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Abstract

Ten years ago, in a paper [1], a brief historical survey of the research activity in the Sector “Super-
symmetry” at the Bogoliubov Laboratory of Theoretical Physics (BLTP) for more than 50 years of its
existence has been given. Here, in commemoration of the 70th jubilee of the Joint Institute for Nuclear
Research, we review some recent sound advancements in this area. Specifically, we consider the issues
of constructing the superfield quantum effective actions in 6D, N = (1, 0) supersymmetry and off-shell
unconstrained superfield formulations of N’ = 2 higher spins. In both cases, the harmonic superspace
approach plays the decisive role.
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1. Introduction

The paper [1] was devoted to the brief description of the mainstream scientific activity of
Sector No. 2 “Supersymmetry” of BLTP for more than fifty years since its foundation. It was
stressed there that the most influential pioneering results and methods which have successfully
passed the examination by time were the following: 1) notoph as the first example of anti-
symmetric gauge field [2]; 2) Ogievetsky theorem [3] and the view of the gravitation theory
as a theory of spontaneous breaking, with the graviton as a Goldstone field [4]; 3) the inverse
Higgs phenomenon in nonlinear realizations [5]; 4) the complex superfield geometry of N = 1
supergravity [6, 7]; 5) the general relationship between linear and nonlinear realizations of su-
persymmetry [8, 9]; 6) Grassmann analyticity and harmonic superspace [10-15]. As the future
prospective directions of research, in [1] there were mentioned the exploring of the geometry and
quantum structure of supersymmetric gauge theories and supergravity in diverse dimensions
in the superfield approach, as well as the study of various aspects of supersymmetric and su-
perconformal mechanics models in their intertwining relationships with the higher-dimensional
field theories and string theory.

Here we will concentrate on the following two themes, which have received a considerable
attention for the last 10 years: the entirely new domain of using the harmonic superspace
approach for off-shell description of the higher-spin 4D, N/ = 2 supersymmetric theories, as
well as the further applications of the quantum harmonic N’ = 2 formalism for calculations of
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the effective action of 6D supersymmetric gauge theories. We would like to remark in advance
that in this short review of our activity for the last decade we as a rule refer to some basic
papers on the subject, while the more detailed corpus of references can be found in our original
works.

2. N = 2 higher spins from harmonic approach

In this Section, we briefly review our approach to constructing the manifest 4D, N' = 2
supersymmetric higher-spin field theories. The theories are formulated in N/ = 2 harmonic
superspace that provides manifest off shell supersymmetry combined with the explicit gauge
invariance. Analytic superfields carrying N/ = 2 massless supermultiplets of higher spins are
described and their interactions with the hypermultiplet are presented. The models constructed
were further generalized to involve the superconformal couplings. We also discuss how to define
N = 2 higher-spin models on AdS background within the harmonic formalism.

The plan of the Section is as follows. In subsection 2.1, we recall basic notions of 4D, N = 2
harmonic superspace. In subsections 2.2 and 2.3, the structure of analytic gauge potentials
describing off-shell 4D, N = 2 higher-spin multiplets is explained and their couplings to ¢*
hypermultiplets are presented. Subsection 2.4 is devoted to generalization to the superconformal
case. In subsections 2.5 and 2.6, the AdS; version of harmonic superspace is defined and
the simplest examples of models invariant under 4D, N/ = 2 AdS supersymmetry are given.
Subsection 2.7 contains summary and outlook.

2.1. 4D harmonic superspace: why does it matter?

Supersymmetry, despite lacking its experimental confirmation so far, is in the heart of the
modern mathematical and quantum physics. It allowed one to construct a lot of new theories
with remarkable features: supergravities, superstrings, superbranes, N/ = 4 super Yang—Mills
(the first example of the UV-finite quantum field theory), etc. It also exhibited unexpected
relations between them, e.g., “gravity /gauge” duality.

The natural approach to supersymmetric theories is the superfield methods. The natural
generalization of Minkowski space 2™ to supersymmetry is ' extended Minkowski super-
space

MUEAN) (z™, 02, 0%7), i=1,...,N,

where 0%, 04" are Grassmann coordinates, {6,6}, {6,0} = 0.

Supersymmetric theories are adequately formulated off shell in terms of superfields defined
on various superspaces. The basic 4D, N' = 1 superspace is a chiral superspace, with half the
original N' = 1 Grassmann coordinates. Its N’ = 2 analog is harmonic superspace. Indeed,
in four dimensions, the only self-consistent off-shell superfield formalism for both N’ = 2 and
N = 3 theories is known to be the harmonic superspace approach [12, 13, 15].

Harmonic N = 2 superspace is defined as the coordinate set

Z = (™, 0%, 0% ), uF e SU2)/U(1), uMu; =1. (2.1)

The basic merit of such an extension is the existence of the analytic harmonic N’ = 2 superspace
involving half the number of Grassmann coordinates:

CA — (fon, eJra7 G_Jro'z, uﬂ), 0+a,o’z = ea,diqu

m._ .m o0l _mpj), +,,—
S.oay = 200" 0™ 0 v u;

(2.2)
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All basic N = 2 superfields are analytic:

SYM:  V*™t((4); matter hypermultiplets : ¢*(Ca), 77 (Ca);
supergravity : H++m(CA)a H++&+(CA)7 H++5(CA)a a= (Oé, Oé)

An instructive example is Abelian N = 2 gauge theory,
V++(CA)7 SV = D—H_A(CA), DTt =9+t — 4ig+a0_+d8ad.

