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Abstract

The experimental data collected by the KEDR and BESIII collaborations at the energies below charm
quark thresholds are compared with the massless QCD expressions for the eTe™ annihilation R ratio
truncated at different orders of perturbation theory. The fits demonstrate the dependence of the
extracted as(Myz) values on the orders of truncation of the corresponding approximations. The next-
to-leading order, next-to-next-to-leading order and next-to-next-to-next-to-leading order fits of the
combined KEDR data and BESIII data, truncated at the scale of mass of J/W¥ meson, give the following
results: ag(My) = ().1151J_r8:8823, as(Mg) = 0.11901‘8:882‘11 and as(My) = 0.1283f8:88$§. The increasing
tendency of fitted as(Myz) value is associated with the effects of kinematical 72 contributions, not
totally controlled within asymptotic perturbation theory expansions, to R-ratio coefficients due to
analytical continuation from the space-like to time-like energy regions. The applications of the fixed
orders of perturbation theory expansions and careful treatment of the analytical continuation effects
are commented.
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1. Introduction

The ete™ annihilation into hadrons remains among the most informative processes of high
energy physics. Its studies were started in the 1960s [1] and are continued at present at the
experimental facilities of the Novosibirsk, Beijing and Tsukuba research centers, even after ex-
tensive investigations at CERN, SLAC, and DESY, and by other later e*e™ colliding machines.
The basic theoretical characteristic related to the total cross-section of this process is

Oiot(eTe™ — v — hadrons)(s)
oolete — ptu)

R(s) = : (1)
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where s = (E,+ + E,-)? is the Minkowski squared momentum transfer of the virtual photon ~*,
which is equal to the square of the sum of energies of the incoming real electrons and positrons.
In this definition, og(ete™ — pu*p~) = 47a?/(3s) is the normalization factor defined by the
leading order quantum electrodynamics (QED) massless contribution to the total cross-section
of the efe™ — 7* — p™u~ sub-process, and o = e?/(4r) is the tree (namely, without any
radiative corrections) expression of the QED coupling constant, which is fixed by the value of
the QED fine structure constant. The normalization factor is chosen in this way to take into
account only theoretical information on only the interactions between the hadrons, created in
the final states, and between their constituent (anti)quarks. While considering R(s) ratio it is
accepted by the experimentalists to subtract the QED vacuum polarization corrections to the
propagator of real photon v from the total cross-section of the process ete™ — v — hadrons
and divide it by the radiative QED contributions due to photon radiations from the initial e*e™
state pairs.

Up to the high energy scale of the manifestation in ete™ annihilation of the sub-process
of creating a virtual or real Z boson, the most important contributions to the R ratio come
from the strong interactions of hadrons between their constituent quarks and anti-quarks via
the gluon exchanges. Different aspects related to the determination and theoretical anal-
ysis of these important effects were discussed in a number of recent reviews on the sub-
ject |2, 3.

In general, the study of R ratio is one of the most fundamental measurements in physics
of strong interactions. The measurements performed at different colliders in a wide region of
energies starting from the scales of manifestation of light p(770), w(782) and ¢(1020) mesons
and above the thresholds of production of heavier J/¥ and T mesons confirmed that the
constituents of observed hadrons, namely, up (u), down (d), strange (s), charmed (¢) and
beautiful (b) quarks, indeed have fractional electric charges and that the special quantum
number of quarks, i.e., color, is equal to three.

In the modern theory of strong interactions, quantum chromodynamics or QCD, it is pre-
sumed that, in addition to quarks and anti-quarks, there are also eight massless gluons. Within
the method of perturbation theory, their couplings with quarks and anti-quarks allow one to
express the prediction for the R ratio as a power series in the energy-dependent QCD coupling
constant a, with definite coeflicients. This constant “measures”’ the force of interactions of
the quarks and anti-quarks, bounded inside hadrons, with “gluing” them gluons, and obeys
the property of asymptotic freedom, responsible for the inverse logarithmic decrease of this
constant with the increase in energy!.

In order to test the validity of QCD, it is necessary to extract from different processes the
value of this coupling constant and compare the results of these extractions between themselves
at the definite fixed reference scale. Due to the agreement between theoreticians and exper-
imentalists, this reference scale is fixed to be equal to the mass of the heavy electroweak Z
boson My, which was directly observed at the energies of the previously working ete™ LEP
and SLC colliders, already closed Tevatron machine and of the Large Hadron Collider, which
continues to collect data. While fixing this scale as a reference oy scale, the aim of minimization
of theoretical and experimental uncertainties was kept in mind.

In addition to the biennial Particle Data Group Editions (see, e.g., most recent one [4]),
there are a number of detailed reviews devoted to the analysis of extractions of o, from pre-

!Note that the effects of the photon radiations from the final quark—anti-quark pairs will be neglected in our
considerations.
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vious, existing and planned high energy physics experiments [5-8|. However, in these detailed
considerations there are no discussions of the status of the extractions of «, from the R-ratio
experimental data. In what follows, we will fill in this gap and will concentrate on certain
comments on this topic.

The first theoretically based detailed QCD study was performed in [9], where it was demon-
strated that taking into account the positive leading order (LO) «ay correcting effects, deter-
mined independently in [10, 11], is really important for demonstration of the realization of the
QCD asymptotic freedom property in the analysis of the concrete experimental data obtained
at SLAC-based SPEAR e*e™ collider in the energy region between 2 to 5 GeV and from 5 to
7.8 GeV.

This LO QCD correction was also used in the QCD sum rules analysis of the data of
Novosibirsk VEPP-2, Orsay ADONE and Frascati DCI machines in the energy region below
2 GeV, carried out in [12]. It turned out to be important for finding the correlation between
the values of oz and the non-perturbative parameters, describing the effects of condensation of
colored gluon and quark fields in the QCD vacuum at rather low energies.

