
natural science review 2 100503 (2025)
nsr.jinr.int

Complex rational Ruijsenaars model.
The two-particle case
N. M. Belousov1, G. A. Sarkissian2,3, and V. P. Spiridonov∗2,4

1Beijing Institute of Mathematical Sciences and Applications, 101408 Beijing, China
2Joint Institute for Nuclear Research, 141980 Dubna, Russia
3Yerevan Physics Institute, 0036 Yerevan, Armenia
4National Research University Higher School of Economics, Moscow, Russia

Abstract
We consider a complex rational degeneration of the hyperbolic Ruijsenaars model emerging in the
limit ω1 + ω2 → 0 (or b → i in 2d CFT) and investigate the two-particle case in detail. Corresponding
wave functions are described by complex hypergeometric functions in the Mellin–Barnes representation.
Their dual integral representation and reflection symmetry in the coupling constant are established.
Besides, a complex limit of the hyperbolic Baxter Q-operators is considered. Another complex degener-
ation of the hyperbolic Ruijsenaars model is obtained by taking a special ω1−ω2 → 0 (or b → 1) limit.
Additionally, two new degenerations to the complex Calogero–Sutherland type models are described.
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1. Introduction

The many-body models initially considered by Calogero and Sutherland are among the most
popular completely integrable systems [1, 2]. Their ubiquitous nature is reflected in the number
of applications they have found in theoretical physics and mathematics. Notably, they were
introduced from the physical considerations in quantum mechanics and solid states physics.
Later they emerged in the theory of solitons (e.g., in the dynamics of poles of rational KP
equation solutions), quantum field theory and statistical mechanics mirrored by the mathe-
matical applications in the representation theory, theory of multiple orthogonal polynomials,
symplectic and algebraic geometry, and so on.

Theory of integrable systems is deeply related to the theory of special functions. However,
the notions of integrable and exactly solvable models differ from each other. The former requires
existence of sufficiently many integrals of motion basically without restrictions on the type of
functions the dynamics of systems is described by. The latter is demanding that the functions
involved in the model solution should have some closed form representations. This includes at
least an explicit series representation of the functions or a definite integral representation (the
most popular options which are assumed to produce asymptotic estimates of the functions). In
exceptional situations an infinite product representation of functions is available when the full
set of divisor points is known. It often happens that integrable systems appear to be exactly
solvable. If not, it serves as a challenge to the theory of special functions to make them of that
type.

An important generalization of the standard Calogero–Sutherland models was suggested
by Ruijsenaars in a long series of papers, which can be considered in the physical setting as
a relativistic extension of non-relativistic systems of particles. The most structurally compli-
cated systems correspond to the Hamiltonians described by finite-difference operators with the
elliptic function coefficients (potentials) [3, 4]. The hyperbolic Ruijsenaars system [5] is ob-
tained by degenerating the double (quasi)periodic functions to the functions with one period
(corresponding to the standard degeneration of the modular parameter Im (τ) → +∞). And
here lies the dividing line between the integrable and exactly solvable models: the Ruijsenaars
hyperbolic model was fully solved in recent papers [6–8] and [9–12], while the elliptic one still
remains intractable in the closed form from this point of view. Only special explicit solutions
are known for the van Diejen model [4], a multiparameter extension of the elliptic Ruijsenaars
system, which are expressed in terms of the elliptic hypergeometric functions [13, 14] or Bethe
ansatz-type solutions [15].

The elliptic hypergeometric equation [13, 16] is the most general known second-order finite-
difference equation having solutions in the closed form. Its coefficients are elliptic functions
depending on eight parameters. This equation serves as a laboratory of investigating transla-
tion invariant two-particle systems or one-particle systems when the translational symmetry is
absent. Its degeneration to the hyperbolic and trigonometric levels was considered in [17] (see
also [18, 19]). Reduction of the solutions to the standard rational level was described in [20].
In [21, 22], a new reduction of the equation and its solutions to the level of complex hypergeo-
metric functions was discovered. The uniformity of such a limit is justified by the asymptotic
considerations given in [20]. The reduction of hypergeometric-type special functions led to a
new rational degeneration of the hyperbolic Ruijsenaars and van Diejen systems in [22].

In the present paper we limit our consideration to the two-body hyperbolic Ruijsenaars
model and investigate its different degeneration limits. The Hamiltonian eigenvalue problem
in the hyperbolic case is related to the q-hypergeometric equation in the regime |q| = 1 con-
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sidered in [23, 24]. The corresponding wave function has found applications in the Liouville
theory (two-dimensional conformal field theory), where it describes S-generator of one point
conformal blocks [25] (see also [26] and references therein). For a more recent analysis of the
relation to modular group SL(2,Z) see [27]. Also it is related to the generator of S-duality in
four-dimensional N = 4 gauge field theory and partition functions in supersymmetric electro-
dynamics on squashed three-sphere [28] (for a relation to the hyperbolic Ruijsenaars system see
also [29]). Note the general hierarchical structure of these objects: the elliptic hypergeometric
integrals — the top special functions of hypergeometric type — describe superconformal indices
of four-dimensional N = 1 supersymmetric models, and their degeneration to the hyperbolic
level yields supersymmetric partition functions of three-dimensional theories on the squashed
sphere [30].

More specifically, we solve the eigenvalue problem for the degeneration of the hyperbolic
two-particle Ruijsenaars model Hamiltonian to the complex hypergeometric level in the special
limit ω1+ω2 → 0 (or b =

√
ω1/ω2 → i in 2d CFT). We describe symmetries of the corresponding

wave functions and derive the dual spectral problems. Together with that we describe related
Baxter Q-operators and their commutativity. In order to reach these results, we apply the new
degeneration limit for hyperbolic hypergeometric functions discovered in our recent paper [31].
We also use some old technique for getting symmetries of involved hyperbolic integrals described
in [32].

Besides, we describe a special singular ω1 → ω2 (or b → 1) limit from the hyperbolic two-
particle Ruijsenaars model to a model resembling the rational Ruijsenaars system. However,
we postpone consideration of the corresponding wave functions to a later work. Additionally,
we present two degenerations of the hyperbolic system to new differential Calogero–Sutherland
type systems. The first one is related to the spectral problem considered in [33] on the basis of
complex hypergeometric equation. The second one is also related to the complex hypergeometric
equation, but now it is qualitatively different from the first case. The physical interpretation
of the latter two models is not clear yet, although they look like the models of particles moving
on a cylinder.

2. Degenerations of the two-particle hyperbolic Ruijsenaars model

The hyperbolic Ruijsenaars model with two particles is described by two Hamiltonians
associated with the shifts of the physical coordinate along two quasiperiods ω1 and ω2. In the
center of mass frame one has [5]

Hh =
sh π

ω2
(x− ig)

sh π
ω2
x

e−iω1∂x +
sh π

ω2
(x+ ig)

sh π
ω2
x

eiω1∂x , (2.1)

H ′
h =

sh π
ω1
(x− ig)

sh π
ω1
x

e−iω2∂x +
sh π

ω1
(x+ ig)

sh π
ω1
x

eiω2∂x , (2.2)

where eiωk∂xf(x) := f(x + iωk). Because the coefficients in front of the shift operators are
periodic functions, these Hamiltonians commute with each other, [Hh, H

′
h] = 0. It appears that

the eigenvalue problems for these operators have solutions analytic in x, see Section 3.
Define the scalar product

⟨φ|ψ⟩h :=

∫
R

µ(x)φ(x)ψ(x)
dx

√
ω1ω2

, µ(x) =
γ(2)(g ± ix;ω)

γ(2)(±ix;ω)
, (2.3)
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where γ(2)(x;ω) is the hyperbolic gamma function or the Faddeev modular dilogarithm whose
properties are described in Appendix A. Here and in what follows we use shorthand notation

f(x± y) = f(x+ y)f(x− y) (2.4)

for various functions f .
For g ∈ R and either ω1, ω2 ∈ R or ω̄1 = ω2, the weight function is non-negative, µ(x) ⩾ 0.

Under additional assumptions g,Re ω1,Re ω2 > 0 (notice that the case g = 0 is trivial) two
sequences of the weight function poles

xpoles = ±i(g +m1ω1 +m2ω2), m1,m2 ∈ Z⩾0 (2.5)

are separated by the integration contour R. In this case it is not difficult to check that for real
quasiperiods both Hamiltonians are formally self-adjoint H†

h = Hh and (H ′
h)

† = H ′
h, i.e.,

⟨φ|Hhψ⟩h = ⟨Hhφ|ψ⟩h, ⟨φ|H ′
hψ⟩h = ⟨H ′

hφ|ψ⟩h,

assuming φ, ψ are analytic and decay sufficiently fast in the strip | Im x| ⩽ max (Re ω1,Re ω2).
Moreover, these operators can be made bona fide self-adjoint under additional assumption
g ⩽ ω1 + ω2 [5]. For complex conjugated quasiperiods ω̄1 = ω2 one has H†

h = H ′
h.

There is the second choice of parameter g for which one can propose a non-negative mea-
sure [27]. Namely, let us fix

g =
1

2
(ω1 + ω2) + ia, a ∈ R, (2.6)

and define the scalar product (cf. [34])

⟨φ|ψ⟩h2 :=
∫
R

µ(x)φ(x)ψ(x)
dx

√
ω1ω2

, µ(x) =
1

γ(2)(±ix;ω)
= 4 sh

πx

ω1

sh
πx

ω2

. (2.7)

Then, for ω1, ω2 > 0 we have again H†
h = Hh and (H ′

h)
† = H ′

h (in this case “halves” of these
Hamiltonians are separately formally self-adjoint), whereas for ω̄1 = ω2 the operators are adjoint
to each other H†

h = H ′
h.