In Wess—Zumino gauge, the analytic gauge prepotential V1 involves just 8 + 8 off-shell degrees
of freedom which constitute A/ = 2 vector multiplet:

VIH(Ca) = (070 + (07)°0 + 200707 Ay, +
+ (0520 uy + (072050 + (0)2(01)2D P uy .

The invariant action is written with making use of the non-analytic gauge connection V~7:
S ~ /d12zv++v——, DYV DTVt =0, 6V =D A,
(DT, D] =D" DV = £Vt

2.2. Supersymmetry and higher spins

Supersymmetric higher-spin theories provide a bridge between superstring theory and low-
energy (super)gauge theories.

The free massless bosonic and fermionic higher-spin field theories were constructed in
[16, 17]. The component approach to 4D, N' = 1 supersymmetric free massless higher-spin
models was worked out in [18, 19]. The complete off-shell N' = 1 superfield Lagrangian for-
mulation of 4D, N/ = 2 free higher spins was given in [20, 21|. At the same time, an off-shell
superfield Lagrangian formulation for higher-spin extended supersymmetric theories, with all
supersymmetries manifest, was unknown for long even for free theories.

This gap was filled in [22]. An off-shell manifestly A/ = 2 supersymmetric unconstrained
formulation of 4D, N = 2 super Fronsdal theory for integer spins was constructed in the
harmonic superspace approach. The general case with the maximal integer spin s is spanned
by the analytic gauge potentials

h++a(371)d(571)(g>7 h++a(872)d(872)(<)’ h++a(sfl)d(872)+(<>7 h++d(sfl)a(sf2)+(g>’ (2_3)

where a(s) := (a1...a5),a(s) == (& ...d&s). The relevant gauge transformations can also be
defined and shown to leave, in the WZ-like gauge, the physical field multiplet (s,s — 1/2,s — 1/2,
s — 1) plus some auxiliary fields. The on-shell spin contents of N' = 2 higher-spin multiplets
can be summarized as'

superspin 1: 1, (1/2)%, (0)?,
superspin 2 : 2, (3/2)%, 1,
superspin 3 : 3, (5/2)%, 2,

superspin s : s, (s —1/2)% s — 1.

IThe superspin of the given supermultiplet is defined as the largest spin of the component fields.
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The manifestly N' = 2 supersymmetric off-shell cubic couplings of the integer superspin
4D, N = 2 gauge multiplets to the matter hypermultiplets were further constructed in [23, 24].
Quite recently, the harmonic superspace non-conformal construction was generalized to the case
of N = 2 superconformal multiplets and their hypermultiplet couplings [25], as well as to the
AdS, case |26]°.

2.3. Hypermultiplet couplings

The construction of interactions in the theory of higher spins is a very important (albeit
difficult) task (see, e.g., [28]).
In [23] we have constructed the off-shell manifestly ' = 2 supersymmetric cubic couplings

(%, %, s) of an arbitrary higher integer superspin s gauge N/ = 2 multiplet to the hypermulti-

plet matter in 4D, N = 2 harmonic superspace. In our approach, N' = 2 supersymmetry of
cubic vertices is always manifest and off-shell, in contrast, e.g., to the non-manifest light-cone
formulations [29, 30].

The starting point is the A/ = 2 hypermultiplet off-shell free action:

1
5= [ac 0 £it == [dc 9 Jqprigla= 12 2.4)

The analytic gauge potentials for any spin s with the correct transformation rules are recov-
ered by proper gauge-covariantization of the harmonic derivative D**. The simplest option is
gauging of U(1),

0g*t = —XoJg*, gt =i(r)4q™,
++ ++ Y+ e
DY = DY HET, HET =R,
(SA/HEE—)’— = [D++, A], A=)\ = (S)\h—H_ =Dt

In N = 2 supergravity, that is for s = 2,

1 )
S = - / A Sq (DY + He)al,  Hey = D7 A, (2.5)
H(2) = h++M(C)aM7 A(z) = AM(C)QM, M = (a6,5,ﬂ+)_

For higher s everything goes analogously. E.g., for s = 3,

ol 4,
S = —/dC( Y 30 (D +H S )ay (2.6)
0HE =D A, He =h M (QO0m0os, M) = A M(()0rOaa
2.4. Superconformal couplings

Free conformal higher-spin actions in 4D Minkowski space were pioneered in [31-33|. Since
then, a lot of works on (super)conformal higher spins followed (e.g., [34, 35|, and many others).
(Super)conformal higher-spin theories are considered as a basis for all other types of higher-
spin models. Non-conformal ones follow from the superconformal ones through couplings to
the superfield compensators.

2A possible way to extend the whole construction to half-integer superspins was proposed in [27].

4
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In [25], the off-shell 4D, N/ = 2 higher spins and their hypermultiplet couplings were
extended to the superconformal case, once again based on the harmonic Grassmann analyticity
principle. Rigid 4D, N = 2 superconformal symmetry plays a crucial role in fixing the structure
of the theory.

4D, N = 2 superconformal algebra (SCA) preserves harmonic analyticity and is a closure
of the rigid N' = 2 supersymmetry and special conformal symmetry

007 = e¥uf, St = —4i (0T + 0T ) u;,  a = (a,d),
S0 = xaﬁkﬁﬁﬂé, S = 2%, 2", Gt = (4i0T 0 kg )uT

What about the conformal properties of various analytic higher-spin potentials? No prob-
lems with the spin 1 potential V*+:

0oV = A VI, Ay i= XN0% e + A3 0ay + ATO. (2.7)

The cubic vertex ~ ¢t*V**Jgl is invariant up to total derivative provided that

- 1
0seqt® = —Noeq™ — §QQ+G’ Q= (=)D M (2.8)

The situation gets more complicated for s > 2. Requiring N' = 2 gauge potentials for s = 2
to be closed under N' = 2 SCA necessarily leads to

D = D 4 H L,
7_“[?;22) = pHtMy,, = pttedy o h++a+a; + h**‘”@; + Ry
S WY = AR 4 4iht otk + 40T R .