A substantiated study of the problems considered above became possible after the ap-
pearance of expressions specified to the theoretical MS-scheme for the next-to-leading order
(NLO) «a?-contributions to the R ratio, calculated analytically independently in [13] and al-
most simultaneously numerically in [14], and confirmed somewhat later by another analytical
calculation [15]. More convincing arguments in favor of the validity of QCD as a theory of
strong interactions were made in the subsequent work [16], where these positive NLO o? ef-
fects were taken into account in the process of analyzing SLAC SPEAR and DESY PETRA
experimental data. Moreover, after measuring the R ratio in the energy region between 14
and 46.8 GeV at the PETRA collider, the members of the CELLO collaboration [17] obtained
the MS-scheme related value for oy, namely, a,(34 GeV) = 0.169 & 0.025. In this way, the
necessity of using information on not huge but positive NLO a? QCD contributions to the R
ratio [13-15] for describing concrete experimental data within the framework of perturbative
QCD was clarified.

The results obtained by the CELLO collaboration [17] were further confirmed in the work [18§]
(with its detailed discussion in [19]) and in the study [20], aimed at more careful a,-extraction
after supplementing the data of the PETRA machine with the existing data from the ADONE,
SPEAR, DORIS, CESR, PEP and TRISTAN ete™ colliders. Another aim of these works was to
include in the studies the theoretical information on the next-to-next-to-leading order (NNLO)
a? QCD effects, obtained from the work [21] with the unfortunate dramatic results. Among
them was the finding that the result of [21] for the a2 coefficient used in these studies turned
out to be erroneous.

The corrected negative NNLO «? analytical contribution to the R ratio was obtained
in [22] after more than a two-year long project. It agreed with the related one, given in [23].
Later on, it was also confirmed by an independent calculation [24]. The re-evaluation project
was indeed rather important in view of approaching era of high-energy SLAC SLC and CERN
LEP colliders. Almost immediately after publication, the results of [22, 23| were implemented
in [25] to analyze ete” — hadrons data from PETRA, PEP, TRISTAN and other colliders
(including LEP). As a result, a high value as(Mz) = 0.148 + 0.019 (exp.) & 0.005 (theor.) was
obtained, which was surprising even to the authors of this work?.

2To avoid the discussions of the effects of electro-weak corrections, we will not consider the further determi-
nations of as(Myz) from LEP data.
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In the work of the CLEO collaboration from CESR the R measurement at /s = 10.52 GeV
energy scale was performed [26]. This implies the following NNLO value of the QCD coupling
constant: ags(Mz) = 0.13 +0.005 (stat.) £ 0.03 (syst.) [26]. The more detailed analysis of this
data performed later taking into account charm quark mass effects gave a more detailed result:
as(Myz) = 0.1247501% [27].

The further measurements, performed with the help of the CLEOIII detector, allowed one
to get 7 more points for R in the energies between 6.964 and 10.538 GeV and the QCD coupling
constant NNLO value o, (M) = 0.126 4 0.00570 017 [28]. However, the authors of [29] claimed
that the inclusion of charm quark mass effects and of the proper matching between the effective
theories with four and five flavours changes this result to a,(Mz) = 0.110195:975010 later
on [29]. Another interesting, though unpublished, combined NNLO QCD analysis of the ete”
data without the CLEOIII data of [28] resulted in a relatively larger value of as(My), namely,
as(Mz) =0.128 +0.032 [30].

In the process of determination of the world average combined value a,(Myz) = 0.1180 +
0.0009, the Particle Data Group [4] used another ete™ R-ratio related NNLO fixed order
perturbation theory result a,(Mz) = 0.1158 4+ 0.0022, obtained in [31] from the QCD finite
energy sum rules analysis of the R-ratio low-energy data to 2 GeV. It was also commented there
that the data above 2 GeV did not provide much additional constraint on this analysis.

Not long ago, new more detailed experimental information on R-ratio values in this low
energy region, 1.8 GeV < /s < 3.7 GeV, was provided by the KEDR collaboration from
the Novosibirsk VEPP-4M collider [32-34] and by the BESIII collaboration from the Beijing
BEPC-II collider [35] in the region of 2.23 to 3.67 GeV. These data were used recently in [36] in
the process of taking into account rather sizable negative next-to-next-to-next-to-leading order
(N3LO) ! contributions to the R ratio, analytically obtained in [37] and confirmed in [38].

In the study [36], the problems of taking into account not yet calculated next-to-next-to-
next-to-next-to-leading order (N*LO) a? effects were also considered. First estimates of these
terms were obtained in [37] with a theoretical procedure, developed in [39]. In [36] the results of
further more detailed Padé related estimates of [40] were applied, which within specified theory
uncertainties turned out to be in agreement with the number of [37] and were also recently
confirmed in [41] by another approach.

In [36] the o value was not extracted but fixed from the world average value as(My) =
0.118040.0009, given by the Particle Data Group [4]. In our work, we will follow the way back
and consider the problem of extraction of o, from the analysis of available now R-ratio data of
the KEDR collaboration [32-34] and BESIII collaboration [35] in the energy region below the
thresholds of production of charm quark and anti-quark pairs and truncating R-ratio QCD
expression at each subsequent order of perturbation theory expansion.

While performing this study, we will try to achieve the following aims:

e to get new ete -related ag (M) values for the fundamental constant of strong interactions
from the independent analysis of these recent experimental data for the R ratio;

e to take into account maximum information on the theoretical perturbative QCD approx-
imations both for experimentally measured R ratio and for the energy evolution of strong
interactions coupling constant ay, obeying the QCD asymptotic freedom property;

e to clarify whether the analysis of existing new lower energy experimental e™e™ annihilation
data is sensitive to the difference between the sign structures and the values
of the QCD perturbation theory coefficients, originally defined in the Euclidean
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region, and the ones further transformed into the physical Minkowski region, where the
experimental data for the R ratio are obtained.

We will also try to get personal impression on the conclusion made in [36] that the QCD
fits give a definite preference to the KEDR data in relation to the BESIII ones for the ete™ to
hadrons total cross-sections and whether it is possible to minimize the observed [36] definite
tension between perturbative QCD predictions for R ratio and the BESIII data by applying
definite kinematical cuts to these data.