In total, we have two measure functions and four unitarity regimes of parameters g, ω1, ω2.
The corresponding unitary transforms diagonalizing the Hamiltonians are treated in uniform
manner in the paper [35].

Let us describe six qualitatively different degenerations of the hyperbolic Ruijsenaars model.
Two of them are well known, the third was discovered recently in [22], and the other three are
new ones.

2.1. Rational Ruijsenaars model

Let us fix g, ω1, ω2 ∈ R, rescale the variables as

g = ω1b, x→ ω1x (2.8)

and take the limit ω1 → 0 while keeping ω2 fixed. The parameter b introduced here should not
be mixed up with the b-variable used in 2d CFT. In this case

sh πω1

ω2
(x− ib)

sh πω1

ω2
x

=
ω1→0

x− ib

x
, (2.9)
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and the first Hamiltonian Hh reduces to

Hr =
x− ib

x
e−i∂x +

x+ ib

x
ei∂x . (2.10)

The second Hamiltonian H ′
h does not have definite limit for ω1 → 0. Still, there is an exam-

ple [22] when for a fixed eigenvalue of a similar (but more complicated) operator one can get
some nontrivial relations in this limit.

Due to formula (A.8), the limiting scalar product (2.3) takes the following form (up to the
diverging factor (2π)2g(ω1/ω2)

2g+1/2):

⟨φ|ψ⟩r :=
∫
R

µ(x)φ(x)ψ(x) dx, µ(x) =
Γ(b± ix)

Γ(±ix)
, (2.11)

so that under the assumption b > 0 (which ensures that the gamma function poles are separated
by the integration contour R) we have ⟨φ|Hrψ⟩r = ⟨Hrφ|ψ⟩r. This scalar product is defined
up to the multiplication of the measure by some periodic function µ0(x + i) = µ0(x). Let us
remark that in [36] a slightly different parameterization g = ω1b + ω2 was considered, so that
in the resulting measure µ(x) the product Γ(b ± ix) was replaced by 1/Γ(1 − b ± ix), which
corresponds to the choice µ0(x) = sinπ(b± ix)/π2.

This is the standard rational degeneration of the hyperbolic model considered already by
Ruijsenaars [24]. Equivalently, this reduction can be done by taking the limit ω2 → ∞ with
fixed ω1, x, g. Note that the second scalar product (2.7) does not have definite form in this
limit.

2.2. Complex rational Ruijsenaars model

Here we describe a reduction of the hyperbolic Ruijsenaars model to the complex rational
model discovered in [22]. Let us fix the following complex conjugated periods:

ω1 = i + δ, ω2 = −i + δ, (2.12)

so that ω1 + ω2 = 2δ and ω1ω2 = 1 + δ2. Furthermore, consider the parameterization

x =
√
ω1ω2(k + uδ), g = i

√
ω1ω2(ℓ+ hδ), k, ℓ ∈ Z, (2.13)

and take the limit δ → 0+. Then

sh π
ω2
(x− ig)

sh π
ω2
x

=
δ→0+

(−1)ℓ
z + b

z
, (2.14)

where

z =
k + iu

2
, b =

ℓ+ ih

2
. (2.15)

Besides,
x− iω1 =

√
ω1ω2

(
k + 1 + (u− i)δ +O(δ2)

)
,

so that for the function Φ(x) which has the limit

Φ(x) ∝
δ→0+

Ψ(k, u), (2.16)
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with a possible diverging proportionality factor, we have

e−iω1∂xΦ(x) := Φ(x− iω1) ∝
δ→0+

Ψ(k + 1, u− i) =: e∂zΨ(k, u), (2.17)

i.e., we can write formally e∂z := e∂ke−i∂u . Thus, modulo the sign (−1)ℓ the first Hamilto-
nian Hh (2.1) reduces to the operator

Hcr =
z + b

z
e∂z +

z − b

z
e−∂z . (2.18)

Note that the operator e∂z acts on the functions of z as a simple shift operator, e∂zf(z) =
f(z + 1). Therefore, one could think that the eigenvalue problem for the Hamiltonian (2.18),
HcrΨ = λΨ, is an analytic difference equation yielding as a solution an analytical function of
z, Ψ = Ψ(z), defined up to a periodic function factor c(z + 1) = c(z). However, this is not so,
the solution is not obliged to be of such a form — this phenomenon was discovered in [22] on
the example of available degenerations of the elliptic hypergeometric equation.

Indeed, denote in an analogous way

z′ =
−k + iu

2
, b′ =

−ℓ+ ih

2
. (2.19)

Then the second Hamiltonian H ′
h (2.2) reduces up to the sign factor (−1)ℓ to

H ′
cr =

z′ + b′

z′
e∂z′ +

z′ − b′

z′
e−∂z′ , (2.20)

where e∂z′Ψ(k, u) := Ψ(k − 1, u − i), i.e., formally e∂z′ := e−∂ke−i∂u . Again, the reduced
Hamiltonians commute with each other, [Hcr, H

′
cr] = 0. Their joint eigenvalue problems restrict

the form of eigenfunctions but still do not define them uniquely (up to the multiplication by a
constant).

The limiting transition δ → 0+ from the hyperbolic to complex hypergeometric integrals
was considered in [21]. We describe it below in detail on the example of degeneration of the
wave function (4.8). Applying it to the measure in (2.3), one can see that infinitely many poles
approach the integration contour and asymptotically the integral gets replaced by an infinite
sum of simpler integrals near each pole∫

R

µ(x)
dx

√
ω1ω2

→ eπiℓ(4πδ)2h
∑
k∈Z

∫
R

µ(k, u) du, µ(k, u) =
Γ(b± z|b′ ± z′)

Γ(±z| ± z′)
,

where Γ(z|z′) is the complex gamma function described in the Appendix A below and we use
the notation Γ(b± z|b′± z′) = Γ(b+ z|b′+ z′)Γ(b− z|b′− z′). We drop the diverging factor and
define the scalar product for eigenfunctions of Hcr and H ′

cr as follows:

⟨φ|ψ⟩cr :=
∑
k∈Z

∫
R

µ(k, u)φ(k, u)ψ(k, u) du. (2.21)

If we replace in (2.21) the function φ(k, u) by φ(k, u), then both Hamiltonians become
symmetric with respect to the resulting bilinear form,

⟨φ|Hcrψ⟩cr = ⟨Hcrφ|ψ⟩cr, ⟨φ|H ′
crψ⟩cr = ⟨H ′

crφ|ψ⟩cr,
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assuming Im h < 0. Note that under this assumption two sequences of the weight function
poles

upoles = ∓h± i(|ℓ± k|+ 2m), m ∈ Z⩾0, (2.22)

are separated by the integration contour R.
Since the variable u is real, z′ is related to the complex conjugation of the complex variable

z, z′ = −z̄. Consequently, there emerge the following relations between the formal operators
e∂z and e∂z′ :

e∂z = e∂z̄ = e∂ke+i∂u = e−∂z′ .

As a result, one finds the conjugation of the Hamiltonian Hcr with respect to the scalar product
(2.21) to be

H†
cr =

z̄ + b̄

z̄
e∂z̄ +

z̄ − b̄

z̄
e−∂z̄ =

z′ − b̄

z′
e−∂z′ +

z′ + b̄

z′
e∂z′ . (2.23)

Comparing this expression with (2.20), we see that H†
cr = H ′

cr, provided b̄ = b′, which is
equivalent to the restrictions

ℓ = 0, b =
ih

2
> 0. (2.24)

Under these conditions the weight function is non-negative, µ(k, u) ⩾ 0,

µ(k, u) = (−1)b−b′Γ(b+ z|b′ + z′)

Γ(z|z′)
Γ(b′ − z′|b− z)

Γ(−z′| − z)
=

∣∣∣∣Γ(b+ z|b− z̄)

Γ(z| − z̄)

∣∣∣∣2 = ∣∣zΓ(b+ z|b− z̄)
∣∣2.

The combinationsHcr+H
′
cr and i(Hcr−H ′

cr) are formally self-adjoint under the conditions (2.24).
Note that these conditions are consistent with the assumption g > 0 in the hyperbolic model,
since we used the ansatz g = i

√
1 + δ2(ℓ+ hδ) with ℓ ∈ Z.

As to the second scalar product (2.7), it reduces up to the factor 16π2δ2 to the form

⟨φ|ψ⟩cr2 :=
∑
k∈Z

∫
R

µ(k, u)φ(k, u)ψ(k, u) du, µ(k, u) = |z|2 ⩾ 0. (2.25)

In this case, we have

⟨φ|Hcrψ⟩cr2 =
∑
k∈Z

∫
R

|z|2 φ(k, u)
(z + b

z
e∂z +

z − b

z
e−∂z

)
ψ(k, u) du = ⟨H†

crφ|ψ⟩cr2, (2.26)

where

H†
cr =

z̄ − 1 + b̄

z̄
e−∂z̄ +

z̄ + 1− b̄

z̄
e∂z̄ .