For ensuring conformal covariance, it is impossible to avoid introducing the extra potential
h{+%. This extended set of potentials embodies N = 2 Weyl multiplet (N = 2 conformal SG
gauge multiplet).

For s > 3 the gauge-covariantization of the free ¢™* action requires adding the gauge super-
fields carried by differential operators of rank s — 1 in 0y,

R 1 -1 s—1
DYt — DT + /{SH?;;F(J)P(S), P(s) = %
In particular, for s = 3:
7:[(323) = htMNG Oy + BT, RTTMN = (_1)P(M)P(N)h++NM' (2.9)

The whole consideration can be repeated for the general integer higher-spin s case. The relevant
generalized Weyl multiplets involve 8(2s — 1)p + 8(2s — 1) d.o.f. off shell.

The self-consistent A/ = 2 superconformal couplings of higher-spin gauge superfields to the
matter ¢* hypermultiplets at the full nonlinear level and for an arbitrary A/ = 2 conformal
supergravity background were also presented for the first time in [25]. Tt is worth noting that
the higher-spin N' = 2 gauge supermultiplets in the description through the Mezincescu-type
prepotentials for the particular case of conformally flat backgrounds were earlier considered
in [36].
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2.5. Towards AdS background

In view of the celebrated AdS/CFT correspondence, it is of high importance to explicitly
construct NV = 2 higher spins in the AdS background, with the superconformal symmetry
SU(2,2|2) being broken to the AdS supersymmetry OSp(2|4; R).

One way to achieve this is to start from the covariant formalism in the AdS,, N' = 2
superspace defined as the coset OSp(2|4; R)/[SO(2) x SL(2,C')], thus generalizing the AdS,,
N = 1 superfield approach of [37]. This way was chosen in [38], essentially based on the so-
called projective superspace techniques and treating the case of 5D, N' = 1 AdS superspace
(see also a recent paper [39]).

The approach of [26] is distinguished in that it exclusively proceeds from the analyticity-
preserving realization of the superconformal symmetry in A/ = 2 harmonic superspace and
identifies NV = 2 AdS supersymmetry OSp(2|4; R) as its subalgebra, OSp(2|4; R) C SU(2,2|2).
So the super AdS supersymmetry is already implied by the superconformal symmetry. Once
again, the manifest A/ = 2 harmonic Grassmann analyticity plays the decisive role.

The embedding of N' = 2 AdS superalgebra into SU(2,2|2) is realized through the identifi-
cation [40, 41|

= QL_{—CikSkOM \Iﬂa :\Ij_’éy: Qdi+cik527 (210)

¢k = ck = ¢ = 5ilekjclj. (2.11)

The SU(2,2|2) commutation relations imply for super AdS generators

{0, U5} = =A™ Liap) + dicape™l, =™, [I, V%] = c* Wy,

T i L,y i 1
{\Ilou \I[ﬁk} = 45k Ra['i’ Raﬁ = Paﬁ + 20 Kaﬁ’ 02 =cC kcik ~ RZ ’
AdS
1 _ ) .
[Raa, Ryg] = 502 (eavLasy + a4 Lay), [R5, V5] = €ap v (and c.c.). (2.12)

The super AdS transformation can be then read off as

7

55960@ — 4 [6ai§+d 4 grogi zk( aﬁg_ 9‘+a + $5a65k0+a)}u_

(5#*0.‘ = (e‘” chmeak) 22(9*)201“62‘1{ (2.13)
(560+a _ (EQ’L + xaaczkeak)ui + 2@<9+) CZkEzU;,
Seutt = —4i [cklu;(ealﬁ“a + Ed16’_+é‘)]u
The nonlinear AdS translations look as
8,2 = a® + 1c2a B he — aa‘j‘(l — 162562) + lcz(ax)xad
a 2 BB 4 2 !
1 1 1
ta 2 ap +8 _ +a 2 (aﬁ ntB
0,07 = 5C agpT 0 1€ *(ax)0r™ + 5C% ag0"", (2.14)

_o1 1 |
0,01 = 502% P8 = 402((w)9+‘" + 50%5 aﬁﬁ)ew

Sout = 2i (Panad*0T) u™".
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The AdS supersymmetry transformation of the analytic integration measure reads
5.d¢ = 8i (Fluy et™) d¢Y

To compensate this variation of the integration measure in the action of ¢*%, the latter should
include the appropriate weight factor in its transformation,

gt = —4i (Muy e ™) gt (2.15)
The harmonic derivative D' transforms under AdS supersymmetry as
6D = diFufey 0t DY, D¢t = ¢ gtogt = 0.

Then the free ¢+ action,

ol
5(2) = _/dC( 4) 5qu 'D++q:,

is invariant under the N' = 2 superconformal transformations and hence under the N' = 2
super AdS ones. The question is how to construct the actions invariant only under OSp(2]4; R)
symmetry. To accomplish this, one needs to properly break SU(2,2|2).