These cuts disfavor the inclusion of the extracted BESIII 8 data points for R above 3.4 GeV
in final physical fits. We will see that taking them into account results in the significant decrease
in the goodness-of-fit probability of the outcomes of the fits significantly below the commonly
accepted 5% level.

Consequences of underestimating theoretical uncertainties of the N3LO QCD extraction of
a; from the KEDR data [42], where these uncertainties were fixed by choosing the way of fixing
them, proposed in [43|, but constructively criticized in [44-47], will also be commented.

2. Theory related setup

In theory the expression for the R ratio defined in the Minkowski time-like region is deter-
mined by the imaginary part of the photon vacuum polarization function transformed to the
complex region:

R(s) = 12xImll(—s + ie), (2)

which enters into the expression of the two-point Green function of the related quark currents,
defined in the Euclidean region:

M, (q) = i / 4 < OITLI™ (@) T (O)0 > d'2 = (— g + ) THQP), (3)

where the Euclidean momentum transfer is Q* = —¢* and J™(z) = 3 Qqby(2)7uty(w) is the
vector current of quarks with (), fractional charges in units of electron charge. Taking the
derivative of the photon vacuum polarization function I1(Q?), it is possible to get the following
relations between the characteristics of the ete™ annihilation to hadrons in the Euclidean and
Minkowski regions:

o —s+ie
_ _ 1 D(Q?)
D(Q2)_—127r2c92 dQ2 = /S+Q2 R(s)—% / dQ? o (4)

0 —s—ie

In the case of three flavours of light active quarks and within the perturbative QCD, the
quantities introduced above can be expressed as

1+ rias(s) + Zrk(f)as(s)k] : (5)

Ruds(s) =3 Z Qz

q=u,d,s k>2
D) =3 ) @ 1+d1as<c22>+de<f>as<c22>’f], (6)
q=u,d,s k=2
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where f is a number of quarks flavours, as(s) = a,(s)/m and a,(Q?) = a,(Q?)/m are the
expansion parameters with the related running quark—gluon coupling constants, defined in the
Minkowski and Euclidean regions, respectively. Since in the light-quark sector (> g=ud.s Q,)? =

2 1 1)?
( ————— = 0, the extra contributions of order O(a?) proportional to this structure are

not considered. In the Euclidean region, the energy dependence of the QCD coupling constant
is defined by the solution of the following renormalization-group equation:

Oas(Q%)

2
Q 902

= Blas) = =Y _ Baal™. (7)

n=0

In the MS-scheme, usually considered as the reference scheme, in the energy region below the
production of charm—anti-charm pairs, the related expressions for the QCD coupling constant,
expressed through the order-by-order expansion in the inverse logarithmic terms, up to the
N“4LO we will be interested in, can be written down as

1 /61 In LQ2

O = ole AL, (8)
aa™ Q%) = a)"?(Q°) + Axnros (9)
CLEBLO(QQ) — CLIS\INLO(QZ)-FANSLo, (10)
aY'0(Q) = al0(Q%) + Ayiro. (11)

The related high-order terms in these expressions are defined as

BH(Lge — Loz — 1) + Bofe

ANNLO = 573 ) (12)
0+-Q2

A _ ﬁf’(—QL%Q +5L%, +4Lg2 — 1) — 6808281 L2 + Bofs (13)

N3LO — 2507[/(122 )
N4LO — -

633L)

BB B(12Lg: + 1) — 108353 — 2545, "
R, ’

here Ly = In <Q2 / Al(v[Ls: 3)2>, A(MLS: % is the corresponding scale parameter of the world with

f = 3 number of active quarks flavours, subsequently extracted at each order of perturbation
theory. The numerical expressions for the considered coefficients of the QCD [-function read

By = 2.75 — 0.16667f, B = 6.375 — 0.79167f,

By = 22.320 — 4.3689f + 0.094039 f2,

B3 = 114.23 — 27.134f + 1.5824 f* + 0.0058567 f°,

By = 524.558 — 181.80f + 17.156 f> — 0.22586 f3 — 0.0017993 f*.

(15)

In the analytical form, the first renormalization-scheme independent LO coefficient 5, was
obtained at the same time in the works [48, 49]. Its discovered positive value served as a

6
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cornerstone for understanding the fact that QCD obeys the property of asymptotic freedom.
Within gauge-invariant schemes, the second NLO coefficient (§; is also scheme-independent
and was also simultaneously calculated in two works [50, 51|. It was confirmed later on in [52]
during analytical calculations of the generally scheme-dependent (5 coefficient completed in [53].
The result of [53] was confirmed later on in [54]. It is important for getting self-consistent
information on the energy dependence of the NNLO approximation of a,. The next N3LO
term was analytically evaluated in [55] and confirmed seven years later in [56]. The fifth 54-
coefficient was calculated in [57] and confirmed in [58, 59]. In our ete™ to hadrons related
consideration, it will become important in the process of taking into account the estimated
N®LO a2-contribution to the R ratio.

We will consider the QCD coupling constant evolution in the time-like domain after the
redefinition of a,(Q?) to the Minkowski time-like region and redefining perturbation theory
expansion in powers of ay(s) to the expansion in powers of 1/Ls = 1/In (s / Al(\/[LS: 3)2> function.
This redefinition will be made by changing 1/Lg to 1/Lg in Egs. (8)—(11). In general, this shift
leads to the appearance of additional m2-terms in the time-like domain. They arise from the
theoretical expression of the time-like version of the QCD coupling constant as the result of
using the following analytical continuation procedure: 1/Lg — 1/(Ls % im)*". These effects
were considered previously in [60-62] and were analyzed within the context of QED in the most
recent work [63].

In our further studies we will define the QCD expansion parameter in the Minkowski re-
gion as it was defined by Eqgs. (8)—(14) in the Euclidean region and trace extra contributions
proportional to powers of 72 analytical continuation in the coefficients for the R ratio

ru(f) = de(f) — Ak(f). (16)
These analytical continuation effects have the following form:
232
A=25=0, Aglf) = ay,
5
Ay(f) =7 {ﬁgdz(f) + éﬁoﬁldl : (17)

4
As(f) == {253(13(10) + gﬁOBIdZ(f) + %5%1 + BoBadi | — %536&-

As was shown in an elegant way in [64], in general these analytical continuation effects arise
after taking the following integral even powers of the the renormalization-group controllable
logarithmic terms:

[ I ()
do——5 =2(1 = 27" (o (2n) n > 1 18
[ =20 =22t > 1 (18)
0
where (a, = >_(1/k)?" is the Riemann zeta function with its even values fixed as ¢, = 7%/6,
k=1

¢ = 71/90, ete.