Changing the parameterization of g to

g =
1

2
(ω1 + ω2) + ia = δ + ia = i

√
ω1ω2(ℓ+ δ(−i + h)),

we obtain
b =

1

2
+

1

2
(ℓ+ ih), b′ =

1

2
+

1

2
(−ℓ+ ih), ℓ ∈ Z, h ∈ R. (2.27)

As a result, 1 − b̄ = b′ and for this scalar product one has H†
cr = H ′

cr. Below we will derive
eigenfunctions of the Hamiltonians Hcr and H ′

cr for general parameter b, but for physical inter-
pretation of them as some quantum mechanical wave functions it will be necessary to impose
either the constraints (2.24) or (2.27).
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2.3. Complementary complex rational Ruijsenaars model

Now we consider a special singular limit for hyperbolic hypergeometric integrals when ω1 →
ω2, which was discovered in [21]. Consider complex conjugated periods

ω1 = 1 + iδ, ω2 = 1− iδ, (2.28)

and take

x = i
√
ω1ω2(−k + uδ), g =

√
ω1ω2(ℓ− hδ), k, ℓ ∈ Z. (2.29)

Then,

sh π
ω2
(x− ig)

sh π
ω2
x

=
δ→0+

(−1)ℓ
z + b

z
, (2.30)

where we have the same variables z and b as before. The degeneration of the elliptic hyperge-
ometric equation in this limit was considered in [22]. Existence of the related analogue of the
rational Ruijsenaars model follows from this analysis, but it was not considered in that paper,
which we do now.

Consider the corresponding limit of Hamiltonian operators. The change of the shift opera-
tors in Hh is the same as in the complex hypergeometric case, e−iω1∂x → e∂z . As a result, we
see that the first Hamiltonian has exactly the same form as before:

Hccr =
z + b

z
e∂z +

z − b

z
e−∂z = Hcr. (2.31)

However, the second Hamiltonian gets a different form. Up to the sign factor (−1)ℓ, we have

H ′
ccr =

z′ + b′

z′
e−∂z′ +

z′ − b′

z′
e∂z′ ̸= H ′

cr. (2.32)

Although we have “small” difference in the operators, the solutions of the corresponding eigen-
value problems are substantially different due to qualitatively distinct degenerations of the
hyperbolic gamma function in these limits [21]. An explicit example of such a difference is
described in [22].

Direct application of the limit (A.16) to the weight function (2.3) yields

µ(x) =
δ→0+

eπiℓ (4πδ)2ℓ µ(k, u),

µ(k, u) =
Γ(b± z)Γ(1± z′)

Γ(±z)Γ(b′ + 1± z′)
=

(1− ℓ−ih±(k−iu)
2

)ℓ±k−1

(1∓ k−iu
2

)±k−1

. (2.33)

As we see, there are poles depending on the integer k and, following the form of the measure
in the complex Ruijsenaars model, we propose to consider the following scalar product:

⟨φ|ψ⟩ccr :=
∑
k∈Z

∫
Ck

µ(k, u)φ(k, u)ψ(k, u) du, (2.34)

where Ck are some contours separating measure poles coming from different sign choices of ±k
in the Pochhammer symbols. If we take h ∈ R, then b′ = −b̄ for arbitrary ℓ and h. As a result,
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we obtain the formal Hermitian conjugation rule H†
ccr = H ′

ccr, i.e., ⟨φ|Hccrψ⟩ccr = ⟨H ′
ccrφ|ψ⟩ccr

without further restrictions on b.
Since z′ = −z̄, the taken weight function µ(k, u) can be non-negative only for b = −b′ = 1,

which reduces it to |z|4. One can multiply it by some function which is periodic with respect
to the shifts z → z + 1 and z′ → z′ + 1 to remove this restriction. For instance, we can take

µ̃(k, u) =
sin π(±z′)

sinπ(b′ ± z′)
µ(k, u) =

Γ(b± z)Γ(−b′ ± z′)

Γ(±z)Γ(±z′)
,

where we used the inversion relation Γ(x)Γ(1 − x) = π/ sin πx. This weight function is non-
negative, µ̃(k, u) = |Γ(b ± z)/Γ(±z)|2 ⩾ 0. However, now there are infinitely many poles for
a fixed summation index k, i.e., we have a transcendental function instead of the rational one.
Moreover, this µ̃(k, u) cannot be obtained as a limit from the original measure (2.3).

As to the second weight function (2.7), it is reduced similarly to the previous case to
µ(k, u) = |z|2 up to the multiplicative factor −16π2δ2, which can be dropped out. We parame-
terize as before b = 1

2
(ℓ+ih) and find the same H†

ccr = H†
cr. Since z′ = −z̄, we have H†

ccr = H ′
ccr

provided b̄− 1 = b′, which is equivalent to ℓ = 1, Re h = 0. In other words,

b =
1

2
+ r, b′ = −1

2
+ r, r ∈ R. (2.35)

This is consistent with the hyperbolic model unitarity condition (2.6) with a ∝ δ Im h.
In the present paper, we do not consider solutions of the eigenvalue problem in the compli-

mentary complex rational case postponing it to the future.

2.4. Hyperbolic Calogero–Sutherland model

Consider the standard degeneration limit from the hyperbolic Ruijsenaars model to the
well known Calogero–Sutherland system. Let us renormalize the coupling constant g = bω1,
take fixed x, b, normalize the quasiperiod ω2 = 1, and consider the limit ω1 → 0. Then the
coefficients in the eigenvalue equation for the Hamiltonian H take the form

sh π(x− ibω1)

sh πx
= 1− iπbω1 cothπx−

π2b2ω2
1

2
+O(ω3

1). (2.36)

Besides,

Φ(x− iω1) = Φ(x)− iω1∂xΦ(x)−
ω2
1

2
∂2xΦ(x) +O(ω3

1), (2.37)

or in other words

e−iω1∂x = 1− iω1∂x −
ω2
1

2
∂2x +O(ω3

1). (2.38)

From these expansions we find

1

ω2
1

(Hh − 2) =
ω1→0+

−∂2x − 2πb coth πx ∂x − (πb)2 =: HCS. (2.39)

Consider how the measure (2.3) is degenerated in this limit. Using formula (A.9), we find

µ(x) =
ω1→0

|2 shπx|2b.

9
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Clearly, for b ∈ R it is non-negative. The scalar product does not change and we have formally
self-adjoint Hamiltonian H†

CS = HCS (e.g., on the space of smooth compactly supported func-
tions on R \ {0}). Let us note that after the change of variable w = − sh2 πx the Hamiltonian
HCS becomes a hypergeometric operator, which can be made bona fide self-adjoint under the
assumption b > 0 [37].

Renormalizing the wave function ψ(x) → |2 shπx|−bψ(x), we arrive at the Hamiltonian

H̃CS = |2 shπx|bHCS |2 shπx|−b = −∂2x + π2 b(b− 1)

sh2 πx
,

which is evidently Hermitian for the constant weight function. Similarly to the standard rational
Ruijsenaars model, the second scalar product (2.7) does not have definite limit in this case as
well.

2.5. Complex hyperbolic Calogero–Sutherland model

Now we describe a new degeneration to a complex version of the Calogero–Sutherland
model. As discussed in Section 5, it is “dual” to the complex rational Ruijsenaars model from
Section 2.2.

Consider the following complex conjugated periods:

ω1 = i + δ, ω2 = −i + δ (2.40)

and set

x =
√
ω1ω2(N + β), g = i

√
ω1ω2(ℓ+ hδ), N, ℓ ∈ Z, β, h ∈ C. (2.41)

Take the limits N → ±∞ and δ → 0+ simultaneously in such a way that

Nδ → α ∈ R, (2.42)

where α is some fixed number. Denoting

z = α + iβ, b =
ℓ+ ih

2
, (2.43)

we have

sh
π

ω2

(x∓ ig) = (−1)N+ℓ sh π(z + δ(A±B) +O(δ3)) =

= (−1)N+ℓ

(
1 + δπ(A±B) coth πz +

1

2
δ2π2(A±B)2

)
sh πz +O(δ3), (2.44)

where
A := β − i

2
α− 1

2
zδ, B := 2b+ δ

(
h− i

2
ℓ

)
.

The coordinate x is replaced by the variables α and β. Therefore, we replace the Hamiltonian
eigenfunctions Φ(x) by the functions of the latter variables

Φ(x) ∝
δ→0+, N→∞

Ψ(α, β), (2.45)

10
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where we assume that the diverging numerical factors (if any) are dropped out. Because we
have

x− iω1 =
√
ω1ω2

(
α + δ

δ
+ (β − iδ) +O(δ2)

)
, (2.46)

we can write

e−iω1∂xΦ(x) := Φ(x− iω1) ∝
δ→0+, N→∞

Ψ(α + δ, β − iδ) = eδ(∂α−i∂β)Ψ(α, β). (2.47)

Since ∂α − i∂β = 2∂z, in other words we have

e−iω1∂x → e2δ∂z = 1 + 2δ∂z + 2δ2∂2z +O(δ3). (2.48)

From the above expansions we obtain

1

4δ2
(2− (−1)ℓHh) =

δ→0+

N→∞

−∂2z − 2πb coth (πz) ∂z − (πb)2 =: Hc. (2.49)

This is a complex version of the hyperbolic Calogero–Sutherland model. For β ∈ R, it corre-
sponds to a system with the configuration space being a cylinder with the coordinates α ∈ R
and β ∈

[
−1

2
, 1
2

]
.

The second Hamiltonian (2.2) also has a similar limit in terms of the variables

z̄ = α− iβ, b′ =
−ℓ+ ih

2
. (2.50)

Namely, we have again the expansion (2.44) with z → z̄ and the coefficients

A := β +
i

2
α− 1

2
z̄δ, B := 2b′ + δ

(
h+

i

2
ℓ

)
.

Analogously,
e−iω2∂x → e−δ(∂α+i∂β) = e−2δ∂z̄ = 1− 2δ∂z̄ + 2δ2∂2z̄ +O(δ3).

