two-loop parts of Zi in a systematic way, including both parity-even (mirror-symmetric) and
helical contributions, and up to now all Zi have been brought to two-loop accuracy. For the
reader’s convenience, we have rewritten from [294] the summary Table 3 of results with all
found and corrected typos and misprints for the physically relevant case d = 3.

Regarding the dynamo regime, once the uniform field B0 is fixed so as to cancel the curl
term (either at the Λ-renormalization stage or at the ϵ-renormalization stage; both options are
analysed in [294]), the remaining 1PI Green’s functions of the shifted theory can be obtained by
the field shift b → b+B0 in the renormalized generating functional of 1PI Green’s functions of
the unshifted theory. Since shifting the argument of a UV-finite functional by a UV-finite quan-
tity preserves UV finiteness, the parameter B0 must be renormalized with the same constant
as the field b:

B0 → BZb. (67)

This statement was also explicitly verified in [294] in a two-loop calculation of B0 itself in
the simplified model with only forcing f v. From these considerations, it follows that the fully
renormalized action of the dynamo regime (58) takes the form

SBR = SR + Z3v
′ · (B ·∇)b+ b′ · (B ·∇)v. (68)

4.5. MHD in the kinematic regime: fixed points, inclusion of anisotropy, energy equipartition

In this section, we recapitulate the main results of the SFT/RG analysis of the model in
the kinematic regime defined by the renormalized action (65). The central objective of this
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Table 3. All two-loop coefficients in ϵ-poles of the renormalization constants Zi in the simplified
model (65) with Dvb

R = Dbb
R = 0. All data are taken from the work [294].

z
(i)
m,s 0(u, ρ) Z1(g2 = 0) Ref.

year Z2(g2 = 0) Ref.
year Z3(g2 = 0) Refs.

years

z
(i)
1,10(u) −1/40π2

[302]
1984 −1/12π2u(1 + u)

[302]
1984 −1/60π2u

[247]
1985

z
(i)
1,20(u⋆, ρ)× 105 −1.05868

[108, 115]
2003, 2009 −2.25613 + 0.0340506 ρ2

[264, 267]
2016, 2016 0.430812 + 0.617026 ρ2

[152]
2024

z
(i)
2,20(u) −(z

(1)
11 )

2 [108]
2003 − z

(2)
11

2(1+u)

(
uz

(2)
11 + (2 + u)z

(1)
11

)
[32]
2005 − z

(3)
11
2

(
z
(3)
11 − 2z

(1)
11 − z

(2)
11

)
[152]
2024

Note. The year of publication is indicated in small numbers under each article in the ‘Source’ column.

approach is to extract the infrared (large-scale) asymptotic behaviour and the associated uni-
versal scaling laws within the renormalization group framework. A convenient way to study
these asymptotics is to work with the generating functional of renormalized connected Green’s
functions, WR(A) := lnGR(A), where GR(A) is defined as in (45) with the bare action (50)
replaced by its renormalized form (65). For WR(A), one can write the standard Euler homo-
geneity relations (separately for momentum and frequency dimensions, s ∈ {k, ω})[

Dµ +
∑
α∈g

dsαDα + dsνDν +
∑
φ∈Φ

∫
dxAφ(x)

(
dsAφ −D[s]

) δ

δAφ(x)

]
WR(A) = 0, (69)

together with the main RG equation, which follows from the µ-independence of the bare (un-
normalized) functional W(A) at fixed bare parameters (see [3]):[

Dµ +
∑
α∈g

βα∂α − γνDν +
∑
φ=b,b′

γφ

∫
dxAφ(x)

δ

δAφ(x)

]
WR(A) = 0. (70)

In both equations, the summations run over the variables explicitly indicated under the corre-
sponding summation signs. Hereafter, we denote the set of couplings as g := (g1, g2, u). From
the RG viewpoint, u plays the role of a coupling because it enters the renormalization con-
stants Zi; in contrast, g3 is omitted here since it does not appear in the expressions for Zi. The
operators De := e ∂e are the usual logarithmic derivatives with respect to the corresponding
renormalized parameter e := (g, ν). The canonical dimensions of the sources are dωAφ = 1− dωφ
and dkAφ = d− dkφ, where dω,kφ are the canonical dimensions of the fields Φ = (v, b,v′, b′) listed
in Table 2.

Eqs. (69) express the usual scale invariances with respect to spatial coordinates x and time
t of the functional WR(A). Depending on the index s, the operator D[s] denotes the spatial
D[k] := x ·∇ or temporal D[ω] := t ∂t logarithmic derivatives, respectively. Eq. (70) expresses
the fact that WR(A) does not depend on the renormalization mass µ provided the sources A
and the bare parameters are held fixed. The functional operators Dφ :=

∫
dxAφ(x) δ/δAφ(x),

with φ ∈ {b, b′}, act on a given connected correlator (i.e. on a coefficient of WR in its expansion
in A) and simply return the number of external legs: Db → nb and Db′ → nb′ . Here the sum
over φ is taken only for b and b′, since Zv = Zv′ = 1 implies γv = γv′ = 0 (see below).

The coefficients in (70) are the RG functions: the β functions, which quantify the departure
from scale invariance, and the anomalous dimensions γν , γb, and γb′ , which determine the
exponents governing power-law asymptotics of correlation functions and parameters. These
RG functions are expressible through the renormalization constants Zi. Specifically, we define

γi := Dµ lnZi, βg := Dµg, (71)
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where Dµ := Dµ

∣∣
e0

differentiates with respect to µ at fixed bare parameters e0 := (g01, g02, u0, ν0).
It then follows that, for any function F (g),

DµF (g) = βg∂gF (g) :=
[
βg1∂g1 + βg2∂g2 + βu∂u

]
F (g). (72)

Using (63), (66), and (71), one arrives at

γg1 = −3γ1, γg2 = γ3 − 3γ1, γν = γ1, γu = γ2 − γ1, γb = −γb′ = γ3/2, γv = γv′ = 0,

βg1 = g1(−2ϵ− γg1), βg2 = g2(−2aϵ− γg2), βu = −uγu. (73)

Since γi, i = 1, 2, 3, are UV-finite [3], in the MS scheme each of them can be expressed
through the coefficient of the first ϵ pole in the expansion (62) of the corresponding Zi. Using
Eqs. (71) and (72) and keeping terms up to two-loop order, we obtain

γi = −2
(
z
(i)
1,10g1 + az

(i)
1,01g2 + (1 + a)z

(i)
1,11g1g2 + 2

(
z
(i)
1,20g

2
1 + az

(i)
1,02g

2
2

))
+O(g31; g

3
2). (74)

To characterize inertial-range IR asymptotics of correlation functions, one must determine
the IR-attractive fixed point g⋆ := (g1⋆, g2⋆, u⋆) at which all beta-functions vanish, i.e., βg1(g⋆) =
βg2(g⋆) = βu(g⋆) = 0. The stability of the found fixed point is governed by the requirement
that the real parts of the eigenvalues of the matrix Ω := (∂βα/∂α)

∣∣
g⋆

, with α ∈ {g1, g2, u}, be
positive in the vicinity of ϵ = 0.

In the presence of a stable fixed point, one can further write representations for various
Green’s functions as solutions of the RG equation, i.e., functions of its first integrals (RG
representations). In the model (65), of greatest interest are pair correlation functions

W v
ij(k, t) :=

∫
ddx⟨vivj⟩c(x, t) e−ik·x, W b

ij(k, t) :=

∫
ddx⟨bibj⟩c(x, t) e−ik·x. (75)

Here, we assumed statistical homogeneity and stationarity, so the correlators depend only on
the separations; the subscript ‘c’ denotes the only connected diagrams selection. The equal-time
(static) correlators W v,b

ij (k, 0) determine the kinetic and magnetic energy spectra, Ev(k) and
Eb(k). It is convenient to distinguish between the full (possibly anisotropic) three-dimensional
spectrum and the isotropic one-dimensional spectrum obtained after angular integration:

3D: Ev, b(k) :=
1

2
W v, b

ii (k, 0), 1D: Ev, b(k) :=
1

2

Sd

(2π)d
kd−1W v, b

ii (k, 0) (76)

Note that the energy spectra are traditionally defined through unrenormalized correlation func-
tions. Such spectra were studied, in particular, in [301], where a mirror-symmetric anisotropic
generalization of the model (65) was studied at the one-loop level.

To obtain RG representations of the correlators W v
ij and W b

ij it is convenient to express
W v

R ij and W b
R ij through dimensionless scaling functions using

FR = kdF νd
ω
FRF

(
tk2ν, s, g1, g2, u, B/(νk) . . .