Their influence on the change of the asymptotic structure of the perturbative expansion se-
ries for the Euclidean Adler D function of Eq. (4) after analytical continuation to the Minkowski
region was considered in [39] and later in [65-67]. From a mathematical point of view, the effects
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of these terms were studied in [68]. They can be summed up using either the contour-improved
perturbation theory (CIPT) [69, 70| or its theoretically equivalent analytical perturbation the-
ory (APT) developed in 71, 72].

In what follows, we will use the language of the fixed order perturbation theory, which
presumes the existence of the unique expansion parameter a; in the following MS-scheme
perturbation theory series in the Euclidean and Minkowski regions:

D(Q) =3 > Q1+ a,+1.6398a7 + 6.3710a3 + 49.076a}+ ~ 27543 + O(al)],  (19)

q:u7d7s

R(s) =3 Z Q2[1+ a, + 1.6398a? — 10.2839a; — 106.8798a,— ~ 505a + O(al)].  (20)
q=u,d,s

Notice the change of signs in the corresponding coefficients starting from the O(a?) level up
to at least O(a2) terms after taking into account the effects of analytical continuation. The
corresponding truncated massless expressions will be used in the process of fits of the concrete
experimental data with the aim of defining first the values of the parameter A(MLS: % and then
the related a(m,) values.

To get the related ag(My) values, we first determine the values of Al(\/ILS: 2 by transforming

the results for AI(VILS: 3), obtained from the fits, to the world with f = 5 numbers of active flavours.

This will be carried out by passing the thresholds of production in the eTe™ annihilation into
hadrons process of thresholds of the production of pairs of ¢ and b quarks, fixed by the masses
of the related mesons Mpo = 1.86 GeV and Mp = 5.28 GeV. This will be done successively in
every order of perturbation theory, based on the results of the analysis carried out in [73], in
accordance with the formulas given below:

ﬁéf‘i' )]n % — /Béf)Lh |:( O(f) — ]_) —+ 6NLO + 5N2LO + 5N3LO + 5N4LO:| , (21)
NS Bo

where L; = ln(MQ/A ) depends on the matching scales M), = Mp, and M; = Mp when
f=3or f =4 and the hlgh—order perturbative QCD contributions are fixed as

(+) g (J+1) U+

1

onLo = ( ?) ) K%fﬂ) N Btﬁ)ln L= %Hl) ™ ) } (22)
Bo" L Bo Bo Bo Bo

1 5 ﬁ (f+1) ﬁ(f) ﬁ(f'i'l) ﬁ(f) ﬁ (f+1) ﬁ
ONNLO = ( 5D Lh) { 5; < S ﬂzgﬁ)lnLh* ( ﬁ:()fﬂ)) ( (f)) 50 T Bz _02]’

(23)
1 3 1/ 8N 2 5£f+1) Bg) ,
o (g [ (-
ﬁ}f) B§f+l) B%Hl) ﬁif) 5§f+1) 62
+ 5(f) B (7+1) \ gl +D - Béf) 5éf+1 5“ + Cy|In L+
+1) B @ 3 ﬁ f+1) LB 53 .
i) ()
Blf-i-l) ﬁ(f) Béf—H) - B2f) Lo o (24)
ﬁoerl B(f) Béerl) ﬁ(()f) 2 3] -
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The expressions for dnpLo, dnnLo and dnspo follow from the related calculations of |74-77).
At N1LO, the corresponding correction was also explicitly evaluated in [78]: dnipo =

5 ({80, 8 0Y 0o, 05,4) /(B0 1) wich {80,800} = (80, 6670, 50, 500,

and 1 < ¢ < 4 and Cy, C3, Cy are the concrete coefficients evaluated in |75, 76] and [78], respec-
tively. The application of this expression in concrete considerations did not give serious N*LO
changes in the AY=9 Values. In view of this and to save the space, we will not present the
result of [78] in our work explicitly.

It should be noted that due to minor differences between the realizations of the perturbation
theory expansions in terms of powers of our 1/Lg or 1/L, expansions and more often consid-
ered o, expansions and of the realizations of the related matching conditions, there are some
differences between the final results of application of the related matching procedures based on
the formulas mentioned above and those obtained within the framework of the RunDec package
of [79, 80]. However, these differences do not exceed 2 x 107 in a,(Mz) values and we will
neglect them in our further considerations.

3. Experimentally related setup

Let us consider first the KEDR collaboration data for the R ratio in the region from 1.84 to
3.72 GeV, given in [32-34]. In our work we use the R, values published in [34], which contains
measurement results for 22 energy points, including the corresponding statistical and systematic
uncertainties, as well as correlation matrix for systematic uncertainties. This information allows
one to determine the covariance matrix for the KEDR data as

KEDR __ 2
Cij - 6ijastat,i + Osyst,iPijOsyst,j (25)

where 9;; is the Kronecker delta. Here oy, and oy ; are statistical and systematic errors,
and p;; is the corresponding correlation matrix, explicitly given in [34].
Let us now define the corresponding x2 minimization function as

= 05 (s~ 1) ) € ()~ RV ) (20

where R®P(s;) and R™(s;) are the measured and theoretically defined values of the R ratio,
fixed at the concrete energy points, and C;; ! are the coefficients of the inverse covariance matrix.

In the publication of the BESIII collaboration [35], their data on 14 experimental points for
the R ratio in the related energy region were given, but the information on the corresponding
correlation matrix was not explicitly specified. In our analysis, we construct this correlation
matrix C’EESHI using the experimental data, given in Table 1 of this work.