Substitution of these expansions in (2.2) yields

1

4δ2
(2− (−1)ℓH ′

h) =
δ→0+

N→∞

−∂2z̄ − 2πb′ coth (πz̄) ∂z̄ − (πb′)2 =: H ′
c. (2.51)

After the change of variable w = − sh2 πz eigenvalue problems for the operators Hc and H ′
c

with b = b′ ∈ R yield a system of two complex conjugated hypergeometric equations coinciding
with the one considered in [33] for the parameter identifications aMN = b/2, bMN = 1/2 + b/2.
Note also that for the choice b = b′ = 1/2 Hamiltonians Hc and H ′

c describe Casimir operators
of the Lorentz group in the sector of zero magnetic quantum numbers [38], where z variable
is the complexified rotation angle with α corresponding to the boost and β to the ordinary
rotation parameters.

In order to find the limiting form of the weight function, we use the results of our recent
paper [31]. Applying formula (A.15) we find

γ(2)(g ± ix)

γ(2)(±ix)
=
δ→0
N→∞

(
2 shπz

)2b (
2 shπz̄

)2b′
, (2.52)

11
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which is a non-negative function for b = b′ ∈ R. The scalar product in the limit is given by a
two-dimensional integral over the cylinder

⟨φ|ψ⟩c :=
1/2∫

−1/2

dβ

∞∫
−∞

dαµ(z)φ(α, β)ψ(α, β), µ(z) =
∣∣2 shπz∣∣4b, (2.53)

which coincides after the change of variable w = − sh2 πz with the scalar product considered
in [33] for the corresponding parameters aMN = b/2, bMN = 1/2+ b/2. The precise mechanism
describing how the univariate integrals with hyperbolic gamma functions degenerate into such
two-dimensional integrals will be considered in [39].

On the space of smooth compactly supported functions ψ(α, β) on R×S\{0, 0} the Hamil-
tonians are formally adjoint H†

c = H ′
c. In the two-parameter model of [33] analogues of the

operator combinations Hc+H
′
c and i(Hc−H ′

c) were shown to have self-adjoint extensions under
the condition 0 < aMN + bMN < 2, which reduces in our case to −1

2
< b < 3

2
.

Renormalizing the wave functions ψ → |2 shπz|−2bψ, we arrive at the Hamiltonians

H̃c = −∂2z + π2 b(b− 1)

sh2 πz
, H̃ ′

c = H̃†
c = −∂2z̄ + π2 b(b− 1)

sh2 πz̄
. (2.54)

Their Hermitian combination

H̃c + H̃ ′
c = −1

2
∂2α + 1

2
∂2β + π2b(b− 1)

(
1

sh2 πz
+

1

sh2 πz̄

)
looks like a Hamiltonian describing a particle moving on the cylinder with some specific poten-
tial, but the kinetic energy of the β-degree of freedom is negative, which is unusual.

The second weight function (2.7) is reduced in the taken limit to the expression µ(z) =
|2 shπz|2. Then it is easy to find that

H†
c = −∂2z̄ + 2π(b̄− 1) coth (πz̄)∂z̄ − π2(1− b̄)2.

For b̄− 1 = −b′, or equivalently

b =
1

2
+

1

2
(ℓ+ ih), b′ =

1

2
+

1

2
(−ℓ+ ih), ℓ ∈ Z, h ∈ R, (2.55)

we have H†
c = H ′

c. The system with the second scalar product was investigated in the recent
paper [40], where it emerged in the consideration of open non-compact spin chain. Note also
that in the special case b = b′ = 1/2 the measure (2.53) coincides with the second one and it
becomes precisely the left-invariant Haar measure of the Lorentz group described in [38].

2.6. Complementary complex Calogero–Sutherland model

The last limiting model we consider corresponds to the following choice of the hyperbolic
Ruijsenaars system variables. Take quasiperiods

ω1 = 1 + iδ, ω2 = 1− iδ, (2.56)

and parameterize
x = i

√
ω1ω2 (N + β), g =

√
ω1ω2 (ℓ+ hδ).

12



N. M. Belousov, G. A. Sarkissian, V. P. Spiridonov Natural Sci. Rev. 2 100503 (2025)

As before, take the limits N → ±∞, δ → 0+ with Nδ → α ∈ R and denote z̄ = α − iβ,
b′ = −ℓ+ih

2
. Then we have again the expansion (2.44) with z → −z̄ and the coefficients

A := −β − i
2
α + 1

2
z̄δ, B := −2b′ + δ(h+ i

2
ℓ).

Similar to the previous case we replace the Hamiltonian eigenfunctions Φ(x) by the functions
Ψ(α, β) up to some numerical (possibly diverging) factor. From the relation

x− iω1 = i
√
ω1ω2

(
α− δ

δ
+ β − iδ +O(δ2)

)
, (2.57)

we obtain

e−iω1∂xΦ(x) := Φ(x− iω1) ∝
δ→0+, N→∞

Ψ(α− δ, β − iδ) = e−δ(∂α+i∂β)Ψ(α, β). (2.58)

Recall that ∂α + i∂β = 2∂z̄. Therefore,

e−iω1∂x → e−2δ∂z̄ = 1− 2δ∂z̄ + 2δ2∂2z̄ +O(δ3). (2.59)

As a result, we obtain

1

4δ2
(2− (−1)ℓHh) =

δ→0+

N→∞

−∂2z̄ + 2πb′ coth (πz̄) ∂z̄ − (πb′)2 =: Hcc. (2.60)

Analogously, for the second hyperbolic Hamiltonian (2.2) we have the same expansion (2.44)
with

A := β − i

2
α− 1

2
zδ, B := −2b− δ

(
h− i

2
ℓ

)
and

e−iω2∂x → e−δ(∂α−i∂β) = e−2δ∂z .

As a result,

1

4δ2
(2− (−1)ℓH ′

h) =
δ→0+

N→∞

−∂2z − 2πb coth(πz) ∂z − (πb)2 =: H ′
cc. (2.61)

This is again a complex version of the hyperbolic Calogero–Sutherland model. However, it
differs from the previous case by the sign of coupling constant b′, that is, H ′

cc = Hc, but
Hcc ̸= H ′

c, see (2.51).
In similarity with the previous complex Calogero–Sutherland model, we take as a scalar

product the following two-dimensional integral over the cylinder:

⟨φ|ψ⟩cc :=
1/2∫

−1/2

dβ

∞∫
−∞

dαµ(z)φ(α, β)ψ(α, β),

µ(z) =
(
2 shπz

)2b (
2 shπz̄

)−2b′
=

∣∣(2 shπz)2b∣∣2. (2.62)

In the last equality we take h ∈ R which results in the complex conjugation rule b̄ = −b′ leading
to the non-negative weight function. As for this scalar product

H†
cc = H ′

cc = H̄cc,

13
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we conclude that eigenvalue problems for the Hamiltonians Hcc and H ′
cc yield the hypergeomet-

ric equation in the variable w = − sh2 πz and its complex conjugate. These equations depend
on one discrete ℓ ∈ Z and one real h ∈ R parameters, which substantially differ from the
system considered in [33]. Renormalizing the wave functions ψ → |(2 shπz)b|−2ψ, we obtain
the Hamiltonians

H̃cc = −∂2z̄ + π2 b̄(b̄− 1)

sh2 πz̄
, H̃ ′

cc = H̃†
cc = −∂2z + π2 b(b− 1)

sh2 πz
. (2.63)

For b̄ = b = ℓ/2 (i.e., h = 0) these operators coincide with the complex Hamiltonians (2.54).
The constraint −1

2
< b < 3

2
yields three possible choices: ℓ = 0, 2 leading to the free systems

b(b− 1) = 0 and ℓ = 1 corresponding to the standard Lorentz group Casimir operators [38].
Application of the limit ω1 → ω2 to the second scalar product (2.7) results in the same weight

function, as in the previous complex degeneration, µ(z) ∝ | sh πz|2. Assuming b̄ − 1 = b′, or
equivalently

b = 1
2
+ r, b′ = −1

2
+ r, r ∈ R, (2.64)

we obtain formally adjoint operators H†
cc = H ′

cc.
At the moment, we do not know the geometric and group-theoretical interpretation of the

general emerging model. We only stress that eigenfunctions of the Hamiltonians in this case
are not described in general by the complex hypergeometric functions of the type considered
in [41].