)
, (77)

where s := k/µ, RF is a dimensionless scaling function associated with F , and dF and dωF are
the total canonical and frequency dimensions of F . The last argument, B/(νk), is relevant only
in the dynamo regime. Thus, extracting from general functional relation (70) the RG equations
for Wα

R ij in the form[
Dµ +

∑
g

βα∂α − γνDν

]
W v

R ij = 0,

[
Dµ +

∑
g

βα∂α − γνDν + 2γb

]
W b

R ij = 0, (78)
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and introducing the dimensionless functions Rv
ij and Rb

ij according to (77), one can use the
method of characteristics to represent the functions W v

R ij and W b
R ij as solutions of the corre-

sponding equations

W v
R ij(k, t) = ν2Rv

ij

(
tk2ν, 1; g

)
, W b

R ij(k, t) = ν2Rb
ij

(
tk2ν, 1; g

)
exp

(
2

∫ s

1

ds′

s′
γb
(
g(s′)

))
, (79)

where the first integrals g are solutions of the following Gell-Mann-Low type equations

Dsg1(s) = βg1(g(s)), Dsg2(s) = βg2(g(s)), Dsu(s) = βu(g(s)),

g1(s)|s=1 = g1, g2(s)|s=1 = g2, u(s)|s=1 = u,
(80)

and for the invariant kinematic viscosity ν one obtains the exact relation

ν

ν
= exp

(
−
∫ s

1

ds′

s′
γν
(
g(s′)

))
= exp

(∫ g1

g1

dx
γν(x, g2(x), u(x))

βg1(x, g2(x), u(x))

)
=

(
g1µ

2ϵ

g1

)1/3

k−2ϵ/3. (81)

The last equality holds because of the identity βg1(g) ≡ g1(−2ϵ+3γν(g)) in (73), which follows
from the absence of renormalization of correlator Dαβ.

Typically, in MHD, one is interested in the one-dimensional (isotropic) spectrum of the
total energy E(k) = Ev(k)+Eb(k) (often discussed in terms of Elsässer variables, see e.g. [13]).
Equivalently, it can be defined via the equal-point correlators asW v

R ii(x, t;x, t)+W
b
R ii(x, t;x, t) =

2
∫∞
0

dk E(k). From here, using (75) and (79), we obtain a representation for the spectrum in
terms of scaling functions [296]

E(k) =
k1−4ϵ/3

(4π)d/2Γ(d/2)

(
g10ν

3
0

g1

)2/3 [
Rv

ii

(
0, 1; g

)
+ Z3R

b
ii

(
0, 1; g

)
exp

(
2

∫ s

1

ds′

s′
γb
(
g(s′)

))]
,(82)

where for the invariant kinematic viscosity ν we used the representation ν = (g10ν
3
0/g1k

2ϵ)1/3,
which can be derived from (81) and g10ν30 ≡ g1ν

3µ2ϵ.
Calculations in the model (65) show that for d = 3 and ρ1,2,3 = 0, there are two IR-

attractive fixed points: the kinetic one, gk⋆ := (gk1⋆, g
k
2⋆ = 0, uk⋆), and an additional (‘magnetic’)

one, gm⋆ := (gm1⋆ = 0, gm2⋆, u
m
⋆ = 0). The kinetic fixed point corresponds to the Kolmogorov

(K41) regime. Their one-loop coordinates in mirror-symmetric (nonhelical) MHD were first
obtained in [246] and later refined in [247] (see also [301]). At one-loop order, the magnetic
fixed point is IR stable for a > 0.25, whereas the kinetic fixed point is stable for a ≲ 1.16;
hence, in the overlap region 0.25 < a ≲ 1.16 both fixed points are IR attractive, and the RG
flow depends on the initial values of the couplings. In particular, this interval includes the
physically relevant value a = 1 for magnetic forcing (see Sec. 3.3), implying that the critical
behaviour of three-dimensional nonhelical MHD is not fully universal [3]. It was subsequently
shown that the kinetic fixed point (unlike the magnetic one) remains stable for d ⩾ 2 [296]; it
also persists and is stable in helical MHD with ρ1,2,3 ̸= 0 (at least for d = 3). These results
have recently been extended to two-loop order; see the references collected in Table 3. To the
best of our knowledge, an analogous analysis of the magnetic fixed point in a helical medium
has not yet been performed.

Let us now briefly discuss the problem of anomalous dimensions in MHD. This issue for
the kinematic regime has been discussed in detail in monographs [2, 3], and therefore, we
will limit ourselves to the main conclusions. Within the inertial range lmin ≪ ℓ ≪ lmax, any
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quantity Q is characterized, in addition to its canonical dimension dQ, by a critical dimension
∆Q that governs its power-law dependence on k ∝ ℓ−1 (at fixed ν and fixed large-scale forcing
parameters). Determining these universal characteristics is a standard task of the RG method.
At an IR-stable fixed point g⋆, the critical dimensions of (renormalized) composite operators
FR = {FRα} are usually obtained from (see [3])

∆F = dkF +∆ω(g⋆)d
ω
F + γF (g⋆) = dF + γν(g⋆)d

ω
F + γF (g⋆),

[
∆ω(g⋆) = 2− γν(g⋆)

]
, (83)

where the matrix of anomalous dimensions γF is determined by operator mixing within the
family F . This standard derivation implicitly assumes that the corresponding scaling functions
approach finite, nonzero limits as s = k/µ→ 0. In MHD this assumption may fail because some
stable fixed points lie on the boundary of the coupling-constant space (i.e. some coordinates
of g⋆ vanish), so that certain scaling functions develop zeros at g⋆ (the ‘zeros in R-functions’
problem). At the kinetic fixed point, this leads to a nontrivial modification of the naive scaling
in the magnetic sector (see below). As for the magnetic fixed point, at d = 3 and ρ1,2,3 = 0 one
can show (see [3]) that dynamic Green functions with an even total number of magnetic legs,
nb + nb′ = 2k (k ∈ Z), obey IR scaling with definite critical dimensions. The same holds for
the corresponding static correlators provided they are well-defined in the limiting theory with
u = g1 = 0 (i.e., the frequency integrals converge), which yields

∆m
ω = −∆m

t = 2− γm2⋆, ∆m
v = 1− γm2⋆, ∆m

v′ = 2 + γm1⋆
∆m

b′ = 3−∆m
b , ∆m

b = 1− 2aϵ+ γm2⋆/2,
(84)

where the one-loop values of γmi⋆ are γm1⋆ = 4aϵ, γm2⋆ = 0, and γm3⋆ = 4aϵ [3]. In contrast, for
nb + nb′ = 2k + 1 and for static correlators that are ill-defined at u = g1 = 0, no universal IR
scaling with fixed field/parameter dimensions exists [3].

To close this section, we briefly consider the recently obtained two-loop RG predictions in
the simplified model with a single non-zero correlator Dvv

R ̸= 0, i.e., at g2 = 0. For such a
magnetic-noise-free model, the only possibility is the kinetic (Kolmogorov) fixed point. At the
two-loop level, its coordinates can be parametrized as35

gk1⋆ = g
(1)
1⋆ ϵ+ g

(2)
1⋆ ϵ

2 +O(ϵ3), uk⋆ = u(1)⋆ + u(2)⋆ ϵ+O(ϵ2), (85)

u(1)⋆ =
(√

43/3−1
)
/2, u(2)⋆ = 0.0138 + 0.0312ρ21, g

(1)
1⋆ = 40π2/3, g

(2)
1⋆ = −1.0994g

(1)
1⋆ . (86)

The first relation in (85) coincides with the familiar fixed point of ordinary Navier–Stokes
turbulence. Its stability has long been established (see [108, 115]). Moreover, [264] presented
a numerical study of the kinematic fixed point’s stability, showing that finite helicity further
enhances its stability.

Our model also possesses two exact identities, i.e. relations without ϵ2 (or higher) corrections:

γk1⋆ := γ1(g
k
1⋆) = 2ϵ/3, γk2⋆ := γ2(g

k
1⋆, u

k
⋆) = γk1⋆. (87)

The first identity is a standard result in the RG theory of turbulence, while the second follows
from the first together with βu(g

k
1⋆, 0, u

k
⋆) = uk⋆(γ

k
2⋆ − γk1⋆) = 0. Beyond (87), the anomalous

dimension γ3⋆ is accessible perturbatively. Its two-loop estimate was obtained in [152] and reads

γk3⋆ = −0.319 ϵ+
(
0.0556− 0.4202 ρ21

)
ϵ2 +O(ϵ3). (88)

35References for the coefficients in (86) are given in Table 3.
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Another quantity of interest in the kinematic regime is whether the kinetic and magnetic
sectors are in (spectral) equipartition, i.e. whether Ev(k) and Eb(k) have the same inertial-range
scaling. It is instructive to recall the analysis of [301] performed for the model (50) with the
simplification g03 = 0. As already noted, this simplification affects only non-universal scaling
functions and does not change universal characteristics such as the spectral slopes. Since the
exact identity γ1⋆ = 2ϵ/3 holds in helical MHD as well, the conclusions below apply to both
mirror-symmetric and helical cases. In [301], the following IR asymptotics for the magnetic
and kinetic spectra were obtained

Ev(k) ∼ k1−2γ1⋆

(4π)
d
2Γ
(
d
2

) (g10ν30
gk1⋆

)2/3

Rv
ii

(
0, 1; gk1⋆, 0, u

k
⋆

)
, (89)

Eb(k) ∼ k1−2γ1⋆+γ3⋆

(4π)
d
2Γ
(
d
2

) (g10ν30
gk1⋆

)2/3

sω2R̃b
ii

(
0, 1; gk1⋆, 0, u

k
⋆

)
exp

(∫ 1

0

ds′

s′

[
γ3
(
g(s′)