2.6. Two ways of constructing OSp(2|4; R) invariants

We start with the N' = 2 AdS invariant mass term. The basic idea is to extend the
coordinate action of generators of AdS supersymmetry by extra “matrix” pieces of an external
SO(2) realized on ¢**. In the flat limit such a modified N' = 2 AdS contracts into the central-
charge extended 4D, N = 2 supersymmetry.

Denoting formally this extra SO(2) generator as 05 and introducing

¢ (¢.a%) = e MG, TG %) = MG, g =17 (2.16)
find the realization of OSp(2|4; R) by the following Killing super-vector:
Ands = N3550ac + Aihs07 + MNids0™™ + NiggOs,  Ags = A2+ Xl
NP = 2ie(a) (0% €) — 290} (efe ™ — ey)] %
x{1 — 2 [(01)? — (6] e(x)c__} +(cc),

Ny = L1 [0 = (0] e elw) = 6(0%) 1 (¢ ) ela) (2.17)
where y = cVu;uj, e(z) = Hm—éxm

In order to construct an invariant ¢* action, one needs to lengthen D™ as
DTt = D+ HI150s,
HIS =i [(07) = (0)] e(z) —6(07)'e(x)’ ™, SaasHLL =D Aus.

After elimination of an infinite tail of the auxiliary fields and integrating over Grassmann
and harmonic variables, the bosonic part of the massive AdS hypermultiplet action can be
written as

1 - a
Sscalar = _5 / dC( 4 q+ (D++ + HXCXS‘Sa&')) q;r ‘bos =

(2.18)
= [t (0,10~ mie(w ' — imyela F ).
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where we observe the presence of the explicit SU(2) breaking part in the mass term, with the
residual SO(2) invariance.
After rescaling f* — e(x)f* we obtain the AdS covariant scalar field

S.fi(z) =0 (2.19)

and gain the standard kinetic action for the massive scalars given on AdS metric g, = €(2)*7mn
(with the scalar curvature R = 4A = —48c™*cy,):

—( mnny jin 7, D7 Fif s i fj
Sscalar - /d4I -9 <g mf anfz + Ef fz - mgf fz - quf fjc(ij)> : (220)

After passing to the special frame ¢;; = mJd,;, diagonalizing mass matrix and rewriting f’ =
(f+, f-), one obtains the splitting of mass for the scalar fields proportional to the parameter m,

2 _ 2
my = my, = mmy.

For the fermionic fields one needs a similar redefinition, 9, (z) — e(z)2t,(x). Using the
AdS covariant derivative Vo4 = (1+ m;x?)aw = e(z) 10,4, one comes to the action for Dirac
spinor on AdS space:

=. 3 ~ _. 3
Sfer = /d4x\/ _g{z¢a (Vg - §m2x3) ¢a + IR (vg - §m2x3> /%a +

Mg 2an T za
+ L (0 R0 + Yai®) |- (2.21)

So, my =mg, m5 +m? =2m}, like in N' =1 AdS case [37].

In order to produce a more general class of N/ = 2 AdS invariant systems one needs to
redefine the superfield ¢™* in such a way that it transforms as a scalar superfield with zero
weight under the AdS subgroup of N/ = 2 superconformal group. This is the superfield Weyl-
type transformation preserving N/ = 2 harmonic analyticity.

We start from the free ¢ action, Spee = —31 [d("Yg™D¥ ¢S It is superconformally
invariant and hence is invariant under super N' = 2 super AdS, group. Then one makes a
Weyl-type rescaling of ¢,

(12) .
— G2 gte, G = ﬁ(l + 0terms>, Yy =c" = clku;ru,;, (2.22)
] 4 mi )

so that ¢+ is a scalar of zero weight under A/ = 2 super AdS, group. The ¢+ action takes the
form manifestly invariant under this group:

1 N -
Siwe = =5 [ KTIGE DL, daasi™ = 0.

The new integration measure d¢~% @ is invariant under O.Sp(2|4; R). So one can add to the
Lagrangian any proper function of ¢™* without breaking of OSp(2[4; R). In particular, one can
add an arbitrary £(¢™®,u~) and so gain a wide class of the hyper-Kéhler type sigma-model
actions on the AdS, background.
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To be more precise, one can consider the following action:
St = [ dCIE [gID g 4 LV 0t 0)], (2.23)

where
W=yt — u—iC-H-L’
y2 + m2
is a new harmonic variable which is inert under OSp(2[4). In the properly defined flat limit
this action goes over just to the general action of hyper-Kahler N/ = 2 sigma models [11]. Tt
generically does not exhibit any external isometry (besides the intrinsic SO(2)), quite similar
to its flat N' = 2 counterparts. It would be interesting to find out the relevant deformation of
the hyper-Kahler geometry and to clarify the role of the breaking parameter ¢?* in it.

+i_
dagsw™ =0,

2.7. Summary and outlook

The theory of N' = 2 supersymmetric higher spins s > 3 opened a new promising direction
of applications of the harmonic superspace approach which earlier proved to be indispensable
for description of more conventional N' = 2 theories with maximal spins s < 2. Once again,
the basic property underlying these new higher-spin theories is the harmonic Grassmann
analyticity (all basic gauge potentials are unconstrained analytic superfields involving an
infinite number of degrees of freedom off shell before fixing WZ-type gauges). As we saw on
the example of hypermultiplet, harmonic superspace admits a nice generalization to the case
of AdS background where the harmonic Grassmann analyticity principle again plays
the decisive role. We expect that the same principle will efficiently work as well for various
N = 2 AdS supergravities and their higher-spin analogs, and this will allow us to get further
insights into the geometric and quantum structure of these notable theories. One of the most
interesting problems here is to construct AdS analogs of analytic prepotenials of diverse N' = 2
supergravities on the flat background® and to find the higher-spin counterparts of these AdS
analytic prepotentials.