3. Hyperbolic wave function

In order to investigate eigenvalue problems for the ω1 + ω2 → 0 degenerated Hamiltonians,
we derive a master difference equation and its solution independently on the unitarity conditions
associated with the non-negativity of the corresponding measures. Some limits of the elliptic
hypergeometric equation were considered in [17–19]. Our starting point is the following reduced
difference equation at the hyperbolic level derived there:

D(µ, ν)(U(µ2 + ω2, µ3 − ω2)− U(u)) + (µ2 ↔ µ3) + U(u) = 0, (3.1)

where

D(µ, ν) =
sin π

ω1
(µ2 − µ4 − ω2) sin

π
ω1
(µ4 − µ2)

sin π
ω1
(µ2 − µ3) sin

π
ω1
(µ3 − µ2 − ω2)

4∏
k=1

sin π
ω1
(µ3 + νk − ω2)

sin π
ω1
(µ4 + νk)

, (3.2)

U(µ, ν) =
Jh(µ, ν)

γ(2)(µ2 − µ4, µ3 − µ4;ω)
, (3.3)

and

Jh(µ, ν) =

i∞∫
−i∞

4∏
j=1

γ(2)(µj − z, νj + z;ω)
dz

i
√
ω1ω2

. (3.4)

Here the parameters µj, νj satisfy the balancing condition

4∑
j=1

(νj + µj) = 2Q := 2(ω1 + ω2) (3.5)
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and we use the notation γ(2)(a, . . . , b;ω) = γ(2)(a;ω) · · · γ(2)(b;ω). Now we take in (3.1) the
limit

µ2 → −i∞ and ν2 = 2Q−
∑

j=1,3,4

(νj + µj)− µ2 → i∞. (3.6)

Using relations (A.4) and (A.5), we obtain the equation

B1A1 + B2A−1 = (B1 + B2 − 1)A0, (3.7)

where

B1 = e
πi
ω1

(µ3−µ4−ω2)
∏

k=1,3,4

sin π
ω1
(µ3 + νk − ω2)

sin π
ω1
(µ4 + νk)

and

B2 = e
πi
ω1

(µ3−µ1)
sin π

ω1
(µ3 − µ4 − ω2) sin

π
ω1
(µ4 − µ3) sin

π
ω1
(2Q− ω2 −

∑
k=1,3,4(µk + νk))

sin π
ω1
(µ4 + ν1) sin

π
ω1
(µ4 + ν3) sin

π
ω1
(µ4 + ν4)

,

Aa =
e

πi
ω1

aµ4

γ(2)(µ3 − aω2 − µ4)

i∞∫
−i∞

e
πiz

ω1ω2
(
∑

k=1,3,4(µk+νk)−Q−aω2)×

×
∏

k=1,3,4

γ(2)(νk + z;ω) γ(2)(µ1 − z, µ3 − aω2 − z, µ4 − z;ω)
dz

i
√
ω1ω2

. (3.8)

Next we take in (3.7) the limit µ3 → i∞ and ν3 → −i∞ with µ3 + ν3 = y kept fixed. In this
way we obtain the equation

D1E1 +D2E−1 = (D1 +D2 − 1)E0, (3.9)

D1 =
1

2i
e

πi
ω1

(−y−2µ4−ν1−ν4+ω2)
sin π

ω1
(y − ω2)

sin π
ω1
(µ4 + ν1) sin

π
ω1
(µ4 + ν4)

, (3.10)

D2 = − 1

2i
e

πi
ω1

(−y−µ1+µ4+ω2)
sin π

ω1
(2Q− ω2 −

∑
k=1,4(µk + νk)− y)

sin π
ω1
(µ4 + ν1) sin

π
ω1
(µ4 + ν4)

, (3.11)

Ea = e
2πi
ω1

aµ4

i∞∫
−i∞

e
πiz

ω1ω2
(
∑

k=1,4(µk+νk)+2y−2Q−2aω2) ×

×
∏
k=1,4

γ(2)(νk + z, µk − z;ω)
dz

i
√
ω1ω2

. (3.12)

Let us relabel the variables µ4 → µ2, ν4 → ν2, introduce the parameter x

x = y −Q+
1

2

∑
k=1,2

(µk + νk) (3.13)

and the function

F (ν;µ;x) =
1

γ(2)(g;ω)

i∞∫
−i∞

e
2πixz
ω1ω2

∏
k=1,2

γ(2)(νk + z, µk − z;ω)
dz

i
√
ω1ω2

. (3.14)
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Now equation (3.9) can be rewritten in the form

e
− πi

ω1
C
sin

π

ω1

(x+B)F (ν;µ;x+ ω2) + e
πi
ω1

C
sin

π

ω1

(x−B)F (ν;µ;x− ω2) =

= i
(
e
− πi

ω1
x
cos

π

ω1

(µ2 − µ1)− e
πi
ω1

x
cos

π

ω1

(ν2 − ν1)
)
F (ν;µ;x), (3.15)

where
B =

1

2

∑
k=1,2

(µk + νk) and C =
1

2

∑
k=1,2

(µk − νk). (3.16)

Using the pentagon identity [34, 42]
i∞∫

−i∞

e
2πi

ω1ω2
y(z+(ν−µ)/2)

γ(2)(±y + (Q− ν − µ)/2;ω)
dy

i
√
ω1ω2

=
γ(2) (z + ν,−z + µ;ω)

γ(2)(ν + µ;ω)
, (3.17)

one can find [32] (see also [31]) the dual form of the function (3.14):

F (ν1, ν2;µ1, µ2;x) = e
− πi

2ω1ω2
x(β1+β2)γ(2)(α1, α2;ω)×

×F
(
−x
2
+
Q− α1

2
,
x

2
+
Q− α2

2
;
Q− α1

2
+
x

2
,−x

2
+
Q− α2

2
;
β1 − β2

2

)
, (3.18)

where
ν1 + µ1 = α1, ν2 + µ2 = α2, ν1 − µ1 = β1, ν2 − µ2 = β2. (3.19)

Another useful representation of the F -function was derived in [32] (see also [31]):

F (ν1, ν2;µ1, µ2;x) = γ(2)(α1, α2;ω)γ
(2)
(
±x+Q− α1 + α2

2
;ω

)
×

× γ(2)(ν1 + µ2, ν2 + µ1;ω) e
πi

ω1ω2
x(µ1−ν2) × (3.20)

× F
(Q− ν1 − µ2

2
,
Q+ ν1 − µ2

2
− ν2;

Q− ν1 − µ2

2
,
Q− ν1 + µ2

2
− µ1;x

)
.

After restricting the number of independent parameters by the choice

µ1 = g/2 + λ1, µ2 = g/2 + λ2, ν1 = g/2− λ1, ν2 = g/2− λ2, (3.21)

we obtain in (3.16) B = g, C = λ1 + λ2, and equation (3.15) takes the form

e
− πi

ω1
(λ1+λ2)

sin π
ω1
(x+ g)

sin πx
ω1

F (g;λ;x+ ω2) + e
πi
ω1

(λ1+λ2)
sin π

ω1
(x− g)

sin πx
ω1

F (g;λ;x− ω2) =

= 2 cos
π

ω1

(λ2 − λ1)F (g;λ;x).

Representing the argument x as a difference of two variables x = x2 − x1, we obtain

sin π
ω1
(x2 − x1 + g)

sin (x2−x1)π
ω1

F (g;λ;x2 − (x1 − ω2)) +

+ e
2πi
ω1

(λ1+λ2)
sin π

ω1
(x2 − x1 − g)

sin (x2−x1)π
ω1

F (g;λ;x2 − ω2 − x1) =

= 2e
πi
ω1

(λ1+λ2) cos
π

ω1

(λ2 − λ1)F (g;λ;x2 − x1).
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Noting the simple identity

2e
πi
ω1

(λ1+λ2) cos
π

ω1

(λ2 − λ1) = e
2πi
ω1

λ1 + e
2πi
ω1

λ2 (3.22)

and defining the function

Φg
λ1,λ2

(x1, x2) = e
− 2πi

ω1ω2
x2(λ1+λ2)F (g;λ;x2 − x1), (3.23)

we can write

sin π
ω1
(x2 − x1 + g)

sin (x2−x1)π
ω1

Φg
λ1,λ2

(x1 − ω2, x2) +
sin π

ω1
(x2 − x1 − g)

sin (x2−x1)π
ω1

Φg
λ1,λ2

(x1, x2 − ω2) =

= (e
2πi
ω1

λ1 + e
2πi
ω1

λ2)Φg
λ1,λ2

(x1, x2). (3.24)

Since Φg
λ1,λ2

(x1, x2) is symmetric with respect to the interchange ω1 ↔ ω2, we also have

sin π
ω2
(x2 − x1 + g)

sin (x2−x1)π
ω2

Φg
λ1,λ2

(x1 − ω1, x2) +
sin π

ω2
(x2 − x1 − g)

sin (x2−x1)π
ω2

Φg
λ1,λ2

(x1, x2 − ω1) =

= (e
2πi
ω2

λ1 + e
2πi
ω2

λ2)Φg
λ1,λ2

(x1, x2). (3.25)

From the definitions (3.23) and (3.14) we find

Φg
λ1,λ2

(x1, x2) =
e
− 2πi

ω1ω2
x2(λ1+λ2)

γ(2)(g;ω)

i∞∫
−i∞

e
2πi

ω1ω2
(x2−x1)z

∏
j=1,2

γ(2)(1
2
g ± (λj − z);ω)

dz

i
√
ω1ω2

, (3.26)

which coincides with the two-particle wave function described in [6].
The dual form (3.18) of the function F (ν;µ;x2−x1) with the parameterization (3.21) leads

to the following symmetry [5, 7]:

Φg
λ1,λ2

(x1, x2) = ΦQ−g
x1,x2

(λ1, λ2). (3.27)

Due to this symmetry we have the second integral representation

Φg
λ1,λ2

(x1, x2) =
e
− 2πi

ω1ω2
λ2(x1+x2)

γ(2)(g∗;ω)

i∞∫
−i∞

e
2πi

ω1ω2
(λ2−λ1)z

∏
j=1,2

γ(2)(1
2
g∗ ± (xj − z);ω)

dz

i
√
ω1ω2

, (3.28)

where we denoted the reflected coupling constant

g∗ = Q− g = ω1 + ω2 − g. (3.29)

Using the transformation (3.20) with the restricted parameters (3.21), we derive the reflec-
tion formula [12]

Φg
λ1,λ2

(x1, x2) = γ(2)(Q− g ± xd, g ± λd;ω)Φ
Q−g
λ1,λ2

(x1, x2), (3.30)

where xd = x2 − x1 and λd = λ2 − λ1. Recalling (3.27), we can also write

ΦQ−g
x1,x2

(λ1, λ2) = γ(2)(Q− g ± xd, g ± λd;ω)Φ
g
x1,x2

(λ1, λ2). (3.31)
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Alternatively, the reflection relation can be derived by a reduction of symmetries of the
Jh-function (3.4). The following transformation symmetry for the function (3.4) was obtained
in [17] (see also [18]):

Jh(µ, ν) =
2∏

j,k=1

γ(2)(µj + νk;ω)
4∏

j,k=3

γ(2)(µj + νk;ω)× (3.32)

× Jh(µ1 + η, µ2 + η, µ3 − η, µ4 − η, ν1 + η, ν2 + η, ν3 − η, ν4 − η),

where η = 1
2
(Q− µ1 − µ2 − ν1 − ν2). Let us set in (3.32):

ν1 = ξ − xd/2 +Q/2 ,

ν2 = −ξ − g + xd/2 +Q/2 ,

ν3 = g/2− λ1 ,

ν4 = g/2− λ2,

µ1 = ξ + xd/2 +Q/2 ,

µ2 = −ξ − xd/2− g +Q/2 ,

µ3 = g/2 + λ1 ,

µ4 = g/2 + λ2 .