)
− γ3⋆

])
, (90)

where γk1⋆ is given by Eq. (87), γk3⋆ by (88), and in the magnetic spectrum, it was taken
into account that Rb

ii

(
0, 1; gk⋆

)
≃ gk2⋆ = 0 at lowest order. Accordingly, Ref. [301] factorized

the scaling function as Rb
ii

(
0, 1; g

)
= g2 R̃

b
ii

(
0, 1; g

)
, so that, as g(s) → gk⋆ for s → 0, one has

Rb
ii ∼ sω2R̃b

ii

(
0, 1; gk1⋆, 0, u

k
⋆

)
, where ω2 = 2ϵ−2aϵ−γk3⋆ is the correction exponent extracted from

βg2 at the fixed point. From Eqs. (89) and (90) it is clear that the “zeros in R-functions” problem
amounts to an additional IR scaling factor in the magnetic sector: for Green functions with
nb > nb′ the corresponding scaling functions carry an extra factor s(nb−nb′ )ω2/2. In particular,
this compensates for the vanishing of Rb

ii at gk⋆ and restores the Kolmogorov slope of the energy
spectra in the kinematic regime. For d = 3, ϵ = 2, and a = 1, Eqs. (89) and (90) reduce to the
classical Kolmogorov law Ev,b(k) ∝ k−5/3. Possible deviations from equipartition at the kinetic
fixed point are controlled by the forcing exponent a: for a ̸= 1, one finds Eb(k) ∝ k1−4ϵ/3+2ϵ(1−a).

Intermittency corrections are not expected for the two-point functions discussed here, but
they may arise in higher-order correlators/structure functions through anomalous dimensions
of composite operators; this mechanism is especially transparent in Kraichnan’s rapid-change
models, where anomalous exponents can be obtained analytically [134, 135, 255]. For intermit-
tency in MHD turbulence (e.g., in Elsässer-field structure functions) see, for instance, [232, 303].

Summarizing Ref. [301] (see also [3]), in the kinematic regime at g = gk⋆ all Green functions
in helical MHD exhibit IR scaling with the usual (Kolmogorov) critical dimensions for t, v, and
v′, whereas the magnetic fields b and b′ recover the Kolmogorov scaling only at a = 1. The
complete set of critical dimensions at the kinetic fixed point for d = 3 is given by

∆k
ω = −∆k

t = 2− γk1⋆, ∆k
b = 1− γk1⋆ + (γk3⋆ + ω2)/2 = 1− 2ϵ/3 + ϵ(1− a),

∆k
v = 1− γk1⋆, ∆k

v′ = 3−∆k
v, ∆k

b′ = 3−∆k
b.

(91)

Finally, note that even in nonhelical MHD, an anisotropy can qualitatively change the
RG scenario. In the isotropic case, the magnetic field does not feed back on the inertial-
range velocity dynamics at the kinetic fixed point and thus behaves as a passive field. In the
anisotropic case, the Lorentz force becomes IR relevant and destabilizes this fixed point [301].

The main message of the kinematic regime is that, for nontrivial stochastic MHD models
such as (65), the RG analysis may yield not only standard universal IR scaling with finite
scaling functions, but also more subtle behaviour when scaling functions vanish at a stable
fixed point (the ‘zeros in R-functions’ scenario). In this sense, the RG approach is richer than
a naive picture based solely on critical dimensions.
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4.6. MHD in the dynamo regime: large-scale B0, anisotropic transport, equipartition violation

The turbulent dynamo regime of stochastic helical MHD, described by the shifted ac-
tion (58), is technically a much more involved sector of the SFT/RG description of MHD
turbulence. For a long time, it was addressed mainly through partial one-loop calculations
and qualitative arguments (see the discussion at the beginning of Sec. 4), because the sponta-
neously generated large-scale magnetic field introduces anisotropy and requires a nonstandard
diagrammatic treatment. A systematic investigation of this regime started with the two-loop
analysis [294] in a simplified stochastic MHD model (12)–(14) driven by kinetic forcing f v only
(i.e., with f b = 0). Physically, this restriction is mainly technical: if f b = 0, then one has
⟨b⟩ = 0 and, correspondingly, all correlators built solely from b vanish because there are no
diagrams that generate them. This ‘normal’ solution is, however, unstable; the system stabi-
lizes by generating a uniform mean field ⟨b⟩ = B0, and higher-order correlators of b become
nonzero in the broken-symmetry state. If magnetic noise is present, f b ̸= 0, then higher-
order b-correlators are nonzero from the beginning, but ⟨b⟩ = 0, and the dynamo transition
corresponds to the appearance of a nonzero mean field, ⟨b⟩ ̸= 0.

In this section, we briefly summarize the main results of [294] for the dynamo regime. For
completeness, we first recall the basic logic of the transition to this regime (see also Sec. 4.3).
The starting point is solenoidal resistive MHD with a helical random force f v in the velocity
equation and no magnetic forcing f b. The helical part of the velocity forcing generates, already
in perturbation theory, a parity-odd contribution to the magnetic self-energy, i.e., a linear-in-k
(‘curl’) term in the 1PI function Γb′b whose long-wavelength form is equivalent to the α-term of
mean-field dynamo theory. This term renders the initially statistically isotropic state ⟨b⟩ = 0
infrared-unstable in the same sense as the kinematic dynamo instability: one magnetic mode
grows at sufficiently long wavelengths. See [294] for a more detailed discussion.

Within the SFT formulation, the dynamo regime is realized by expanding around a broken-
symmetry state with a uniform mean magnetic field, implemented via the formal shift b(x, t) →
b(x, t) + B0 with B0 = const in the bare action S0 of Eq. (50). This shift modifies only the
quadratic part of S0, producing additional bilinear terms and yielding the shifted action SB0 in
Eq. (58). The dynamo regime is thus a nonequilibrium analogue of an ordered phase: rotational
symmetry SO(3) is spontaneously broken down to the subgroup SO(2) of rotations about the
axis B0. The magnitude B0 is fixed dynamically by requiring that the curl term be canceled or-
der by order in the dressed magnetic response, while the direction of B0 remains undetermined,
in direct analogy with an order parameter in systems with a continuous symmetry.

In the model (58), the linear in the external momentum k (curl) part of the magnetic 1PI
function Γb′b has the form

Γb′b
ij

∣∣∣
curl

= ρ1 ν0 (h0 + j0) kHij(k) +O(k2), (92)

where j0 = j0(B0) is the loop-induced curl-type contribution arising from the new SO(2)-
symmetric vacuum state. The stability of the dynamo vacuum ⟨b⟩ = B0 is therefore defined
by the condition

h0 + j0(B0) = 0, (93)

which is an implicit equation for its magnitude B0. A few remarks are essential here.
First, Eqs. (92) and (93) are valid both for non-renormalized Γb′b, then (suitably regularized)

B0 is found at the stage of Λ-renormalization for fixed Λ, and for renormalized Γb′b
R , then all

bare indices ‘0’ in (92) and (93) are ’suppressed’ and the UV-finite B found after this from (93)
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is connected with B0, found at the stage of Λ-renormalization by some fixed transformation of
the UV-finite renormalization. In renormalized variables, the UV-finite two-loop result [294]
can be expressed as

B = νA(u)
|h|
g1

[
1− A(u)c

[B]
2 (u)g1 −

(
1

2
− 2 ln

(
A(u)|h|
µg1

√
u

))
ϵ+ g1C[h]

add(u)

]
. (94)

Here A(u) := 16π
√
u (1 + u). The renormalized curl coefficient h (proportional to the helical

coupling) is assumed to have the same sign as the bare one, h0 < 0. The finite term C[h]
add(u)

parametrizes the expected non-universality (subtraction-scheme dependence) of the amplitude
B. This result reveals a pronounced sensitivity to the inverse magnetic Prandtl number at small
u: the genuine two-loop coefficient c[B]

2 (u) is obtained numerically and grows rapidly as u→ 0

(large magnetic Prandtl number), with an apparent asymptotic behaviour c[B]
2 (u) ∼ u−3/2, while

remaining tiny for very large u. This suggests that, at very large magnetic Prandtl numbers,
the naive perturbative estimate of B may receive sizable higher-loop corrections and would
likely benefit from resummation or from an alternative expansion scheme.

We also stress that the explicit helicity dependence of B is weak in this setup. At one-
loop order, B is independent of the helicity parameter ρ1, and the two-loop ρ1-dependent
contribution identified in [294] is numerically tiny. This supports the interpretation that helicity
is essential to trigger the curl instability and thereby to access the dynamo regime, whereas
once the broken-symmetry phase is formed, the amplitude B is dominated by nonhelical loop
structures. Whether a stable ⟨b⟩ ̸= 0 phase can be realized dynamically in a strictly mirror-
symmetric system remains an open question, discussed further below.