Taking into account the comments on systematic uncertainties of BESIII data points for
R, given in the related Table 1 caption, namely, the information that “uncertainties from the
last four sources” (from luminosity, trigger efficiency, signal model and initial state radiation)
“are correlated between the energy points”, we estimate the corresponding correlated systematic
uncertainty ogyst.corr. for every presented BESIII R ratio point, summing these four errors in
quadrature. The remaining three uncertainties for event selection, QED background and beam
background are used to fix the uncorrelated systematic error ogyst uncorr.. The results of our
estimates are given in Table 1.
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Table 1. BESIII data points used in the fit with total statistical and systematic uncertainties. The
second and third columns contain our estimated uncorrelated and correlated systematic uncertainties.

\/g , GeV R(S) Osyst.uncorr.  Osyst.corr.

2.2324 2.286 £ 0.008 £ 0.037 0.0125 0.0349
2.4000 2.260 £ 0.008 £ 0.042 0.0143 0.0397
2.8000 2.233 £0.008 £ 0.055 0.0163 0.0531
3.0500 2.252 £ 0.004 £ 0.052 0.0181 0.0492
3.0600 2.255 £0.004 £ 0.054 0.0189 0.0506
3.0800 2.277 £ 0.003 £ 0.046 0.0179 0.0424
3.4000 2.330 £ 0.014 £ 0.058 0.0174 0.0554
3.5000 2.327 £ 0.010 £ 0.062 0.0217 0.0579
3.5424 2.319 £ 0.006 £ 0.060 0.0165 0.0575
3.5538 2.342 £ 0.008 £ 0.064 0.0194 0.0613
3.5611 2.338 £0.010 £ 0.066 0.0206 0.0623
3.6002 2.339 £ 0.006 £ 0.065 0.0194 0.0618
3.6500 2.352 £ 0.009 £ 0.067 0.0221 0.0628
3.6710 2.405 £ 0.010 £ 0.067 0.0234 0.0623

Taking these considerations into account, we now construct the corresponding covariance
matrix of BESIII data:

BESIIT
C - 51] ( Ostat K + szst Uncorr. z) + Osyst.corr.,iOsyst.corr.,j - (27)

In general, both BESIIT and KEDR or any other experimental data may deviate from the
expected theoretical expressions. In R measurements, this may be due to the systematic errors
say in the luminosity measurements or efficiency determinations. We will take these possible
deviations into account in the following way:

e for all experimental points, the minimum correlated systematic uncertainty o is deter-
mined;

e this value is quadratically subtracted from the systematic uncertainties for each point
under consideration;

e a new covariance matrix Cj; is determined;
e the y? minimization function is redefined as

x%:<”‘1 ZZ (VR (s,) — R%(s)) (CV)y (WR™P(s;) — RM(s,)) . (28)

where v is a free normahzatlon parameter, which reflects, to a certain extent, how much, on
average, the experimental data differ from the theoretical dependence over the entire energy
range under consideration. A minimization function based on only the x2 function can lead
to biased results, since the theoretical curve cannot move over the entire range of measured
experimental values of R. Using x? allows us to separate the overall bias in the R data from
the shape of the theoretical curve, which is actually compared in the fit with its theoretical
energy dependence.

This x? redefinition procedure was applied previously [18, 19] in the process of NLO fits of
R-ratio data above the thresholds of production of ¢ and b quarks. In our work, we use both
the x2 and x? minimization functions in the process of fitting e"e™ hadrons data below the

10
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thresholds of production of charm quarks. We consider the approaches based on using mini-
mization functions that take into account possible overall bias as rather useful for estimating
extra theory related experimental uncertainties. Note that the introduced parameter v of the
function x? is directly related to the systematic uncertainties in more careful determination of
the possible uncertainties related to those ones due to variations of efficiency and luminosity.

4. Results of fits of KEDR data

Let us first apply the considerations of the previous section for analyzing KEDR R(s)
experimental data given in [32-34]. In the process of concrete fits, made with the help of
the standard Root MINUIT library, the perturbative QCD expression truncated at the NLO,
NNLO, N3LO and N*LO for the R ratio (see Eq. (20)) and the analogously truncated inverse
logarithmic expressions for the QCD coupling constant a were used. We do not present errors
for results obtained in a? order since the numerical value for a given contribution to R is only
an estimate.

The freedom in choosing the model of Eq. (28) for defining the minimization function x? with
the additional free parameter v of the fits reflects the possibility of taking into account additional
systematic uncertainties in comparison with the massless perturbative QCD approximation of
R(s) with the related 22 KEDR data points fixed from the results of [34] with their minimal
experimental systematic uncertainty oo = 0.0171.

Considering carefully the results given in Table 2, we arrive at the following conclusions:

e the values of the characteristic functions x3 and x? decrease after taking into account
explicitly evaluated higher order QCD corrections to the R ratio up to the level of the

O(al) contributions and increase after using the O(a?) estimates;

e the extracted NLO values of A(MLS: 3), A(Mi; % and the related ones for as(m;) and ag(My)

increase after taking into account the NNLO and N3LO QCD contributions to the R ratio
in the fits;

e the difference between the NLO y3 related results of Table 2 and the ones of [34] AI(WLS: =

3617152 MeV and a,(m,) = 0.332170 099 is in part due to the fact that instead of the NLO
inverse log « approximation of Eq. (8) the NNLO of Eq. (12) was used;

e the introduction of the extra fitting parameter v into the definition of the minimized
characteristic function 3 leads to a definite decrease in the extracted QCD coupling
constant values as(m,) and ag(Mz);

e the estimates of systematic uncertainties of the fits fixed by the difference of the results
obtained in the cases of consideration of two minimization function models x2 and x? are
smaller than the errors defined by summing in quadrature the statistical and systematic
uncertainties of R ratio data obtained by KEDR;

e the x? model motivated NLO (M) value is in good agreement with the Particle Data
Group world average value of o (Myz);

e the NLO and NNLO x? results a,(Mz) = 0.1150135%7% and a,(Mz) = 0.1187155%92 are
in good agreement with other extractions of as(Myz) from R ratio data in higher energy
regions (see [27, 30]);

e the N®LO perturbative QCD contributions to the R ratio move the o, (Mz) = 0.130315 00%a
value towards higher values, not supported by determination from other processes;

e the inclusion of the estimated N*LO contributions in the fits result in a certain decrease
of the N3LO outcomes.