3. Effective actions of 6D supergauge theories in harmonic superspace

In this Section we review the basic results of our study of the quantum structure of six-
dimensional rigid supersymmetric gauge theories. We consider the harmonic superspace formu-
lation of the six-dimensional N' = (1,0) and N = (1, 1) rigid supersymmetric field theories and
present the manifestly N' = (1,0) supersymmetric and gauge-invariant methods of constructing
off-shell quantum effective action for these theories. It is shown that in A" = (1,1) theory, the
one-loop effective action is finite off shell and the off-shell divergences of the two-loop effec-
tive action are proportional to the classical equations of motion. Also the results regarding
the finite parts of the one-loop low-energy effective action and the divergent structure of the
higher-derivative N' = (1,0) supergauge theories are briefly outlined.

3.1. Motivations

Over past few years, our group at BLTP has carried out a series of studies of the quantum
structure of supersymmetric gauge theories in six dimensions [43-56]. In this Section of our

3The explicit expressions for the linearized conserved higher-spin N = 2 supercurrents were presented in a
recent paper [42].
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survey we briefly describe the methods and approaches developed in our works and the results
obtained by making use of these techniques.

The modern interest in the higher-dimensional supersymmetric field theories is inspired by
superstring theory. The specific feature of the latter is the existence of the so-called D-branes
which amount to the D + 1 dimensional surfaces in the ten-dimensional space-time. In the low-
energy limit the D brane is associated with D + 1-dimensional supersymmetric gauge theory
(see, e.g., |57]). Therefore, the low-energy limit of superstring theory can be described by
(extended) supersymmetric quantum field theory in diverse dimensions.

Another motivation to study the higher-dimensional extended supergauge theories is as-
sociated with M-theory (see, e.g., [58]). The hypothetical M-theory is characterized by two
extended objects: M2-brane and M 5-brane in eleven-dimensional space-time. The field descrip-
tion of interacting multiple M2-branes is given by Bagger—Lambert—Gustavsson theory which
is 3D, N = 8 supersymmetric gauge theory (see the review [59]). It is expected that the inter-
acting multiple M 5-branes are related to some new six-dimensional extended supersymmetric
gauge theory.

The study of the quantum structure of six-dimensional supersymmetric gauge theories di-
mensionally reduced from superstrings was initiated in works [60, 61]. The one- and two-loop
divergences in these theories were studied in [62-68|*. We wish to pay attention to the fact that
practically all considerations in these works have been carried out in the on-shell component
approach. The basic goal of our works [43-56] was to develop the approach based on off-shell su-
perfields and to study the off-shell structure of quantum effective action in 6D supersymmetric
gauge theories.

For description of the six-dimensional supergauge theories, we use the harmonic superfield
method. This approach was initially worked out for formulating 4D extended supersymmetric
theories in terms of unconstrained N = 2 superfields [12] (see [15] for details and applications).
Harmonic superfield approach was generalized to six dimensions in [70-73]. It allows us to
construct the supersymmetric models of gauge multiplet coupled to hypermultiplet in terms of
unconstrained A/ = (1,0) harmonic superfields [72]. If the hypermultiplet belongs to adjoint
representation, such a model possesses an additional hidden on-shell N = (0, 1) supersymmetry
and actually describes the maximally extended rigid six-dimensional supersymmetric gauge
theory.

The Section is organized as follows. In subsection 3.2, we briefly describe 6D, N' = (1,0)
harmonic superspace and the corresponding 6D, N' = (1,0) and 6D, N = (1, 1) supergauge the-
ories in terms of A/ = (1, 0) harmonic superfields. In subsection 3.3, we discuss the background
field method in harmonic superspace which allows one to construct the manifest N' = (1,0)
supersymmetric and gauge invariant quantum effective action. In subsection 3.4, we describe
calculations of the one-loop divergences in general N' = (1,0) model and show that in V' = (1, 1)
supersymmetric theory the one-loop divergences vanish off-shell. In subsection 3.5, we describe
calculations of the two-loop off-shell divergences and show that they are proportional to classical
equations of motion. Subsection 3.6 is devoted to deriving the one-loop low-energy effective ac-
tion in N' = (1, 1) supersymmetric theory. In subsection 3.7, we develop a method to calculate
the one-loop divergences in higher-derivative N' = (1,0) supergauge theory. In the concluding
subsection 3.8, we summarize the results obtained.

4Like in the previous Sections, we basically give here only those references which are directly related to our
studies. The full list of references can be found in [43-56].
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3.2. 6D, N = (1,1) supersymmetric gauge theory

Six-dimensional superalgebra is characterized by two independent supercharges forming
non-equivalent 6D spinors (see, e.g., [69]). The simplest subsets of this algebra are denoted as
N = (1,0) and N = (0,1) that allows one to formulate the N' = (1,1) supergauge theory as
the theory invariant both under N' = (1,0) and under N/ = (0, 1) supersymmetries. Such a
theory is a maximally extended rigid supergauge theory in six dimensions.