Second, we stress that helicity, not magnetic noise, triggers the dynamo: the instability
mechanism and its stabilization demonstrate directly that parity breaking in the kinetic sector
is sufficient to generate a nonzero mean field. Adding magnetic noise would not change the
conceptual picture, but would dramatically enlarge the diagrammatics. Third, the obtained
mean field B0 or B is homogeneous within the model. This is ideal for a clean RG analysis, but
also highlights a modelling limitation: realistic astrophysical and geophysical dynamos typically
produce structured large-scale fields (dipolar, multipolar), which likely requires extending the
stochastic setup beyond homogeneous isotropic forcing and/or including additional slow fields
(rotation, stratification, boundaries).

A distinctive hallmark of the dynamo regime is that the model (58) allows additional
anisotropic tensor structures to appear already in the linear-in-k asymptotics of the unrenor-
malized 1PI functions Γv′v

ij , Γv′b
ij , Γb′v

ij , and Γb′b
ij . The complete basis of such structures for

Γαβ
ij (k, 0)

∣∣∣
k→0

in d = 3 takes the form

Γαβ
ij ∼ iρ1ν0

[
δαb′χ

β
vbh0ϵijsks + c01

[
k × B̂0

]
i
B̂0j + c02

[
k × B̂0

]
j
B̂0i + c03(k · B̂0)ϵijsB̂0s

]
. (95)

Here B̂0 := B0/B0. The indicator χβ
µν is defined as χβ

µν := δβµ + δβν − δβµδ
β
ν , so that χβ

µν = 1
if β = µ or β = ν, and χβ

µν = 0 otherwise. The coefficients c0n encode anisotropic transport
effects associated with the dynamo regime; in the terminology adopted in [294], c01 is the exotic
term, c02 is bizarre, and c03 is a drift-type structure.

The analysis [294] provides an explicit stable closed-form solution of the resistive linearized
system and frames the inclusion of two-loop structures (c02, c03, and off-diagonal self-energies)
as a controlled perturbation of the same matrix form. At the one-loop level, only the exotic
term survives in the relevant linear matrix for the wave problem, with c01 known explicitly
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from [251]. At the two-loop level additional structures enter: the two-loop correction to the
exotic term, the new bizarre and drift terms (c02, c03), and all one-loop off-diagonal terms
in the coupled (v, b) sector. The crucial stability fact proved in [294] is that only the curl
structure in Γb′b

ij is ‘dangerous’. Any analogous curl-type contribution in Γb′v
ij is IR-subleading

(it appears at a higher order in the long-wavelength expansion) and therefore does not produce
an exponential long-wave growth by itself. The other linear terms do not generate exponential
long-wave growth by themselves. The form of the effective linear operator of the linearized
system remains stable under higher-loop corrections: higher loops renormalize coefficients but
do not generate new functional dependence beyond the established tensor basis. This makes
the dynamo vacuum feasible: one cancels only the curl contribution via (93), while retaining
c01,02,03 as physical anisotropic transport coefficients in the linearized dynamics.

The presence of a spontaneous mean field B0 leads to Alfvén-type excitations with the
familiar dispersion modified by viscosity ν0 and resistivity u0ν0; in the dynamo state, the
propagator denominators in Eq. (59) contain functions ξ(k, ω) explicitly defined as

ξ(k, ω) = −ω2 − iω(1 + u)ν0k
2 + u0ν

2
0k

4 + (B0 · k)2, (96)

which encodes damped Alfvén waves in resistive MHD. In addition to the exponential damping,
the exotic term (already present at the one-loop level), together with drift and bizarre terms
(appearing starting from the two-loop level), induces long-lived polynomial prefactors in time.
Specifically, for the polarization orthogonal to the B0–k plane, the solution of the linearized
equations of motion in the dynamo regime contains pulses of the form

ψ(t) ∼ A1e
−κ0t [(A2 + tA3) sin(ωAt) + (A3 + tA4) cos(ωAt)] , (97)

superimposed on the exponentially decaying Alfvén oscillations. Here ψ(t) denotes any trans-
verse mode from the set {v2(t), v3(t), b2(t), b3(t)}; choosing coordinates with k ∥ e1 implies
v1(t) = b1(t) = 0 by solenoidality. Furthermore, κ0 := (1 + u0)ν0k

2/2 and ωA :=
√
D(k)/2,

D(k) := 4(B0 · k)2 − (u0 − 1)2ν20k
4 while the (generally complex) amplitudes Ai depend on the

remaining parameters of the model; explicit formulas are given in the Appendix [294]. These
pulses, ∼ t e−κ0t, can be viewed as soft (Goldstone-type) contributions associated with the
broken rotational symmetry: they reflect the slow relaxation of transverse fluctuations in the
anisotropic vacuum selected by B0. A technically important point is that in the ideal-MHD
limit, the corresponding linearized solution contains an unavoidable weak polynomial growth,
whereas finite viscosity and resistivity generate exponential damping and render the dynamo
vacuum locally stable.

The turbulent dynamo regime required several genuinely new technical ingredients in the
diagrammatic analysis. Compared to the kinematic regime, the number of contributing dia-
grams grows by orders of magnitude, and the shifted propagators lead to denominators built
from functions ξ(k, ω) in (96). These ξ(k, ω) are stable polynomials whose roots in ω lie in
the appropriate half-planes for all physically admissible values of parameters, which enables a
strategy for analytic frequency integration based on stability criteria (invoking the Hermite–
Biehler theorem [304]) rather than on standard Feynman-parameter tricks. It must be said
that Feynman diagrams in this mode do not allow Feynman parameterization, as well as any
other (Schwinger, etc.) Also, intermediate frequency integrals generate square-root structures
and pole locations that depend nontrivially on loop momenta; a key check is that these ‘moving
poles’ cancel after summing diagrams into physical combinations such as self-energies. More-
over, the appearance of B0 significantly enlarges the tensor algebra: tensor integrals must be
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decomposed in a basis built from δij and B̂0iB̂0j. In particular, this analysis shows that curl-
type (parity-odd, linear-in-k) contributions cannot be generated in Γv′v and Γv′b and, more
generally, do not arise in the velocity and Lorentz-force sectors of the model.

As discussed in the previous section, in the kinematic approximation, the magnetic field
is passive, and the equipartition-like scaling between kinetic and magnetic energies occurs in
the inertial range. The dynamo regime violates this expectation due to the appearance of an
additional dimensional parameter B0. The velocity field retains its exact Kolmogorov scaling (as
a consequence of the exact relation Zg1 = Z−3

ν ), while the magnetic field acquires an additional
anomalous contribution from its nontrivial renormalization. The anisotropic three-dimensional
energy spectra are obtained analogously to Eqs. (89) and (90).

Ev(k) =
1

2
k−

11
3 E

2
3
inR

v
ii

(
B
k1/3µγb⋆

E
1/3
in kγb⋆

)
, Eb(k) =

1

2
k−

11
3
+2γb⋆ E

2
3
inµ

−2γb⋆ Rb
ii

(
B
k1/3µγb⋆

E
1/3
in kγb⋆

)
, (98)

where Rv,b are nontrivial scaling functions depending also on helicity parameter ρ1 and may
also depend on the ratio k/m, where m ∼ L−1 is the inverse integral scale (IR cutoff). In the
inertial range k ≫ m, one typically finds that the dependence on k/m saturates rapidly and
can be neglected to leading order; we will often suppress this argument in what follows.

From these scaling relations it is evident that the magnetic spectrum is systematically
steeper than the Kolmogorov velocity spectrum. The decisive conceptual consequence is that
in the dynamo regime, the velocity and magnetic sectors acquire different critical dimensions
and thus equipartition between kinetic and magnetic energies is violated in a fundamental
way. Note, however, that these RG predictions refer to the leading inertial-range behaviour of
two-point functions. In fully developed MHD turbulence, the magnetic field is often strongly
intermittent (e.g., due to sheet-like structures), and intermittency manifests itself primarily in
anomalous scaling of higher-order correlators/structure functions; in finite inertial ranges this
may also affect the ‘effective’ spectral slopes inferred from data (see, e.g., [232, 303]).

In general, the ‘zeros in R-functions’ issue mentioned in Sec. 4.5 is absent in the dynamo
regime. The reason is that the shifted theory contains a nonvanishing magnetic correlator ∆bb

already at the level of the propagator matrix (see Eq. (59)), with the mean field B entering
the bare propagators as an additional dimensional parameter. This differs qualitatively from
the kinematic regime, where scaling functions become critically dimensional only in the special
case gk2⋆ = 0. As a result, the critical dimensions in the dynamo regime are obtained by the
standard rule (83) and take the form
∆d

ω = −∆d
t = 2− γk1⋆, ∆d

b = ∆d
v + γk3⋆/2, ∆d

v = 1− γk1⋆, ∆d
v +∆d

v′ = ∆d
b +∆d

b′ = 3. (99)

The turbulent dynamo regime also exposes a set of open conceptual and modelling questions.
In the present construction, helicity is essential to produce the curl instability in the first place.
Yet, once the system is in the dynamo regime, the amplitude B appears only weakly dependent
on ρ1 (at least up to two-loop order). This motivates a sharpened question [251]: is parity
breaking strictly necessary for the existence of a stable ⟨b⟩ ̸= 0 phase, or only for selecting
it dynamically from the isotropic vacuum ⟨b⟩ = 0? From a field-theoretic standpoint, this is
naturally phrased in the language of Bogoliubov quasiaverages (see, e.g., [305]): one introduces
an infinitesimal symmetry-breaking source coupled to b, and considers sending this source to
zero, thereby selecting a definite broken-symmetry vacuum. This problem remains open. The
point is that in a strictly mirror-symmetric MHD system, curl-type (parity-odd) terms are
forbidden by symmetry. In that case, both states ⟨b⟩ = 0 and ⟨b⟩ = B0 may be stationary with
respect to small perturbations, and an additional selection criterion (analogous to minimizing
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a free-energy functional in equilibrium systems) would be needed to decide which state is
physically realized. As far as we know, the present class of stochastic dynamical models does
not provide such a functional.