11
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Table 2. Results of fitting KEDR data using two different x? minimization functions for the O(a?),
O(a?) NNLO, O(at) N3LO QCD approximations of R(s) and taking into account the estimated O(a?)

N4LO correction. P(x?) represents the p-value (goodness-of-fit probability) for a fit.

R(s) approximation O(a?) O(a?) O(ad) O(a?) estimate
x2 (KEDR)/ndf 5.941/21 5.454/21 3.677/21 4.448/21
P(x?), % 99.947 99.973 99.999 99.995
AiALS:?’), MeV 4479 4901737 672155, 605197
ag(my) 0.3588F0-9663  (.403470:9990  0.5793+0-0823 0.485

as(Mz) (NLO)  0.118975:9049
f=5 70
AI(\TS ) MeV 238179

as(Mz) (NNLO) 0.122619-50%

F=5
AYZD Mev 26794

as(Mz) (N?LO) 0.130515-0023
(f=5) 44
A s MeV 392755

as(Mz) (N*LO) 0.1277
(f=5)
A s MeV 345

x? (KEDR)/ndf 5.433/20 5.158/20 3.605/20 3.851/20
P(x2), % 99.947 99.965 99.998 99.997

AYZD Mev 3727150 413194 668793, 597

v 0.990 £0.014 0.991+£0.015 0.997 £0.011 0.992

ag(my) 0.3178100872  (.3571101313  (0.574870-0850 0.478

as(Mz) (NLO)  0.115015:097
=5
AYZY) Mev 190758

as(Mz) (NNLO) 0.1187106993
f=5
AY=D Moy 2167132

as(Mz) (N3LO) 0.1303100522

f=5
AY=D Moy 390715,
as(Mz) (N*LO) 0.1273
(f=5)
A s MeV 339

In general, our considerations of the KEDR data are in agreement with the results of the
fits of [36] and feel theoretical uncertainties better than the ones given in [42].
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5. Results of fits of BESIII data

It is known that there is a definite tension between the N3LO QCD approximation for R(s)
obtained in [37] and the experimental results of the BESIII collaboration [35]. This problem
was already raised in the original experimental work, where it was emphasized that in the
energy range between 3.4 and 3.6 GeV eight BESIII data points for R lie above the
corresponding experimental KEDR results though at still not disturbing 1.9 ¢ standard
deviations level and are higher at the 2.9 o standard deviations level than the theoretical N3LO
QCD predictions for R(s), provided « is fixed as the world average value o (Mz) ~ 0.118.
Moreover, it was recently emphasized in [36] that the tension between the BESIII results and
perturbative QCD expressions remains at more than 30 level after taking into account the
remaining 6 BESIII data points below 3.4 to 2.23 GeV.

In this work, we have made a further step in considering the original BESIII data. In
Table 1 we summarized the re-presentation of all 14 BESIII data points taking explicitly into
account systematic uncertainties, only commented in the original work [35]. The outcomes of
the determination of A% and a4 values are presented in Tables 4 and 5. In the latter case,
the normalization systematic uncertainty factor oy = 0.0349 in the denominator of Eq. (28) is
fixed by the minimal entry to the last column of Table 1.

From the results given in Table 3 it is clear that both ways of fitting the whole set of
available BESIII data produce unsatisfactory results. Indeed, in the first case, in addition to
an uncomfortably large value of the minimization function x2 ~ 50/13 (?!) (compare with the
values presented in Table 2, which vary between x3 ~ 6/21 and x2 &~ 4/21, achieved in our
analysis of the KEDR data), the unclear variation of the values of A% from 150 to 600 MeV with
returning to over 230 MeV again was detected. Moreover, the attempt to take into account the
possible extra systematic uncertainties in the fits of the BESIII data in addition to the problem
of the appearance of high value of over x? ~ 51/12 (?!) leads us to the manifestation of the
problem of a non-physical small value of the parameter A% ~ 20 MeV (7).

To understand whether it is possible to get from BESIII any physical information on the
problems of “measuring” the value of the strong interaction coupling constant a,, we excluded
from the analysis 8 data points above the mass of J/¥ meson in the energy region between
3.4 and 3.8 GeV. As was already noticed by the members of the BESIII collaboration, these 8
points are responsible for the certain tensions between the data sets of the BESIII and KEDR

Table 3. Results of fitting all 14 BESIII data points.

R(s) approximation O(a?) O(a?) O(ad) O(a?) estimate

X2 (BESIII)/ndf  53.723/13  53.603/13  53.484/13 53.386/13
P(x?), % 6.76 x 1075 7.10x 107° 744 x107°  7.74x 107°

AT Mev 184165 60717, 573192 229
x3 (BESIII)/ndf  51.183/12  51.176/12  51.166/12 53.386/12
P(x?), % 8.65 x 1075 8.67x107° 871 x107°  7.96x 107°

f=3
AT Mev 197102 18+104 207118 20
v 0.96 4+ 0.02 0.96+0.02 0.96 + 0.02 0.96
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Table 4. Results of fitting the truncated BESIII data with points below the mass of J/¥ meson.