The harmonic superspace description of six-dimensional supersymmetry has been given
in [70-72]. In this approach, N' = (1,1) theory is formulated as a model of analytic gauge
superfield V" coupled to hypermultiplet ¢} in adjoint representation of gauge group (see the
details in [72]). The classical action of such a theory is manifestly N' = (1,0) supersymmetric
by construction and has the form

L (= (—9)" Vi t(z,uy) ... VT (2, up)
SelVtt gt = = —t /d14 duy . ..du, . LV
oV 0] fg{nz; n )¢ T Y (wtud)

—ptr [ dc Vg, (3.1)

where V™+ = D 4V and {; is a dimensional coupling constant ([fo] = m™'). The analytic
superfield V**, describing the gauge multiplet, takes the values in the gauge group algebra,

VIt = (thHATA [T TP =i fAPCTC, A B,C =1, ..,dg, (3.2)
where fAB¢ are totally antisymmetric structure constants and d; is the dimension of the gauge
group. The generators TZ = ¢ are normalized in the standard way, tr(t*t?) = %(SAB .

The action (3.1) is invariant under the following gauge transformations:
(V**)' _ ei)\ATAVJrJrefi)\ATA . Z-ei)\ATADJrJrefi)\ATA, (q+)’ _ ei,\ATAqJr7 (3_3)

where gauge parameter A((,u) is a real analytic superfield.
Let us introduce the real non-analytic gauge connection V== = (V~7)AT4 satisfying the
harmonic zero-curvature equation [15]

DYV — DTV L[V V] = 0. (3.4)
Using V=~ one can define the analytic superfield F™+ [72, 73] as
Ftt = (DN, VI ET =0. (3.5)

The classical equations of motion for the model with action (3.1) read

7
Ett =Ftt 4 3 [T, ¢ =0, Vitgt =0. (3.6)

The action (3.1) possesses an additional hidden on-shell N' = (0, 1) supersymmetry
5(071)V++ = €+qu, (S(QJ)(_]X = —(D+)4(€ZV__), E:A: = eaAQi“. (37)

The supersymmetry (3.7) mixes the gauge multiplet and hypermultiplet [72], when hypermul-
tiplet belongs to the same adjoint representation as the gauge multiplet.
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3.8. Background field method

Background field method is a procedure to construct quantum effective action in gauge
theories in the form preserving classical gauge invariance in quantum theory. For 6D, A" = (1,0)
supergauge theories such a method was developed in our works [43-45].

In the background field method we split the superfield V*+ into the sum of the “background”
superfields V**, Q1 and the “quantum” ones v*+, ¢*,

VI = VT 4ot "= Q" +q". (3.8)

Then we expand the effective action in a power series in quantum superfields and obtain a
theory of the superfields v+, ¢* in the background of the classical superfields V**, Q*, which
are treated as functional arguments of the effective action. Our aim is to study the two-loop
contributions to the effective action in the gauge superfield sector. To this end, it is sufficient
to assume that the hypermultiplet is purely quantum.

Using the results of refs. [43-45], the general expression for the effective action can be
written in the form

STVITQT] _ Detl/? a /DUJ“Jr Dqt DbDec Dy exp (iStotal)7 (3.9)

where the operator 0 = %(D+)4(V__)2, when acting on a space of analytic superfields, is
reduced to the covariant superfield d’Alembertian

0= 0NV Va + WV, +iF T = VR, (3.10)

and nyn is 6D Minkowski metric with the mostly negative signature. The total action Si.; has
the form

Siot =S+ Sy; + Spp + Snk, (3.11)
and it includes the gauge-fixing term corresponding to the Feynman gauge,
1 14 v () "(2)
ng[v++7 V++] = —§tr/d ZduldUZ W (312)
1
+ ot / d"zduv (D™ )?uf T, (3.13)

the action Sgp for the fermionic Faddeev—Popov ghosts b and ¢, as well as the action Syg for
the bosonic real analytic Nielsen—Kallosh ghost ¢,

Spp = —tr/dC(_4) V-H-b (V++c+i[v++,c]), (3‘14)
1
Snk = —gtr / A (V)2 (3.15)

The label 7 of v " means that the superfield is taken in 7-frame [15]. The action (3.13)
depends on the background field V** through the background gauge bridge superfield. The
action S = S[V*t + fout*, Qt + ¢t — S[VHH, QT] — [ Syifortt — f S’Q+q+. Here Si,, and

o+ are the functional derivative of the action with respect to V** and @7, respectively®. This

means that the expansion of S with respect of quantum superfields starts with quadratic terms.

5The expressions Syt fov™+ and S'Q+ gT are integrated over harmonic superspace.
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3.4. One-loop divergences

The calculation of the effective action is carried out in the framework of the loop expansion.
In the one-loop approximation the quantum corrections to the classical action are determined by
the quadratic part of the action Si.. After integration over quantum superfields this quadratic
part produces the one-loop contribution I'™) to the effective action. In the case under consid-
eration after some transformations one gets the following expression for one-loop contribution
to the effective action:

O+, Q] = %Tr In(0 —2£2Q* G, Q") — %Tr In(0) — (3.16)

adj

T In(V2, + %TT (V)2 +iTr In(V)3,

Here T'r is a functional trace in superspace, G(1,1) is Green function for the operator V**
(see all details in [44]), and the subscripts adj and R mean the adjoint representation and an
arbitrary R representations for the hypermultiplets.

Calculating the one-loop divergences of superfield functional determinants is accomplished
in the framework of the proper-time technique (a superfield version of Schwinger —De Witt
technique). Such a technique allows us to preserve the manifest gauge invariance and manifest
N = (1,0) supersymmetry at all steps of calculations.