The SFT perspective also aligns the dynamo regime with broader notions of self-organization
and relaxation: the spontaneous B can be viewed as a helicity-driven large-scale condensate,
i.e., a relaxation of an unstable isotropic state into an ordered anisotropic state, where magnetic
helicity (approximately conserved at high magnetic Reynolds number) supports an inverse
transfer that builds magnetic structures at progressively larger scales and provides, in energetic
terms, the possibility for a macroscopic field to emerge. In that sense, the turbulent dynamo
becomes a prototypical nonequilibrium ‘phase transition’ with an order parameter (B), broken
symmetry, and a Goldstone sector (the power-law corrections to Alfvén waves).

Closely related is the issue of how to formalize the selection of the mean-field direction.
The dynamo regime fixes only B0 via (93); its direction is arbitrary. In practice, a direction
is selected by boundary conditions, rotation, weak imposed fields, or initial seeds. Here we
mention the conclusion made in Ref. [306] (although on an incorrect one-loop calculation) that
the presence of a small anisotropy of energy forcing into the helical turbulent system leads to
the determined direction of B0.

Finally, for astrophysical applications, especially in the context of stellar magnetism, the
present incompressible setup is deliberately minimal and has no explicit temperature (or en-
tropy) dynamics, hence it cannot address how the emergent B modifies thermal transport,
stratification, or buoyancy—key ingredients in stellar and planetary dynamos. A minimal ex-
tension would couple the MHD sector to an advection–diffusion equation for temperature (or
entropy), together with an equation of state and a buoyancy closure (Boussinesq or anelastic
approximations). In such a framework, the spontaneously generated mean field would natu-
rally induce anisotropic turbulent transport (distinct parallel/perpendicular diffusivities) and
additional cross-effects (magnetothermal couplings), potentially affecting heat flux and thus
the global energetics of the object; from the RG viewpoint, this would introduce additional
running couplings and new candidates for anomalous scaling in mixed correlators. These direc-
tions, together with the systematic inclusion of additional slow fields (rotation, stratification,
boundaries) that can lift the degeneracy of the mean-field direction and produce structured
large-scale configurations (dipolar, multipolar), constitute a natural next step toward connect-
ing the homogeneous order-parameter realization of the dynamo regime to realistic astrophysical
and geophysical settings.

5. Conclusion and outlook

Statistical field theory provides an important combination of systematicity and predictive
power in turbulence research: it translates (stochastic) nonlinear evolution equations into a
renormalizable functional integral, and it equips us with RG and OPE tools to organize scaling
regimes, identify universality classes, and calculate anomalous dimensions and universal ampli-
tude ratios in a controlled expansion (see, e.g., [2, 3]). In helical magnetohydrodynamics, where
mirror-symmetry breaking and coupled velocity–magnetic dynamics produce an unusually rich
landscape of regimes, this framework is especially appealing; at the same time, it brings into
sharp focus a set of fundamental questions that remain unresolved and that, in our view, define
a natural agenda for the next stage of research.

A first conceptual difficulty concerns the interpretation of the magnetic spectrum associated
with the putative turbulent dynamo regime. Even if the RG analysis yields a well-defined
inertial-range scaling form (and, in the presence of a mean field B0, a corresponding anisotropic
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scaling function), it is not obvious to what extent this spectrum corresponds to a uniquely
defined and directly measurable object in laboratory experiments or in numerical simulations
with realistic forcing and unavoidable finite-size effects. Closely related is the question of
whether a dynamo can exist in the limit ρ1 → 0, particularly in formulations where magnetic
noise is absent. Resolving this appears to require a genuinely global selection criterion for the
energetically most favourable stable state in stochastic dynamics, going beyond purely local
stability considerations. In realistic settings, the answer to this formal question is most likely
negative. We emphasize that we are interested in the existence of a large-scale, not a small-scale
(fluctuation) dynamo, which can exist in a mirror-symmetric medium (see, e.g., [307]).

Experimental confirmation of the subtle effect associated with perturbations of Alfvén waves
that may grow polynomially in time on top of an overall exponentially decaying background
remains, generally speaking, an open question. However, in this regard, we note the mea-
surements reported in [308] for torsional Alfvén waves [309] in liquid sodium, which appear
qualitatively close to our predictions.

Among the most important directions for further development is to clarify the status of
mean-field effects — in particular, to put the α-effect on the same field-theoretic footing
as inertial-range scaling. In mean-field dynamo theory, the turbulent electromotive force,
E(x, t) := ⟨v(x, t) × b(x, t)⟩, is often parameterized, in the simplest closure, as E = α0B0

for a prescribed mean field B0. In the SFT approach adopted here, the diagrammatic ex-
pansion provides a direct route to a representation of this type and, crucially, allows one to
compute the RG scaling of both the prefactor and the composite operator itself. Technically,
this requires a systematic renormalization of the operator family with canonical dimension 2,
and thus a dedicated OPE/RG analysis of this family. At the same time, going beyond the
α-effect ultimately calls for a space- and time-dependent mean field B0(x, t); implementing this
goes beyond the present constant-B0 setup and suggests extensions in the spirit of Kraichnan-
type constructions with additional large-scale randomness [135, 255] or multi-scale mean-field
formulations. From the empirical perspective, a targeted measurement of v(x, t) × b(x, t) to-
gether with the emerging large-scale field B0 in [222] provides a relatively direct estimate of α0,
whereas measurements aimed at the critical dimension of v(x, t)×b(x, t) (or related composite
operators) appear, to the best of our knowledge, to be essentially unexplored.

Beyond critical exponents, a major physical challenge is to understand the turbulent cascade
in MHD — including the constraints imposed by helicity, the coexistence of direct and inverse
transfers, and the partition of injected power between kinetic and magnetic channels — since
these issues are central to any dynamo scenario in which magnetic energy is reorganized across
scales. Addressing this within the field-theoretic framework likely requires a generalization to
a model with a full matrix of forcing correlators specified by an essentially arbitrary kernel,
rather than by a restricted ansatz. In particular, for purely kinetic forcing (with no magnetic
noise), it should be possible to derive self-consistency relations analogous to those obtained
in [250] for the stochastic hydrodynamic turbulence model and thereby reconstruct, at least
partially, the effective pumping profile in the energy-containing and inertial ranges.

In parallel, the computation of universal amplitude factors for paired correlators — MHD
analogues of the Kolmogorov constant — is important in its own right. A promising strategy
is to extract such constants from universal ratios (for example, via inertial-range skewness)
rather than to attempt a direct perturbative calculation of the constants themselves [108]. For
MHD, the relevant exact third-order relations are not Kolmogorov’s 4/5 law but the Politano–
Pouquet exact laws (10); implementing an analogous program therefore requires perturbative
control over the remaining composite-operator contributions that enter those exact relations.
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A particularly intriguing theoretical issue arises at the physical value a = 1 in the extended
stochastic MHD theory with magnetic noise. RG analysis admits two infrared-attractive fixed
points already in the mirror-symmetric setting, and for a = 1, these two fixed points may
coexist as admissible scaling regimes. This immediately poses a basic conceptual question that
is especially pronounced in the context of dynamo physics: which of these fixed points, if any,
corresponds to the dynamo regime? Is the dynamo to be identified with the kinetic fixed point,
or is the turbulent dynamo scenario realized at the magnetic one (with a finite magnetic forcing
charge), or is the relevant selection principle not captured by the perturbative fixed-point?

Another direction in which structural insight may be gained is the study of the asymptotic
limit d → ∞, where, as in ordinary turbulence, many calculations are significantly simplified
and where one can probe the robustness of perturbative conclusions. In particular, such an
analysis may shed light on the long-standing problem of renormalization of the interaction
parameter A in the paradigmatic A-model of generalized coupling to an active vector admixture
introduced in [310]: one-loop estimates suggest an absence of A renormalization, yet this feature
does not appear to be protected by any known symmetry and thus calls for a deeper explanation.