R(s) approximation O(a?) O(a?) O(ad) O(a?) estimate
X2 (BESII)/ndf (6 points)  8.128/5 7.377/5 12.596/5 17.778/5
P(X?), % 14.932 19.941 2.747 0.324
AT Mev 527+59 60784 57375 477
ag(my) 0.4087T00125  0.48815:078L  0.47810-065¢ 0.3938
as(Mz) (NLO) 0.1227 50657
AT Mev 292+41
as(Myz) (NNLO) 0.128070 003
A= Mev 34875;
as(Mz) (N°LO) 0.126370:00%0
A=) Mev 322755
as(Mz) (N*LO) 0.1218
ASZD) Mev 257
X2 (BESII) /ndf (6 points) ~ 6.011/4 5.798/4 5.500/4 6.112/4
P(x?), % 19.832 21.148 23.972 19.094
AYZD Mev 375713 4247173 5667 553 463
v 0.966 +0.023  0.969 + 0.024 0.965 + 0.013 0.955
as(m;) 0.3194700785  0.36381 0 a0 0.4723T0 1530 0.3849
as(Mz) (NLO) 0.115115:095°
AT Mev 192+84
as(Mz) (NNLO) 0.1193F55932
AYZD) Mev 2241118
as(Myz) (N3LO) 0.12601 00930
AYZD) Mev 317779,
as(Mz) (N*LO) 0.1211
AT Mev 247

collaborations [35]. The results of the fits of these truncated BESIII data are presented in
Table 4 and demonstrate agreement with the results of the fits of KEDR data presented in
Table 2 within the existing specified concrete uncertainties of both data sets and the performed

fits.
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6. Combined fits of the KEDR and truncated BESIII data

To get now more statistically substantiated results, we perform the combined fits of 22 data
points from the KEDR data and 6 data points of the truncated BESIII data. The adjustment
of two sets of data is made by introducing two models for x? parameter for the KEDR and
BESIII data sets with two extra free parameters v and vy, responsible for fixing systematic
uncertainties of the KEDR and BESIII data sets. A similar procedure was previously applied
in the combined NLO fits of the available e™e™ data above the production thresholds of charm
and bottom quarks in [19]. The results are presented in Table 5.

Table 5. Outcomes of fitting the truncated BESIII and KEDR data.

R(s) approximation O(a?) O(a?) O(ad) O(a?) estimate
(x3(BESII) + x?(KEDR))/ndf ~ 11.445/25 10.958/25 9.423/25 10.419/25
P(x2), % 99.050 99.315 99.794 99.536
f=3
AT Mev 3747101 4207131 618798, 518
v (BES) 0.966 & 0.019  0.969 +0.020 0.964 + 0.013 0.955
v (KEDR) 0.990 +0.012  0.992 +0.013  0.996 + 0.013 0.990
as(m;) 0.3187100258  0.3607 0 05ae  0.5201700709 0.4203
as(Mz) (NLO) 0.1151700052
(f=5) 65
A s MeV 191482
as(Mz) (NNLO) 0.119015-008¢
(f=5) 88
Ay Mev 22015%
as(Mz) (N3LO) 0.12831 0502
f=5 4
Al(st ), MeV 3544:1?1
as(Mz) (N*LO) 0.1238
AY=Y Mev 284

MS

The results of the combined fits of 22 points of the KEDR data set and 6 points of the
BESIII data set are illustrated by the plots of Figure 1, where all shifted points of the KEDR
and BESIII collaborations given in [34] and [35], are represented as well. The shifts are fixed
after the proper adjustments by multiplying them by the related values of the factors v (KEDR)
and v (BESIII) from Table 5 obtained in the process of the NLO fits. The theoretical curves at
these plots are drawn after the substitution of the related fitted outcomes for the range of A%
values into the O(a?) and O(a?) approximations for R(s) from Eq. (20) with the truncated
inverse logarithmic approximations for a,(s), defined at the NLO, NNLO level by Eq. (8) and
Eq. (9), respectively.

Considering the curves of Figure 1, we arrive at the following conclusion:

e in the cases of the obtained NLO and NNLO ranges of values A% = 374119 MeV and
A% = 4207735 MeV, which correspond to the results for a,(Myz) given in Table 5, re-
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Figure 1. The result of the joint fit of the KEDR (marked with circles) and truncated BESIII
(marked with triangles) experimental data. The thin lines correspond to the range specified by A
parameter errors. The experimental data are presented taking into account the coefficients v obtained
from fitting in o2 order.

spected by the analysis of other experimental data (see the considerations in the reviews
of [6-8]) all experimental data points, apart from 6 truncated BESIII points in the en-
ergy region above 3.4 GeV, are in agreement with the results of the NLO and NNLO
perturbative QCD analysis.

Concerning the deviations of the 6 BESIII data points from the depicted curves, we would
like to make the following observations:

e these points lie in the energy region between the masses of the J/¥(3096) and ¥/ (3770)
mesons, which, due to considerations of the KEDR collaboration, are still well described
by the opened production of (anti)quark pairs with f = 3 numbers of light flavours only;

e these points belong to the energies of production of lepton 77~ pairs, which can decay
further on into light hadrons.

Despite the fact that these physical effects seem to be taken into account in the experimental
analysis of both the KEDR and BESIII collaborations discussed above, it may be of interest to
further consider the problem of comparison between the points of these data sets in future.

We now consider the energy dependence of different perturbative QCD approximation for
R(s) at different orders of expansions in the QCD coupling constant. In Figure 2, we present
the related plots for R(s) drawn for the truncated at the NLO, NNLO, NNLO and N*LO terms
theoretical expressions for R from Eq. (20) with the QCD coupling constant a,(s), defined at
the NNLO through the inverse log approximation of Eq. (9) with the value of the parameter
A% = 420 MeV, obtained in the process of our combined NNLO fits.

Two higher lines correspond to the NLO and NNLO O(a?) and O(a?) approximations for
the R ratio. Two lower ones correspond to the not fitted O(a?) and O(a?) related theoretical
approximants for R(s).

Notice that in the whole region of energies considered the N3LO perturbative QCD correc-
tions are larger than the NNLO ones. This happens due to the manifestation of the follow-
ing pattern in general not asymptotic in the Minkowski region fixed order perturbative
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Figure 2. R(s) curves obtained in different orders of perturbative QCD with A% fixed by the result
of joint fit of the KEDR (marked with circles) and truncated BESIII (marked with triangles) data.
The experimental data are presented taking into account the coefficients v obtained from fitting in o2
order.

QCD expression for R(s):

R(s) =2 [1+ a, + 1.6398a? + (6.3710 — 16.6550)a? + (49.0757 — 155.9555)as—+

+(~ 275 — 780)a) + O(al)] . (29)

Here the underlined coefficients are the values of the terms directly in the Euclidean region
MS-scheme, which result from the evaluation of the concrete sets of multiloop Feynman dia-
grams, and the additional terms with double lines are the contributions of the terms shown in
Eq. (17), which appear due to the analytical continuation from the Euclidean to the Minkowski
region. They are modifying the possibly asymptotic n! growth of the related MS-scheme
coefficients of fixed order perturbative QCD expansions in the Euclidean region.