The general scheme of calculations can schematically be summarized as follows:

e Proper-time representation

TranNTT/ (is) " 915(1,2)]o.

o (is)'*e
e Here s is the proper-time parameter and ¢ is a parameter of dimensional regularization.

e Generically, the total delta-function §(1,2) contains the Grassmann delta-function §%(6; —
05), which vanishes at 6; = 0,.

e Typically, the operator O contains some number of spinor derivatives D, D, which act
on the Grassmann delta-functions §%(f; — 6,) and can kill them. A non-zero result is
achieved only provided all these d-functions are killed.

e Only those terms are taken into account which have the pole % after integration over the
proper time.

Result of the calculations can be written in the form

Cy —T(R) _

rWy++ ot = 22—~ VYy /d (—4) (p++y2 _ 317
dlv[ ’Q ] 3(471')36 r C ( ) ( )

_ Lfg /dg(—4) Q+(C’2 — C(R)Q"

(4m)3 ’
where F™t = (D7) =", € is a parameter of dimensional regularization, and the Casimir

operators Cy, T(R), C(R) are defined through the gauge group generators T as

tr(TATP) = T(R)0AE, (T),,(T")," = C(R)5,™, C(Adj),n" = Ca0,™. (3.18)

All notations and details of calculations are given in [44]. In the case when the hypermultiplet
is in the adjoint representation T'(R) = C(R) = Cs, the expression (3.17) vanishes. Hence, the
6D, N = (1,1) supergauge theory is off-shell finite at one loop.
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3.5. Two-loop divergences

Here we discuss a general scheme of singling out the two-loop divergences in 6D, N = (1,1)
supergauge theory.

e Two-loop divergences are calculated within the background-field method and the proper-
time technique like in one-loop case.

e We deal with the vector multiplet background only.

e The power-counting shows that the only possible two-loop divergent contribution in the
gauge superfield sector has the following structure [47]:

rO v+ =a / d¢Y tr(FH O FH),

with some constant a, which diverges after removing a regularization.

e Within the background field method, the two-loop contributions to the superfield effective
action are given by the two-loop vacuum harmonic supergraphs with the background-field
dependent lines.

e The background-field dependent propagators (lines) are represented by the proper-time
integrals.

A direct calculation [47] yields the following result for the off-shell divergent part of the
two-loop contribution T [VV++] to effective action in the gauge-superfield sector:

82
(drr)o22
1

Here we have presented only those two-loop divergences which contain the two-loop pole .
Calculating the sub-leading divergences corresponding to the simple pole % remains an open
issue at present.

The hypermultiplet-dependent contribution to the two-loop divergences can be found by the
straightforward quantum computations of the two-loop effective action, taking into account the
hypermultiplet background Q+. However, the general form of the hypermultiplet-dependent
divergences can in principle be found without direct calculations, just assuming the invariance of
the effective action under the hidden ANV = (0, 1) supersymmetry. The result has the extremely
simple form

rf) -

(Cy)*tr / A PO R (3.19)

PRV QT —a [ B DB, (3.20)

where EtT = F* + 1[QT4 Q7] is the classical equation of motion for the gauge superfield
coupled to the hypermultiplet. It is evident that the two-loop divergences vanish on-shell. Let
us pay attention to the fact that the two-loop divergences can be canceled by means of the

off-shell redefinition V*+ — VTt 4+ ¢q a ET in the classical action.

14



I L. Buchbinder, E. A. Ivanov Natural Sci. Rev. 8 200707 (2026)

3.6. Low-energy effective action in 6D, N = (1,1) theory

The structure of finite low-energy contributions to the one-loop effective action TV [V +7]
was discussed in [46, 51|. Tt was shown that the simplest way to carry out the calculations of
the low-energy effective action is to use the formulation of 6D, N = (1,1) supergauge theory
in terms of w-hypermultiplet [15]. In this case, the g-hypemultiplet-dependent term in the
classical action (3.1) is replaced by the w-hypemultiplet term of the form

1
— 5t / G ERAVARE A VAR?) (3.21)

where f is a coupling constant. The first V*T-dependent term in the action (3.1) does not
change its form. The superfield ) takes values in the adjoint representation of gauge group
SU(N) and VTTQ = DTQ 4 i[V*++ Q.

The effective action I'[V**] is constructed within the background field method, where the
initial superfields V" and € are split into the background superfields V*+, ©, and the quan-
tum superfields v, w by the substitution V** — V*+ 4 fo*t Q — Q + fw. Details of the
background method in this case are given in [46, 51].

For further consideration we assume that the background superfields align in a fixed direction
inside the Cartan subalgebra of su(N)

VH = VI H, Q= QuH, (3.22)

where H is a fixed generator of the Cartan subalgebra which generates some Abelian sub-
group U(1). The choice (3.22) corresponds to the spontaneous symmetry breaking SU(N) —
SU(N — 1) x U(1). Note that the two background superfields (Vy'", ) form the Abelian
vector N = (1, 1) multiplet. The bosonic sector of such a multiplet contains a single real gauge
vector field Ay, and four real scalars ¢ and ¢ with 4, = 1,2. The fields Ay, ¢, ) in six
dimensions describe the bosonic world-volume degrees of freedom of the D5-brane |75, 76].