Finally, there are clear gaps in the existing SFT literature that are directly relevant to helical
MHD. A full field-theoretic analysis of two-dimensional helical MHD, parallel to what has been
developed for the mirror-symmetric case [296], appears to be missing; in this setting, additional
ultraviolet subtleties arise, including the renormalization of operators of the schematic form
⟨v′ ⊗ v′⟩ and ⟨b′ ⊗ b′⟩. Moreover, the present model (12)–(14) employs an effectively trivial
equation of state: density and temperature dynamics are absent (or frozen), and transport
coefficients are treated as prescribed. For many astrophysical dynamos, however, the coupling
between turbulence, temperature/entropy fluctuations, and magnetic fields is widely regarded
as crucial — for instance, through convection, stratification, and temperature-dependent trans-
port — with stellar magnetism providing a particularly compelling motivation [215]. A natural
and important extension is therefore to enrich the model by adding an explicit temperature
or entropy field (as an active scalar), together with an energy equation and, depending on the
regime of interest, Boussinesq or anelastic constraints, buoyancy forcing, and possibly rotation.
Such a generalization would facilitate addressing SFT questions that are currently out of reach,
including how thermal fluctuations renormalize turbulent transport coefficients, how they mod-
ify the EMF and large-scale dynamo thresholds, and how temperature-dependent microphysics
feeds back into inertial-range magnetic spectra.
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6. Abbreviations

The following abbreviations are used in this manuscript:

BBGKY Bogoliubov–Born–Green–Kirkwood–Yvon (chain)
BRST Becchi-Rouet-Stora-Tyutin (symmetry)
DES Detached eddy simulation
DIA Direct interaction approximation
DNS Direct numerical simulation
DPD Dissipative particle dynamics
DSMC Direct simulation Monte Carlo (method)
EDQNM Eddy-damped quasi-normal Markovian (approximation)
EMF Electromotive force
FRG Functional (nonperturbative) renormalization group
GS95 Golderich–Shridar 1995 theory of MHD turbulence
ICM Intracluster medium
IR Infrared
ISM Interstellar medium
K41 Kolmogorov’s 1941 theory of turbulence
LBM Lattice Boltzmann method
LES Large eddy simulation
MHD Magnetohydrodynamics
MS Minimal subtraction (scheme)
MSRJD Martin–Siggia–Rose–Janssen–De Dominicis (formalism)
MRI Magnetorotational instability
NS Navier–Stokes (equation)
OPE Operator product expansion
1PI One-particle irreducible (Green’s function)
PDF Probability density function
POD Proper orthogonal decomposition
QFT Quantum field theory
RANS Reynolds-averaged Navier–Stokes (models)
RG Renormalization group
RSM Reynolds stress model
SFT Statistical field theory
SPDE Stochastic partial differential equation
SRS Scale-resolving simulation
TSDIA Two-scale direct interaction approximation
UV Ultraviolet
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Appendix A. Order-of-magnitude estimates for the typical plasma parameters

Table A.1 summarises order-of-magnitude estimates for a set of MHD plasmas that can
reasonably be regarded as measurable. For each class of conducting media, we select a repre-
sentative example and quote parameter values commonly used in the literature and in numerical
modelling. The underlying literature is vast; accordingly, we do not aim for precision and report
only indicative magnitudes compiled from accessible published sources. These numbers should
be interpreted as rough benchmarks: even for a given astrophysical object, the relevant param-
eters may vary by one–two orders of magnitude depending on location, epoch, and modelling
assumptions. When a plausible range is available, we report the typical value. The ‘Ion’ column
lists the predominant ion species; minor constituents, impurities, and dust are neglected. For
the magnetic field, we provide both a characteristic flow-scale value δB (representing typical
fluctuations) and an estimate of the largest-scale mean field ⟨B0⟩. A substantial separation
between these two amplitudes is usually indicative of large-scale field generation by dynamo
action (see Table 1).

Section 2 summarises the applicability conditions for a single-fluid, non-relativistic, resistive-
MHD description with scalar (isotropic) kinematic viscosity ν0 and magnetic diffusivity νm0,
governed by Eqs. (4)–(5). Collecting the requirements, one may express them as the following
strong inequalities

ℓ≫ {λmfp, λD (or λTF ), λLi, de, di} and τ ≫ 2π
/
{ωcol, ωpe, ωpi,Ωce,Ωci}

for max(u, uA, cs) ≪ c together with {Ωce/2πνe, Ωci/2πνi} ≪ 1.
(A.1)

The key here is the last two inequalities representing the weak magnetization criterion, sep-
arating simple isotropic resistive-MHD from the much more cumbersome anisotropic science.
Although many media listed in Table 1 violate this criterion, several important classes listed in
Table A.2 are described by Eqs. (4)–(5) with good accuracy. Moreover, as noted in Sec. 2, even
when the scalar closure is not strictly justified, the same equations often remain a useful model
for the inertial-range turbulent cascade at sufficiently large scales. For the systems considered
below we assume full ionisation and estimate the remaining characteristic parameters either
from standard kinetic (Spitzer-type) formulae for dilute plasmas [343] (see also [160, 161]) or
from experimentally measured transport coefficients (liquid metals).

Let Tα and nα denote typical temperatures and number densities of species α = e, i, and
let u and B0 be characteristic flow and magnetic-field amplitudes (e.g., one may take u = uth,e
in a classical plasma or u = uF for a degenerate electron liquid). Given these inputs, one can
estimate the microscopic scales entering (A.1), as well as the transport coefficients ν0 = µ0/ρ0
and νm0 = c2/(4πσ0). For length scales,

λmfp =max
α

(λmfp,α), λmfp,α = u/να, rLα = u/Ωcα, dα = c/ωpα,

λD =

√
kB
4πe2

TiTe
(neTi + niTe)

, λTF =

√
1

4πe2

(
∂ne

∂µe

)
T

,
(A.2)

where µe is the electron chemical potential and kB is the Boltzmann constant. For simple metals
(e.g., Na) the free-electron approximation is often adequate, yielding λTF =

√
EF/(6πnee2) in

terms of the Fermi energy EF . For speed scales we take

uth,α =

√
2kBTα
mα

, uF =
〈1
ℏ
∇kε(k)

∣∣∣
FS

〉
FS
, uA =

B0√
4πρ0

, cs =

√(
∂p0
∂ρ0

)
S

, (A.3)
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Table A.1. Order-of-magnitude parameters for representative MHD plasmas. Values are indicative
and compiled from the literature cited in the notes. The mass number AIon ≈ mi/mp represents the
ion mass in units of proton mass mp.

Conducting medium Specific example Ion AIon ne [cm
−3] kBTe [eV] δB [G] ⟨B0⟩ [G]

A
st

ro
p
hy

si
ca

l
an

d
co

sm
ic

p
la

sm
as

Interstellar medium Dense molecular cloud corea HCO+ 29 1× 10−3 9× 10−4 2× 10−4 8× 10−6

Accretion disks Cyg X-1 coronab H+ 1 1× 1017 7× 104 1× 105 1× 105

Stellar convective zones Half Sun’s convective zonec H+ 1 3× 1022 8× 10 4× 103 10
Jets & supernova remnants Supernova remnant W51Cd H+ 1 1× 10−1 1× 103 1× 10−4 1× 10−5

Intracluster medium Hot plasma in ICMe H+ 1 1× 10−3 6× 103 1× 10−5 1× 10−6

Solar corona Coronal loopf H+ 1 5× 109 1× 102 3× 10 3

Solar wind Slow wind at 1 AUg H+ 1 1 10 3× 10−5 3× 10−5

Magnetospheric magnetosheath Earth magnetosheathh H+ 1 2× 10 2× 10 2× 10−4 2× 10−4

Large-scale reconnection region Central plasma sheeti H+ 1 3× 10−1 5× 102 2× 10−4 2× 10−4

P
la

n
et

ar
y

b
ow

el
s Liquid outer core of a planet Earthj Fe+ 56 1× 1023 4× 10−1 2× 10 3

Ionospheric-magnetospheric
current systems on planets Earth F regionk O+ 16 1× 105 1× 10−1 1× 10−3 5× 10−1

L
ab

or
at

or
y

sy
st

em
s

Liquid metal flows Liquid Nal Na+ 23 2× 1022 3× 10−2 4× 10 4× 10

Tokamaks & spheromaks ITER-like tokamak corem D+ 2 1× 1014 2× 104 2× 10 5× 104

MHD pumps &
electromagnetic braking Liquid Nan Na+ 23 2× 1022 4× 10−2 6× 10 6× 103

Liquid metal batteries Liquid Nao Na+ 23 2× 1022 6× 10−2 1 10

Notes. In all particular examples listed, Z = 1, the assumptions of electroneutrality ne ≃ ni and and temperature equilibration Te ≃ Ti
hold to order of magnitude.
a Dense/dark molecular clouds are predominantly neutral (70% of cloud mass is H2); the weakly ionised component is mainly HCO+

produced by cosmic-ray ionisation [311]. We take Te ≈ Tkin ∼ 10K and estimate ne from n(H2) ∼ 104–105 cm−3 (cloud density) and an
electron fraction in nuclei for low mass cores x(e) ∼ 10−8–10−6 [311]. The characteristic field strength is consistent with the empirical
scaling B ∝ n0.65H at nH ∼ 2n(H2), giving δB ∼ 102 µG [312]. As a representative large-scale mean field we adopt ⟨B0⟩ ∼ 5–15µG
from Planck polarisation analyses [313].
b Electron temperature Te and Thomson optical depth τT for a one-zone corona are taken from [314]; δB corresponds to the same
one-zone estimate, there is an alternative, higher-field scenario with δB ∼ 107 [315]. In this simplified corona model, we cannot
distinguish a separate mean and fluctuating field component. The electron density is inferred from τT ≃ 2.5 via τT = neσTH with
σT = 8πe2/3mec