(3.33)

It is easy to see that this parameterization satisfies the balancing condition (3.5). With this
notation one has η = g −Q/2 and the limit ξ → i∞ in (3.32) yields the identity (3.30).

For the purpose of generalizing the derived results to N -particle system it is natural to
work with the function (3.23). However, in order to grasp properties of the two-particle system
sometimes it is more convenient to work in the center of mass frame, which corresponds to
setting in (3.23) x2 = −x1 = x/2 and λ2 = −λ1 = λ/2:

F g
λ (x) :=

1

γ(2)(g;ω)

i∞∫
−i∞

e
2πi

ω1ω2
zx
γ(2)

(
1

2
g ± 1

2
λ± z;ω

)
dz

i
√
ω1ω2

, (3.34)

where two symbols ± in the γ(2)-function argument mean the product of four gamma functions
with all possible signs. This function has the symmetries F g

λ (−x) = F g
λ (x) and

F g
λ (x) = FQ−g

x (λ). (3.35)

Besides, it satisfies the equation

sin π
ω1
(x+ g)

sin πx
ω1

F g
λ (x+ ω2) +

sin π
ω1
(x− g)

sin πx
ω1

F g
λ (x− ω2) = 2 cos

πλ

ω1

F g
λ (x), (3.36)

or in other words

LxF
g
λ (x) = 2 cos

πλ

ω1

F g
λ (x), Lx =

sin π
ω1
(x+ g)

sin πx
ω1

eω2∂x +
sin π

ω1
(x− g)

sin πx
ω1

e−ω2∂x .

The derived second order finite-difference equation has two linearly independent solutions
defined up to the multiplication by ω2-periodic functions. If one rewrites it as a q-difference
equation and looks for solutions in terms of ω1-periodic exponential functions, then one comes
to ordinary q-hypergeometric functions with |q| < 1, which are not symmetric in ω1, ω2. The
hyperbolic regime which we are interested in admits |q| = 1 and in this case physical solutions
of (3.36) are x → −x symmetric and ω1 ↔ ω2 invariant (in 2d CFT it corresponds to the
b → b−1 symmetry) given by the function (3.34). After replacing x by ix, the operator Lx

18
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becomes exactly the Hamiltonian H ′
h (2.2), Lix = H ′

h. Because of the symmetry (3.35), the
variable λ should be replaced by iλ as well. As a result, we obtain physical solutions of the
eigenvalues problems

HhF
g
iλ(ix) = EF g

iλ(ix), H ′
hF

g
iλ(ix) = E ′F g

iλ(ix), E = 2 ch
πλ

ω2

, E ′ = 2 ch
πλ

ω1

.

For real ω1,2 and λ eigenvalues of both self-adjoint Hamiltonians Hh and H ′
h are real and

bounded from below, E,E ′ ⩾ 2. However, for ω2 = ω̄1 the spectrum of the self-adjoint operator
Hh +H ′

h is not bounded from below

E + E ′ = 4 ch
πλRe (ω1)

|ω1|2
cos

πλ Im (ω1)

|ω1|2
∈ R.

4. Complex degeneration of the wave function

Let us derive the ω1 + ω2 → 0 limiting form of the hyperbolic wave function Φg
λ1,λ2

(x1, x2)
discussed in the previous section. Our starting point is the integral representation (3.28)

Φg
λ1,λ2

(x1, x2) =
e
− 2πi

ω1ω2
λ2(x1+x2)

γ(2)(g∗;ω)

i∞∫
−i∞

e
2πi

ω1ω2
(λ2−λ1)z

∏
j=1,2

γ(2)
(
1
2
g∗ ± (xj − z);ω

) dz

i
√
ω1ω2

, (4.1)

where g∗ = ω1 + ω2 − g. Here we assume that Re ωj > 0 and

|Re xj| <
1

2
Re g∗, |Re (λ2 − λ1)| < Re g. (4.2)

The first condition ensures that two sets of the integrand poles

z±poles = xj ±
(
1
2
g∗ +m1ω1 +m2ω2

)
, m1,m2 ∈ Z⩾0, (4.3)

are separated by the integration contour. Under the second condition, the integral is absolutely
convergent due to asymptotics of the integrand gamma functions (A.4), (A.5).

Now, as in Section 2.2, we parameterize periods

ω1 = i + δ, ω2 = −i + δ (4.4)

and consider the limit δ → 0+. Then the integrand poles (4.3) pinch the integration contour,
since |Re xj| < Re g∗/2 < δ. To avoid this pinching, we follow the strategy suggested in [21].

Recall the degeneration of the hyperbolic gamma function to the complex gamma func-
tion (A.10):

γ(2)(i
√
ω1ω2(n+ uδ);ω) =

δ→0+
e

πi
2
n2

(4πδ)iu−1Γ(u, n),

√
ω1

ω2

= i + δ, (4.5)

where n ∈ Z, u ∈ C. Let us substitute in (4.1) the parameterizations

λj = i
√
ω1ω2(Nj + βj), xj = i

√
ω1ω2(nj + ujδ), g∗ = i

√
ω1ω2(r + hδ), (4.6)

where βj ∈ R, uj, h ∈ C, Nj ∈ 2Z, r ∈ Z and n1, n2 are taken to be simultaneously both
integer or half-integer. We take Nj to be even integers in order to avoid discussion of the
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technical details related to the sign alternating factor (−1)Nm for odd N in the asymptotic
formula (A.15), as described in [31]. Then conditions (4.2) hold for small enough δ if

| Im uj| < −1

2
Im h < 1. (4.7)

Furthermore, in the limit δ → 0+ integrand poles (4.3) approach the points iZ or i(Z+1/2) for
nj + r/2 integer or half-integer, respectively. Hence, we split the integral (4.1) into an infinite
sum

i∞∫
−i∞

f(z)
dz

i
√
ω1ω2

=

∞∫
−∞

f(i
√
ω1ω2 z̃) dz̃ =

∑
k∈Z+ε

k+1/2∫
k−1/2

f(i
√
ω1ω2 z̃) dz̃ =

= δ
∑

k∈Z+ε

1/2δ∫
−1/2δ

f(i
√
ω1ω2(k + yδ)) dy, (4.8)

where ε ∈ {0, 1
2
} is chosen so that nj + r/2 + ε ∈ Z. In total, in the above steps we changed

the integration variable z → y, where

z = i
√
ω1ω2(k + yδ). (4.9)

Initially the distance between integrand poles (4.3) and integration contour iR is propor-
tional to δ. However, due to the rescaling of the integration variable by δ there is no contour
pinching in the integrals from the last line in (4.8). Instead, as δ → 0+ the integration limits
become infinite, and in the integrand we can apply the limiting formula (4.5)

γ(2)
(
1
2
g∗ ± (xj − z);ω

)
=

δ→0+
e

πi
2
[r/2+(nj−k)]2+πi

2
[r/2−(nj−k)]2 (4πδ)ih−2×

× Γ
(
1
2
h± (uj − y), 1

2
r ± (nj − k)

)
.

(4.10)

Recall that in the taken notation we have

Γ(a± b, n±m) = Γ(a+ b, n+m)Γ(a− b, n−m). (4.11)

A rigorous justification of the above procedure (including uniformity of the bounds for the
integrand, which allows pulling the limit inside the integral) is discussed in [21].

Under the parameterizations (4.6) the exponential function in the integrand (4.1) reads

e
2πi

ω1ω2
(λ2−λ1)z = e2πi((β1−β2)k+(N1−N2)yδ+(β1−β2)yδ). (4.12)

Take the limit δ → 0+ simultaneously with |Nj| → ∞ in such a way that Njδ → αj ∈ R, where
αj are two arbitrary fixed numbers. This can be achieved by taking Nj = [αj/δ]e — the biggest
even integer smaller than αj/δ. Since αj/δ − Nj is a bounded quantity, for δ → 0+ one has
αj −Njδ → 0. As a result, we obtain

e
2πi

ω1ω2
(λ2−λ1)z =

δ→0+

|Nj |→∞

e2πi((β1−β2)k+(α1−α2)y). (4.13)
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In the same spirit the prefactor in front of the integral in (4.1) has the limit

e
− 2πi

ω1ω2
λ2(x1+x2)

γ(2)(g∗;ω)
=

δ→0+

|Nj |→∞

e−
πi
2
r2 (4πδ)−ih+1 e

2πi(β2(n1+n2)+α2(u1+u2))

Γ(h, r)
. (4.14)

Collecting all above formulas together we obtain the limiting form of the wave function

Φg
λ1,λ2

(x1, x2) =
δ→0+

|Nj |→∞

eπiΛ(n1,n2,r)(4πδ)ih−2 F r,h
α,β(u, n), (4.15)

where we denote

F r,h
α,β(u, n) =

e2πi(β2(n1+n2)+α2(u1+u2))

4πΓ(h, r)
×

×
∑

k∈Z+ε

∞∫
−∞

e2πi((β1−β2)k+(α1−α2)y)
∏
j=1,2

Γ

(
1

2
h± (uj − y),

1

2
r ± (nj − k)

)
dy, (4.16)

with ε ∈ {0, 1
2
} fixed from the condition nj +

1
2
r + ε ∈ Z, and

Λ(n1, n2, r) =

{
(n1 + n2)(1− r) + 1

2
r2, n1, n2 ∈ Z,

(n1 + n2)(1− r) + 1
2
r2 + r + 1, n1, n2 ∈ Z+ 1

2
.