The effective action is calculated for the Abelian background superfields V", Qq satisfying
the classical equations of motion F,* = 0, (DT1)2Qq = 0 and slowly varying in space-time,
oWyt =0, 0, Qo = 0. Applying the background method and superfield proper-time technique
leads to the leading low-energy correction to the effective action:

m _N-1 oy (W)
[oq = d . 2
lead (47’(’)3 / C Qg (3 3)

In the bosonic sector the effective action (3.23) yields

F @D,
) ~/d%—(1+¢ Py (3.24)

bosonic ¢2 T
where F* = FynFMN Fpo FPQ — AFNMEy p FRS Fgy and Fyy is the Abelian gauge strength.
3.7. One-loop divergences in higher-derivative 6D, N = (1,0) supergauge theory

The higher-derivative 6D, N' = (1,0) supersymmetric gauge theory was formulated in har-
monic superspace in [73]|. The classical action of this theory reads

1
SV = :|:2—g2tr / d¢H (FHH)2, (3.25)
0
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where F'*F was defined in (3.5) and go is a dimensionless coupling constantS. At the component
level such a model contains four space-time derivatives in the bosonic sector. In particular,
the component action includes the term ~ [ d%ztr(VY Fyy)?, with Fyny being the standard
Yang—Mills strengths. Aspects of the renormaization of this theory were studied in [73, 74|, and
the one-loop counterterms were calculated there in the component approach. The full-fledged
superfield description of the one-loop divergences was given in [52, 53].

Harmonic superfield quantization of the theory under consideration is carried out in the
framework of the background field method developed for this case in [52, 53|. The method
assumes the background-quantum splitting V*+ — V*+ 4+ 9™+ where V**, o™ in the right-
hand side are background and quantum superfields, respectively, with imposing the gauge-fixing
conditions on v*+. These conditions are taken to be background-field dependent, in such a way
that the effective action remains gauge invariant. In the one-loop case the effective action is
calculated using the quadratic parts of the classical action and ghost actions. All details can
be found in [52, 53].

Here we present only the final result for the divergences of the one-loop effective action

AC!
o _ 40 /d (~4) ()2 26
div 6(471’)3 C I'( ) ) (3 )

with € being a parameter of dimensional regularization, and C is the second Casimir operator
of SU(N) group. The superfield result (3.26) matches the component calculations of refs.
[73, 74]".

Comparing the classical action (3.25) with the one-loop divergent quantum correction, we
can write the one-loop renormalization relation between the bare coupling constant gy and the
renormalized one g in the form

1 1 22C,
= . 2
2 # T seany (3:27)

The relations (3.25) and (3.27) imply that the one-loop S-function in the theory under consid-
eration has the form

110(202

Bla) =F— = (3.28)

where o = %. The lower sign in relation (3.28) corresponds to the Landau pole, while the

upper sign corresponds to asymptotic freedom.
3.8. Summary and outlook

Let us summarize. In this Section, we presented a brief review of works devoted to study-
ing the quantum structure of six-dimensional supersymmetric gauge theories. Our study was
focused on the development of manifestly supersymmetric and gauge invariant methods of con-
struction of the effective action in 6D, N’ = (1,0) and N' = (1, 1) super Yang-Mills theories
and in 6D, N = (1,0) higher-derivative supergauge theory.

5Tn the conventional field theory the overall sign of the action is fixed by the requirement of positiveness of
energy. However, in higher-derivative theories the energy is not positively defined in general. Therefore, in the
case under consideration there are no reasons to fix the overall sign of the action.

"The result (3.26) contains contributions from both gauge multiplet and ghost loops (see [52, 53]).
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The theories under consideration are formulated in six-dimensional harmonic superspace
which provides the manifest NV = (1, 0) supersymmetry. The quantum effective action is defined
in the framework of the background superfield method allowing one to carry out the calculations
with preserving both A/ = (1,0) supersymmetry and gauge invariance of the effective action.
Besides, we developed a power counting in the harmonic superspace which ensures, along with
the manifest N' = (1,0) supersymmetry and explicit gauge invariance, the explicit form of
possible counterterms up to numerical coefficients.

As a result, we have found the off-shell one-loop divergences and shown that there exists a
gauge in which all the one-loop divergences of N’ = (1,1) theory completely vanish off shell.
As the next step, we have studied the two-loop divergences in this theory. Due to the one-loop
finiteness, the two-loop supergraphs do not contain the divergent subgraphs, which essentially
simplifies the analysis of the two-loop counterterms. It has been shown that at both one-loop
and two-loop levels the off-shell counterterms are built only from the classical equations of
motion and, hence, vanish on shell.

Using the harmonic superspace background field method we have developed an approach
to construct the low-energy effective action in N' = (1, 1) supergauge theory. Such an effective
action is defined for the slowly varying background fields corresponding to spontaneous sym-
metry breaking of the gauge group SU(N) — SU(N —1) x U(1). The calculations were carried
out in the framework of the superfield proper-time technique.

The methods developed were applied to studying the divergence structure of the one-loop
effective action in a higher-derivative A” = (1,0) super Yang-Mills theory. In the framework of
the off-shell supersymmetric and gauge invariant approach the one-loop renormalization of the
coupling constant was derived and the corresponding S-function was found.

The results of the series of our works [43-56] clearly demonstrate the power of the harmonic
superspace approach for formulation of six-dimensional supersymmetric gauge theories and
for the study of the structure of quantum effective actions of these theories. These findings
suggest a few opportunities to explore a number of open questions related to the structure of
effective action in 6D, N' = (1, 1) supergauge theories. Firstly, it is important to determine the
structure of three-loop divergences, which, unlike one- and two-loop ones, should not disappear
on the mass shell. Secondly, it would be extremely interesting to study the possibility of an
additional hidden N = (0,1) supersymmetry in the gauge multiplet-hypermultiplet higher-
derivative system.
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