2 the Thomson cross section and a characteristic scale height H ∼ 10rg, where rg = GMBH/c
2 and MBH ≃ 21M⊙ is

the approximate Cyg X-1 black hole mass [316] (with M⊙ is the solar mass).
c At r = 0.85R⊙, the electron density ne is taken from [317], and the temperature is estimated using the local sound speed cs from [317]
with an ideal-gas relation (taking a mean molecular weight and γ = 5/3), yielding Te ≃ Tkin ≈ mic

2
s/γkB ∼ 106 K. A characteristic

small-scale field is estimated from equipartition, giving δB ∼ 103–104 G for ρ ≃ 5.4 × 10−2 g cm−3 and convective speeds vc ∼ 10–
100m s−1 [318], while the large-scale mean field is taken as ⟨B0⟩ ∼ 10–30G [319].
d Electron density and temperature are adopted from [320]; the magnetic field estimates are taken from [321], with a characteristic
fluctuation level δB ∼ 150µG and a large-scale mean field ⟨B0⟩ ∼ 15µG.
e For the intracluster medium we adopt ne and T from [322] (with T ∼ 107–108 K); a characteristic small-scale field in cool-core regions
is taken as δB ∼ 10–40µG [323], while the large-scale mean field is ⟨B0⟩ ∼ 1µG [324].
f For a representative coronal loop we take ne ∼ 109–1010 cm−3 and T from [325]; the flow-scale field is estimated at the order-of-
magnitude level from equipartition using typical loop densities ρ ∼ 10−15–10−14 g cm−3 and velocities v ∼ 20 km s−1 [325], and the
large-scale mean field is adopted from [326].
g Solar-wind parameters at 1AU are taken from [244].
h The values of the typical electron density and electron temperature (Te ∼ 10− 30 eV) are taken from [327]. Note that Te ≃ Ti is not
satisfied here; on the contrary, Ti/Te ≃ 6− 7 [328]. The small- and large-scale field strengths are comparable [328].
i Central plasma sheet parameters (ne and Te) are taken from [329]; the region is ion-dominated with Ti/Te ∼ 7–8 and Te ≃ Ti is not
satisfied here. The characteristic fluctuation field is taken to be comparable (in order of magnitude) to the large-scale field [330].
j For the Earth’s liquid outer core we estimate ne ≃ ni = ρNA/AFe, where NA is the Avogadro constant, the mass density of liquid core
ρ ≃ 12.5 g cm−3 and AFe = 56 [331]; the temperature estimate is adopted from [332], and magnetic-field magnitudes from [333].
k Representative F-region values of ne and Te are taken from [334]; the small-scale magnetic perturbation level is adopted from [335],
while the large-scale mean field is taken as the typical surface geomagnetic field, ⟨B0⟩ ≃ 0.5G.
l For liquid sodium at the operating temperature T ≃ 393K (slightly above the melting point) we take Te ≈ T and estimate ne ≃ ni =
ρNA/ANa, where NA is the Avogadro constant, ρ ≃ 0.93 gm−3 is the mass density of ionic liquid at T = 393K and ANa = 23 [336];
magnetic-field magnitudes are adopted from [219].
m ITER-like core parameters are taken from [337] (ne and ⟨B0⟩) and [338] (Te); a typical level of magnetic fluctuations in tokamaks is
δB/⟨B0⟩ ∼ 10−4–10−3 (see, e.g., [339]).
n For liquid sodium at T = 473K (operating temperature) we take Te ≈ T and estimate ne ≃ ni = ρNA/ANa, where the liquid sodium
density at T = 473K is ρ ≃ 0.90 g cm−3 and ANa = 23; the characteristic and mean magnetic fields are taken to be comparable in
order of magnitude [340].
o For liquid sodium at T ≃ 748K (operating temperature) we take Te ≈ T and estimate ne ≃ ni = ρNA/ANa, where ρ ≃ 0.83 g cm−3

at T = 748K and ANa = 23 [341]; a representative fluctuation level is δB ∼ 0.1 ⟨B0⟩ [342], and the mean field is commonly set by the
self-generated azimuthal current field (order 1–10G for typical current densities and cell radii) [341].55
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Table A.2. Kinetic length, time scales, and scalar transport coefficients for systems in Table 1 where
simple resistive MHD applies

Conducting
medium

λmfp

[cm]

λD (λTF )

[cm]
λLi
[cm]

de
[cm]

ωcol

[s−1]

ωpe

[s−1]

Ωce

[s−1]

νi
[s−1]

νe
[s−1]

uth,e (uF )

[cm s−1]

uA
[cm s−1]

cs
[cm s−1]

Ωce

2πνe

ν0
[cm2 s−1]

νm0

[cm2 s−1]
lmin

[cm]
τmin

[s]

Half Sun’s convective zone 9× 10−7 3× 10−8 1× 102 3× 10−6 1× 1016 1× 1016 2× 108 1× 1013 2× 1015 5× 108 1× 101 2× 107 2× 10−8 5× 100 2× 104 1× 103 5× 10−15

Earth’s liquid core 2× 10−8 5× 10−9 2× 102 2× 10−6 5× 1016 2× 1016 5× 107 5× 1012 8× 1015 2× 108 3× 10−1 3× 105 1× 10−9 1× 10−3 2× 104 2× 103 1× 10−15

Liquid Na flow 2× 10−7 8× 10−9 3× 100 4× 10−6 3× 1014 8× 1015 7× 108 1× 1012 5× 1013 1× 108 1× 101 3× 105 2× 10−6 1× 10−2 7× 102 3× 101 8× 10−15

MHD pump (liquid Na) 2× 10−7 8× 10−9 2× 10−2 4× 10−6 5× 1014 8× 1015 1× 1011 2× 1012 7× 1013 1× 108 2× 103 3× 105 2× 10−4 6× 10−3 1× 103 2× 10−1 6× 10−15

Liquid Na battery 1× 10−7 8× 10−9 2× 101 4× 10−6 8× 1014 8× 1015 2× 108 2× 1012 1× 1014 1× 108 3× 100 3× 105 2× 10−7 3× 10−3 2× 103 2× 102 8× 10−15

where ⟨•⟩FS denotes an average over the Fermi surface (FS), ε(k) is the electronic dispersion
relation, and ℏ is the reduced Planck constant. For fully ionised media we take ρ0 ≃ nimi.36

In the free-electron approximation uF =
√

2EF/me. As a rough equation of state we use
either the classical ideal-gas form p0 ≃ nekB(Te + Ti) or, for a degenerate electron liquid,
p0 ≃ nikBTi + (2/5)neEF (for Na we take EF ≃ 3.24 eV). Accordingly, for order-of-magnitude
purposes we approximate cs ≃

√
γp0/ρ0 with γ = 5/3. For characteristic frequencies,

ωcol = 2πmax
α

(να), ωpe =

√
4πnee2

me

, ωpi =

√
4πniZ2e2

mi

, Ωce =
eB0

me

, Ωci =
ZeB0

mi

. (A.4)

In the environments considered in Table A.1, Te and Ti typically differ by at most an order of
magnitude, implying uth,e ≫ uth,i because me/mi ≪ 1. Consequently, one usually has de ≫ di,
ωpe ≫ ωpi, Ωce ≫ Ωci, and Ωce/(2πνe) ≫ Ωci/(2πνi).

For dilute classical plasmas we employ standard Spitzer-type estimates,

µ0 = 0.96
nikBTi
νi

, σ0 =
e2ne

meνe
, νi =

2
√
2π

3

nie
4 ln ΛC

m
1/2
i (kBTi)3/2

, νe =
2
√
2π

3

(2Z + 1)nee
4 ln ΛC

m
1/2
e (kBTe)3/2

,

(A.5)

where ln ΛC is the Coulomb logarithm, often estimated as ln ΛC ≃ lnND withND := (4π/3)ne λ
3
D;

for order-of-magnitude estimates it is customary to take ln ΛC ∼ 10–20.
For liquid metals, µ0 and σ0 are typically taken from measurements. For liquid sodium we

use the approximated from experiment temperature dependences from [344] for µ0Na(T ) and
from [345] for ρNa(T ) := σ−1

0 (T ). They are valid up to ≳ 1000 degrees Celsius

µ0Na

(
T [K]

)
= 3.65× 10−5 + 0.17T [K]−1 − 4.57× 101 T [K]−2 + 2.87× 104 T [K]−3,

ρNa

(
T [◦C]

)
= 6.37 + 2.87× 10−2 T [◦C] + 1.84× 10−5 T [◦C]2 + 5.16× 10−9 T [◦C]3,

(A.6)

where µ0,Na is in Pa s and ρNa is in µΩcm.
In liquid metals, the momentum-relaxation frequencies νe and νi were estimated as follows:

νe was obtained in the spirit of the Drude theory (the second formula in (A.5)) from the
measured σ0, while for ions we adopted the rough estimate νi ∼ uth,i/a with a ∼ n

−1/3
i . For

the liquid-metal systems considered here one typically has νe ≫ νi and Ωce ≫ Ωci, so these
approximations suffice for order-of-magnitude purposes.