(4.17)

Notice that the number of coordinates in the limit is doubled

x1, x2 → u = (u1, u2), n = (n1, n2). (4.18)

This is why we take |Nj| → ∞, ensuring that the number of spectral parameters also doubles
λ1, λ2 → α = (α1, α2), β = (β1, β2).

Introduce the following combinations of parameters:

γj = αj + iβj, zj =
nj + iuj

2
, ρ =

r + ih

2
, w =

k + iy

2
,

γ̄j = αj − iβj, z′j =
−nj + iuj

2
, ρ′ =

−r + ih

2
, w′ =

−k + iy

2
.

(4.19)

Then, using another common notation for the complex gamma function

Γ(u, n) = Γ

(
n+ iu

2

∣∣∣∣−n+ iu

2

)
, (4.20)

we can rewrite function (4.16) in an alternative way:

F r,h
α,β(u, n) =

e2π(γ2(z1+z2)+γ̄2(z′1+z′2))

4πΓ(ρ|ρ′)
×

×
∑

k∈Z+ε

∞∫
−∞

e2π((γ1−γ2)w+(γ̄1−γ̄2)w′)
∏
j=1,2

Γ

(
1

2
ρ± (zj − w)

∣∣∣∣12ρ′ ± (z′j − w′)

)
dy.

(4.21)
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As discussed in the previous section, the hyperbolic wave function satisfies two difference
equations (3.24) and (3.25). Their complex degeneration has been already described in Sec-
tion 2.2 with a minor difference: here we consider functions of two coordinates x1, x2, whereas
in Section 2.2 we work in the center of mass frame.

Applying the limit δ → 0+ to the difference equation (3.25), with the help of relations

i
ω2

√
ω1ω2(n+ uδ) = −n+ iδ(n+ iu) +O(δ2),

i
√
ω1ω2(n+ uδ)− ω1 = i(n− 1 + (u+ i)δ) +O(δ2),

we obtain

z2 − z1 + 1− ρ

z2 − z1
F r,h
α,β(u1 + i, u2, n1 − 1, n2) +

z2 − z1 − 1 + ρ

z2 − z1
F r,h
α,β(u1, u2 + i, n1, n2 − 1) =

= −(e−2πγ1 + e−2πγ2)F r,h
α,β(u, n). (4.22)

Notice that for the variables (4.19) the shifts (uj, nj) → (uj + i, nj − 1) are equivalent to
(zj, z

′
j) → (zj −1, z′j), that is, the primed coordinates do not change. Similarly, taking the limit

δ → 0+ in (3.24), we arrive at the equation

z′2 − z′1 + 1− ρ′

z′2 − z′1
F r,h
α,β(u1 + i, u2, n1 + 1, n2) +

z′2 − z′1 − 1 + ρ′

z′2 − z′1
F r,h
α,β(u1, u2 + i, n1, n2 + 1) =

= −(e−2πγ̄1 + e−2πγ̄2)F r,h
α,β(u, n). (4.23)

Again, the shifts here are equivalent to (zj, z
′
j) → (zj, z

′
j − 1).

There is one neat point regarding the above difference equations. During the derivation we
assume that u, h satisfy the condition (4.7), that is, | Im uj| < −1

2
Im h < 1. As shown in [41,

Section 1.4], the same condition provides conditional convergence of the integral and absolute
convergence of the series in the expression (4.16). However, in the difference equations above
we have shifts uj → uj ± i, which spoil this condition. A possible workaround is as follows. Let
us establish the above difference equations under the assumptions

uj ∈ R, Im h ∈ (−2,−1), (4.24)

which are stronger than (4.7). At the end these restrictions can be relaxed using the analytic
continuation (see [41, Proposition 1.5]).

Note that under conditions (4.24) the limiting formula (4.15) for the hyperbolic wave func-
tion Φg

λ1,λ2
(x1, x2) holds true. To arrive at the difference equations (4.22), (4.23), we need to es-

tablish limiting formulas for the same function with the shifts of coordinates: Φg
λ1,λ2

(x1−ωj, x2)
and Φg

λ1,λ2
(x1, x2 − ωj). Since it is symmetric in x1, x2 and ω1, ω2, it is sufficient to consider

Φg
λ1,λ2

(x1 − ω1, x2).
To analytically continue hyperbolic wave function Φg

λ1,λ2
(x1, x2) in x1, we deform contour

in the integral representation (4.1), so that it separates two sets of the integrand poles (4.3).
Conditions (4.24) ensure that for the function Φg

λ1,λ2
(x1−ω1, x2) we can take a straight contour

C = iR− 1

2
δ. (4.25)
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Indeed, in this case x1, x2 ∈ iR, and the poles closest to C are

z+ = x1 − ω1 +
1

2
g∗, z− = x2 −

1

2
g∗. (4.26)

They are located from different sides of the contour C at the distance
1

2
(Re g∗ − δ) =

1

2
δ(−

√
1 + δ2 Im h− 1) > 0. (4.27)

Since the contour is straight, we can do the same steps, as before, to take the limit δ → 0+ of
the function Φg

λ1,λ2
(x1−ω1, x2). After all we end up with the function F r,h

α,β(u1+i, u2, n1−1, n2)

given by the same expression (4.16) modulo integration contour, which now becomes R + i
2
.

This function enters the first difference equation (4.22), and by the same procedure we can
obtain all other functions from equations (4.22), (4.23).

Now consider the hyperbolic wave function in the center of mass frame

F g
λ (x) = Φg

−λ
2
,λ
2

(
−x
2
,
x

2

)
=

1

γ(2)(g∗;ω)

i∞∫
−i∞

e
2πi

ω1ω2
λz
γ(2)

(
1

2
g∗ ± 1

2
x± z;ω

)
dz

i
√
ω1ω2

. (4.28)

As before, take the periods ω1 = ω̄2 = i + δ and parameterize other variables

λ = i
√
ω1ω2(N + β), x = i

√
ω1ω2(n+ uδ), g∗ = i

√
ω1ω2(r + hδ), (4.29)

where β ∈ R, u, h ∈ C such that | Im u| < − Im h < 2, N ∈ 2Z and n, r ∈ Z. Then from the
formula (4.15) we have

F g
λ (x) =

δ→0+, |N |→∞
Nδ→α

eπi(
1
2
r2+n(r+1)) (4πδ)ih−2 F r,h

α,β(u, n), (4.30)

where

F r,h
α,β(u, n) =

1

4πΓ(h, r)

∑
k∈Z+ε

∞∫
−∞

e−2πi(βk+αy) Γ

(
1

2
h± 1

2
u± y, 1

2
r ± 1

2
n± k

)
dy, (4.31)

with ε ∈ {0, 1
2
} chosen from the demand that 1

2
(r + n) + ε ∈ Z.

Notice that the above function is related to its two variable version (4.16) by the formula

F r,h
α,β(u, n) = eπi((β1+β2)(n1+n2)+(α1+α2)(u1+u2)) F r,h

α2−α1,β2−β1
(u2 − u1, n2 − n1), (4.32)

which can be obtained by shifting integration and summation variables y → y − 1
2
(u1 + u2),

k → k − 1
2
(n1 + n2) in the expression (4.31). Consequently, defining the variables

z =
n+ iu

2
, z′ =

−n+ iu

2
, γ = α + iβ, γ̄ = α− iβ, (4.33)

we obtain difference equations on the wave function in the center of mass frame:
z + 1− ρ

z
F r,h
α,β(u− i, n+ 1) +

z − 1 + ρ

z
F r,h
α,β(u+ i, n− 1) = −2 ch πγ F r,h

α,β(u, n), (4.34)

z′ + 1− ρ′

z′
F r,h
α,β(u− i, n− 1) +

z′ − 1 + ρ′

z′
F r,h
α,β(u+ i, n+ 1) = −2 ch πγ̄ F r,h

α,β(u, n). (4.35)

These equations represent eigenvalue problems for the Hamiltonians (2.18) and (2.20) with
b = 1− ρ and b′ = 1− ρ′:

Hcr F
r,h
αβ (u, n) = −2 ch πγ F r,h

αβ (u, n), H ′
cr F

r,h
αβ (u, n) = −2 ch πγ̄ F r,h

αβ (u, n). (4.36)
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5. The dual picture

As discussed in Section 3, the hyperbolic wave function has the symmetry

Φg
λ1,λ2

(x1, x2) = Φg∗

x1,x2
(λ1, λ2). (5.1)

It implies that this function satisfies not only the difference equations (3.24), (3.25) with respect
to the coordinates x1, x2 but also the same equations with respect to the spectral parameters
λ1, λ2 (modulo the reflection of the coupling constant g → g∗).