These additional contributions are responsible for the change of the structure of the per-
turbative QCD expansion from sign constant asymptotic series in the Euclidean region to the
non-regular in sign power expansion, which in case of choosing as the value of A% = 420 MeV

and thus ag(m,)= 0.361 from the results presented in Table 5 lead to the following numerical
behaviour of the perturbative QCD approximation considered in Eq. (29):

R(8)]s=mz = 2[1 + 0.1149 + 0.0217 — 0.0156 — 0.0186 — 0.0101 + ... ]. (30)

The appearance of not small negative contributions in the expressions for R(s) is related
with the negative contributions to the coefficients of R(s) of sizable kinematical 72 effects and
is responsible for the appearance of the tendency of growth of the extracted values of the QCD
coupling constant a, we observed in the process of applications of the truncated, at different
levels, fixed order perturbation theory (FOPT) QCD approximations for R(s) in the energy
region with f = 3 numbers of active flavours.
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To be more definite, in the final part of this work we present the results based on the
combined fits of the KEDR and truncated BESIII experimental data:

NLO a,(Mz) = 0.115170:9052 (31)
NNLO ay(Mz) = 01190704631, (32)
N'LO «a,(Mz) = 0.1283%557s, (33)
N'LO a4(Mz) = ~0.1238, (34)
which are close to the following similar results of the fits of the KEDR data alone:
NLO ay,(My) = 0.1150+0:00% (35)
NNLO o (M) = 0.1187+09%% (36)
N3LO ay(My) = 0.130370.0025 (37)
N'LO a,(Myz) = ~0.1273. (38)

Note that we consider the agreement of our NNLO result with the ones obtained in the
process of comparing [42] the KEDR data with the N3LO approximations for R, fixed by ap-
plying the procedure proposed in [43] of dealing with high order perturbative QCD expansions,
as rather accidental one. Indeed, the application of this procedure to the series for R(s) de-
fined by Eq. (29) presumes further expansion of underlined contributions to the coefficients
of perturbative series of Eq. (29) to scale-independent and scale non-independent parts and
further absorption of the latter ones, together with double underlined analytical coefficient,
into the properly defined scales of a; in Eq. (29). However, it is known from the considerations
of |46, 47| that the analysis of [42, 43| contains the number of still non-fixed ambiguities, which
may be fixed in the process of possible further studies. Other interesting issues may be further
applications of the low-energy eTe™ annihilation to hadrons data for the analysis of the num-
ber of new theoretical problems, discussed in [81, 82| and quite recenty in [83] in the case of
semi-hadronic decay width of 7 lepton.

7. Conclusions

We have demonstrated that the direct fits of the KEDR and BESIII collaborations data for
the eTe™ hadrons R ratio below the thresholds of production of charm quarks by the order-by-
order truncated perturbation theory QCD expressions for the R ratio and the QCD £ function
allow one to get new useful information on the values of ay(Myz) provided BESIII data are
truncated from above by the energy scale of the mass of J/W meson. The new values of a(My)
that we extracted while applying the NLO and NNLO approximations are in agreement with
other determinations of a,, including the ones from higher energy e*e™ annihilation to hadrons
data. A certain tendency of growth of a,(Myz) values starting from NLO to N3LO orders of
applied perturbative expansions is detected. Further continuation of the related studies may be
useful in clarifying whether it is possible to get more solid information on the value of ag(My)
from further analysis of the e™e™ annihilation to hadrons R(s) data in the regions below and
above the thresholds of production of pairs of charmed quarks for clarifying the possibility of the
manifestations of the residual quark-hadron duality-violating effects [84] considered from various
points of view in a number of works on the subject [36, 81, 82| and of careful treatment of high
order perturbative contributions with the help of CIPT or APT related QCD considerations.

The results of taking into account the explicitly unknown, but estimated, o (NLO) QCD
contributions may be further used to simulate in part theoretical uncertainties of the N3LO
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studies, which within other terms may be more definitely specified by the considerations of the
theoretical studies of scale-scheme uncertainties, considered in the detailed reviews [5-7| and
studied in various massless analysis of QCD predictions for R(s) in [42| (with the limitations
discussed in [46, 47]) and in [85-87| previously. We hope that following these considerations at
the a’-level will not change the considered tendency of the non-regular behaviour of the MS-
scheme O(a?) QCD approximations in the region of energies below charm quark—anti-quark
production. This feeling may be either supported or restricted by more careful analysis of this
problem in future taking into account the dependence on masses of quarks as well.
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Appendix

The calculations performed in this work were carried out in the approximation of massless
quarks. The influence of the s-quark mass can be estimated from the expansions given in |88,

Table 6. Results of fitting the truncated BESIIT and KEDR data when considering a non-zero s-quark

mass.
R(s) approximation O(a?) O(a?)
(x3(BESIII) + x}(KEDR))/ndf ~ 11.590/25 11.274/25
(ms = 0.25 GeV)
P(x?) 98.957 99.151
AYZD Mev 361799, 387117
v (BES) 0.966 4+ 0.019  0.967 + 0.019
v (KEDR) 0.990 4+ 0.012  0.991 + 0.013
o (my) 0.312410-0533  0.342370-0709
as(My) (NLO) 0.1144105-0052
(f=5) 63
Ayis s MeV 183780
as(Myz) (NNLO) 0.1172+5:005%
(f=5) 77
Ayis s MeV 199117
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89], which in the QED limit should be compared with the explicit analytical results obtained
in [90].

The results obtained are shown in Table 6.

It can be concluded that the non-zero mass of the strange quark (we are using the definition
of the invariant strange quark mass mg given, e.g., in [88]) has a noticeable effect on the
calculation results, and the corresponding change in the value of ay(My) is approximately
—2 x 1073, However, the changes in the results are significantly smaller than the errors in the
presented values.
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