Finally, we define conservative minimal scales of simple resistive MHD applicability as

lmin = max(λmfp, λD (or λTF ), λLi, de, di), τmin = max
(
2π
/
{ωcol, ωpe, ωpi,Ωce,Ωci}

)
. (A.7)

36In weakly ionised media one should instead use ρ0 ≃ nm, where n and m refer to the predominant neutral
component.
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theoretic analysis of directed percolation: Three-loop approximation, Physical Review E 107
(2023) 064138, https://doi.org/10.1103/PhysRevE.107.064138. doi:10.1103/PhysRevE.
107.064138.
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field theory for non-equilibrium systems, La Rivista del Nuovo Cimento 47 (2024) 653–728,
https://doi.org/10.1007/s40766-025-00064-5. doi:10.1007/s40766-025-00064-5.

[114] N. V. Antonov, M. Gnatich, M. Y. Nalimov, The influence of compressibility on the spectra of
highly anisotropic developed turbulence [in russian], JINR Letters, 1997.
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M. Hnatič et al. Natural Sci. Rev. 3 200604 (2026)

by the turbulent velocity field with finite correlation time: Two-loop approximation, Physical
Review E 66 (2002) 036313. doi:10.1103/PhysRevE.66.036313.

[148] N. V. Antonov, N. M. Gulitskiy, A. V. Malyshev, Stochastic Navier-Stokes equation with colored
noise: renormalization-group analysis, EPJ Web of Conferences 126 (2016) 04019. doi:10.1051/
epjconf/201612604019.

[149] N. V. Antonov, N. M. Gulitskiy, M. M. Kostenko, A. V. Malyshev, Statistical symmetry restora-
tion in fully developed turbulence: Renormalization group analysis of two models, Physical
Review E 97 (2018) 033101. doi:10.1103/PhysRevE.97.033101.

[150] P. C. Hohenberg, B. I. Halperin, Theory of dynamic critical phenomena, Reviews of Modern
Physics 49 (1977) 435–479, https://link.aps.org/doi/10.1103/RevModPhys.49.435. doi:
10.1103/RevModPhys.49.435.

[151] N. V. Antonov, M. Hnatich, J. Honkonen, Effects of stirring and mixing on the critical behaviour,
Journal of Physics A 39 (2006) 7867–7887. doi:10.1088/0305-4470/39/25/S05.
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M. Hnatič et al. Natural Sci. Rev. 3 200604 (2026)

1017/S002237780001638X.
[169] S. Galtier, S. Nazarenko, A. C. Newell, A. Pouquet, A weak turbulence theory for incompressible

magnetohydrodynamics, Journal of Plasma Physics 63 (2000) 447–488, https://doi.org/10.
1017/S0022377899008284. doi:10.1017/S0022377899008284.

[170] P. Goldreich, S. Sridhar, Toward a theory of interstellar turbulence. II. Strong Alfvenic turbu-
lence, The Astrophysical Journal 438 (1995) 763–775. doi:10.1086/175121.

[171] S. Boldyrev, Spectrum of magnetohydrodynamic turbulence, Physical Review Letters 96 (2006)
115002. doi:10.1103/PhysRevLett.96.115002.

[172] A. Lazarian, Theoretical approaches to particle propagation and acceleration in turbulent inter-
galactic medium, Astronomische Nachrichten 327 (2006) 609–614, https://doi.org/10.1002/
asna.200610603. doi:10.1002/asna.200610603.

[173] N. F. Loureiro, S. Boldyrev, Role of magnetic reconnection in magnetohydrodynamic tur-
bulence, Physical Review Letters 118 (2017) 245101, https://link.aps.org/doi/10.1103/
PhysRevLett.118.245101. doi:10.1103/PhysRevLett.118.245101.

[174] S. Boldyrev, N. F. Loureiro, Magnetohydrodynamic turbulence mediated by reconnection, The
Astrophysical Journal 844 (2017) 125, https://doi.org/10.3847/1538-4357/aa7d02. doi:
10.3847/1538-4357/aa7d02.

[175] S. I. Vainshtein, I. B. Zeldovich, A. A. Ruzmaikin, The turbulent dynamo in astrophysics (in
Russian), Nauka, 1980.

[176] S. I. Vainshtein, Magnetic fields in space (in Russian), Nauka, Moscow, 1983.
[177] I. B. Zeldovich, A. A. Ruzmaikin, D. D. Sokoloff, Magnetic fields in astrophysics, Gordon and

Breach, 1983.
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[259] E. Jurčǐsinová, M. Jurčǐsin, R. Remecký, Turbulent magnetic Prandtl number in kinematic mag-
netohydrodynamic turbulence: Two-loop approximation, Physical Review E 84 (2011) 046311.
doi:10.1103/PhysRevE.84.046311.

[260] N. V. Antonov, M. M. Kostenko, Anomalous scaling in magnetohydrodynamic turbulence: Ef-
fects of anisotropy and compressibility in the kinematic approximation, Physical Review E 92
(2015) 053013. doi:10.1103/PhysRevE.92.053013.
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[281] M. Hnatič, J. Honkonen, T. Lučivjanský, Advanced field-theoretical methods in stochastic dy-
namics and theory of developed turbulence, Acta Physica Slovaca 66 (2016) 69–264, https:
//doi.org/10.48550/arXiv.1611.06741.

[282] J. Honkonen, Reaction models in stochastic field theory, Theoretical and Mathematical
Physics 169 (2011) 1460–1469, https://doi.org/10.1007/s11232-011-0122-y. doi:10.1007/
s11232-011-0122-y.

[283] L. D. Faddeev, A. A. Slavnov, Gauge fields. Introduction to quantum theory, 2nd Edition,
Addison-Wesley, 1991.

[284] E. Gozzi, M. Reuter, W. D. Thacker, Hidden BRS invariance in classical mechanics. II, Physical

71

https://doi.org/10.1103/PhysRevE.92.043018
https://doi.org/10.1103/PhysRevE.89.043023
https://doi.org/10.1103/PhysRevE.93.033106
https://doi.org/10.1134/S0040577919090046
https://doi.org/10.1134/S0040577919090046
https://link.aps.org/doi/10.1103/PhysRevE.53.R3021
https://doi.org/10.1103/PhysRevE.53.R3021
https://doi.org/10.1103/PhysRevE.53.R3021
https://doi.org/10.1023/A:1014089820881
https://doi.org/10.1023/A:1014089820881
https://doi.org/10.1007/s10955-007-9399-5
https://doi.org/10.1007/s10955-007-9399-5
https://link.aps.org/doi/10.1103/PhysRevE.81.036325
https://doi.org/10.1103/PhysRevE.81.036325
https://doi.org/10.1103/PhysRevE.81.036325
https://doi.org/10.1088/0305-4470/39/25/S04
http://arxiv.org/abs/1009.5966
https://doi.org/10.48550/arXiv.1009.5966
https://books.google.sk/books?id=A4XCAgAAQBAJ
https://doi.org/10.48550/arXiv.1611.06741
https://doi.org/10.48550/arXiv.1611.06741
https://doi.org/10.1007/s11232-011-0122-y
https://doi.org/10.1007/s11232-011-0122-y
https://doi.org/10.1007/s11232-011-0122-y
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[314] J. Malzac, P. Lubiński, A. A. Zdziarski, M. C. Bel, M. Türler, P. Laurent, An intense state of hard
X-ray emission of Cyg X-1 observed by INTEGRAL coincident with TeV measurements, Astro-
nomy and Astrophysics 452 (2008) 527–534, https://doi.org/10.1051/0004-6361:200810227.
doi:10.1051/0004-6361:200810227.

[315] M. D. Santo, R. B. J. Malzac, L. Bouchet, G. D. Cesare, The magnetic field in the X-ray
corona of Cygnus X-1, Monthly Notices of the Royal Astronomical Society 430 (2013) 209–220,
https://doi.org/10.1093/mnras/sts574. doi:10.1093/mnras/sts574.

[316] J. C. A. Miller-Jones, et al., Cygnus X-1 contains a 21–solar mass black hole–Implications for mas-
sive star winds, Science 371 (2012) 1046–1049, https://doi.org/10.1126/science.abb3363.
doi:10.1126/science.abb3363.

[317] J. N. Bahcall, M. H. Pinsonneault, S. Basu, Current epoch and time dependences, neutrinos,
and helioseismological properties, The Astrophysical Journal 555 (2001) 990–1012, https://
doi.org/10.1086/321493. doi:10.1086/321493.

[318] Y. Fan, Magnetic fields in the solar convection zone, Living Reviews in Solar Physics 18 (2021)
1–96, https://doi.org/10.1007/s41116-021-00031-2. doi:10.1007/s41116-021-00031-2.

[319] P. Charbonneau, Solar dynamo theory, Annual Review of Astronomy and Astrophysics 52
(2014) 251–290, https://doi.org/10.1146/annurev-astro-081913-040012. doi:10.1146/
annurev-astro-081913-040012.

[320] J. Reyes-Iturbide, I. Ramı́rez-Ballinas, M. Rosado, D. Núñez, P. Ambrocio-Cruz, L. Arias,
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