In the previous section we showed that for the complex degeneration ω1 + ω2 = 2δ → 0+

of the above function one parameterizes λj = i
√
ω1ω2(Nj + βj) and takes |Nj| → ∞ so that

the products Njδ go to some fixed numbers αj. At the level of difference equations the same
limit is considered in Section 2.5 (in the center of mass frame). In this limit two difference
equations degenerate into two differential ones, which correspond to a complex version of the
hyperbolic Calogero–Sutherland model, or equivalently, to a system of two complex conjugated
hypergeometric equations.

The solution of the latter hypergeometric equations admits an Euler-type integral represen-
tation, which is different from the Mellin–Barnes-type representation (4.16). In this section, we
demonstrate how to obtain this Euler representation from the Mellin–Barnes one.

As shown in [31, Section 5], the following identity holds true:

Γ
(
s± u, l ± k

)
Γ(2s, 2l)

= 4π

∫
C

d2τ
e2πi(τ1u+τ2k)

(2 ch π(τ1 + iτ2))l+is (2 ch π(τ1 − iτ2))−l+is
, (5.2)

where d2τ = dτ1dτ2, we integrate over the cylinder C = R × [0, 1] and assume l ± k ∈ Z. In
fact, this is just a complex analogue of the Euler integral for beta function rewritten in the
exponential variables. Note that under the assumption l± k ∈ Z the integrand is 1-periodic in
τ2, so we can integrate over τ2 along any full period [a, 1 + a].

Hence, we can write

Γ

(
1

2
h± (uj − y),

1

2
r ± (nj − k)

)
=

= 4πΓ(h, r)

∫
C

d2τ
e2πi(τ1(uj−y)+τ2(nj−k))

(2 ch π(τ1 + iτ2))
r+ih

2 (2 ch π(τ1 − iτ2))
−r+ih

2

. (5.3)

Inserting this combination of the complex gamma functions in the integrand (4.16) and using
the Fourier transform inversion formula∑

m∈Z

∞∫
−∞

dy

∫
C

d2τ e2πi(σ1−τ1)y+2πi(σ2−τ2)mf(τ1, τ2) = f(σ1, σ2), (5.4)

which holds for 1-periodic in τ2 functions f(τ1, τ2), we obtain the following Euler-type repre-
sentation:

F r,h
α,β(u, n) = 4πΓ(h, r) e2πi((α1+α2)u2+(β1+β2)n2)×

×
∫
C

d2τ
e2πi(τ1(u1−u2)+τ2(n1−n2))∏

j=1,2

(2 ch π[(αj − τ1) + i(βj − τ2)])
r+ih

2 (2 ch π[(αj − τ1)− i(βj − τ2)])
−r+ih

2

.
(5.5)
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Observe that its structure is quite similar to the Mellin–Barnes representation (4.16) with the
roles of coordinates and spectral parameters interchanged. From this representation we obtain

F r,h
α,β(u, n1 + ν, n2 + ν) = e2πi(β1+β2)νF r,h

α,β(u, n1, n2). (5.6)

Therefore, the functions with integer and half-integer discrete variables n1, n2 differ only by a
phase factor.

Using notations (4.19) and also defining τ = τ1 + iτ2, we rewrite the above representation
in a more compact way

F r,h
α,β(u, n) = 4πΓ(ρ|ρ′) e2π((γ1+γ2)z2+(γ̄1+γ̄2)z′2)×

×
∫
C

d2τ
e2π(τ(z1−z2)+τ̄(z′1−z′2))∏

j=1,2

(2 ch π(γj − τ))ρ (2 ch π(γ̄j − τ̄))ρ′
.

(5.7)

Note that all integrands factorize into “holomorphic” and “antiholomorphic” parts. Moreover,
separately these parts are identical to those, which enter the Euler-type integral representation
for the standard (real) hyperbolic Calogero–Sutherland system, see [43, Section 4]. Similarly to
the Mellin–Barnes representation (4.16), the above Euler-type representation can be obtained
in a limit from the hyperbolic level, which will be discussed separately [39].

Due to the relation (4.32) the wave function in the center of mass frame has the following
form:

F r,h
α,β(u, n) = 4πΓ(ρ|ρ′)

∫
C

d2τ
e2π(τz+τ̄ z′)(

2 ch π
[
±1

2
γ − τ

])ρ (
2 ch π

[
±1

2
γ̄ − τ̄

])ρ′ , (5.8)

where we use notations (4.33). One can see that the integrand is periodic in τ2 and for | Im u| <
− Im h it decays as e2π(| Im u|+Im h)|τ1| when |τ1| → ∞ guaranteeing convergence of the integral.
The symmetry (5.1) together with the results of Section 2.5 imply that the function (5.8)
diagonalizes the Hamiltonians of complex Calogero–Sutherland system

Hc = −∂2γ − 2πρ coth (πγ) ∂γ − (πρ)2, H ′
c = −∂2γ̄ − 2πρ′ coth (πγ̄) ∂γ̄ − (πρ′)2.

Namely, we have

Hc F
r,h
α,β(u, n) = −(πz)2F r,h

α,β(u, n), H ′
c F

r,h
α,β(u, n) = −(πz′)2F r,h

α,β(u, n). (5.9)

Alternatively, one can prove diagonalization directly. Consider the first Hamiltonian Hc, the
proof for the second one is symmetric. It is straightforward to check the identity

Hc
1(

2 ch π
[
±1

2
γ − τ

])ρ = −1

4
∂2τ

1(
2 ch π

[
±1

2
γ − τ

])ρ . (5.10)

Hence, acting by Hc operator on the wave function (5.8) and using this identity, one can
integrate by parts, so that ∂2τ acts on the exponent, yielding the corresponding eigenvalue

−1
4
∂2τ e

2πτz = −(πz)2 e2πτz. (5.11)

The boundary terms after integration by parts vanish because the integrand is periodic in τ2
and decays exponentially as |τ1| → ∞.
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For ρ = ρ′ ∈ R we have identified our differential equations (5.9) with the ones in [33] for
aMN = ρ/2, bMN = 1/2 + ρ/2. However, our difference equations (4.36) do not match with
the difference equations in [33] for this choice of parameters. The point is that our integral
representation of the wave function (5.8) differs from the one given in [33] and, as a result, the
direct correspondence between these two bispectralities is not seen explicitly.

So, the wave function F r,h
α,β(u, n) solves two spectral problems corresponding to complex

rational Ruijsenaars and complex hyperbolic Calogero–Sutherland models. As we argued, this
fact is a degeneration of the bispectral symmetry of the hyperbolic Ruijsenaars model (5.1).
Since this symmetry also holds for the hyperbolic model with N particles [10], we expect the
same duality between complex models in the general case.

6. Limit of the reflection symmetry

As discussed in Section 3, the hyperbolic wave function has the following symmetry with
respect to the reflection of coupling constant (3.31):

γ(2)(g∗ ± [λ2 − λ1];ω) Φ
g
λ1,λ2

(x1, x2) = γ(2)(g∗ ± [x2 − x1];ω) Φ
g∗

λ1,λ2
(x1, x2). (6.1)

In this section, we derive its complex limit. As before (see (4.6)), we parameterize periods
ω1 = ω̄2 = i + δ together with other variables

λj = i
√
ω1ω2(Nj + βj), xj = i

√
ω1ω2(nj + ujδ), g∗ = i

√
ω1ω2(r + hδ), (6.2)

and take δ → 0+, |Nj| → ∞, so that Njδ → αj for some fixed numbers αj.
First, let us obtain limits of the gamma function prefactors on both sides of (6.1). Using

the reflection formula (A.7), we rewrite the left-hand side expression

γ(2)(g∗ ± [λ2 − λ1];ω) =
γ(2)(g∗ + λ2 − λ1)

γ(2)(g + λ2 − λ1)
=
γ(2)(g∗ + λ2 − λ1)

γ(2)(λ2 − λ1)

γ(2)(λ2 − λ1)

γ(2)(g + λ2 − λ1)
. (6.3)

Applying the limiting formula (A.15) to the γ(2)-function ratios in (6.3), we obtain

γ(2)(g∗ ± [λ2 − λ1];ω) =

=
δ→0+, |Nj |→∞

Njδ→αj

(
2 shπ(α2 − α1 + i(β2 − β1))

)r+ih−1(
2 shπ(α2 − α1 − i(β2 − β1))

)−r+ih−1
=

=
(
2 shπ(γ2 − γ1)

)2ρ−1(
2 shπ(γ̄2 − γ̄1)

)2ρ′−1
, (6.4)

where in the last line we use notations (4.19). For the γ(2)-function multiplier on the right-hand
side of (6.1), we apply the limiting relation (A.10) and obtain

γ(2)(g∗ ± [x2 − x1];ω) =
δ→0+

eπi(r+n2−n1) (4πδ)2ih−2 Γ(h± (u2 − u1), r ± (n2 − n1)). (6.5)

Finally, we have already computed the limit of the wave function (4.15)

Φg
λ1,λ2

(x1, x2) =
δ→0+

|Nj |→∞

eπiΛ(n1,n2,r) (4πδ)ih−2 F r,h
α,β(u, n), (6.6)

where Λ(n1, n2, r) is defined in (4.17). Taking into account that in the parameterization (6.2)

g = ω1 + ω2 − g∗ = i
√
ω1ω2(−r + δ(−2i− h) +O(δ2))
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one also has
Φg∗

λ1,λ2
(x1, x2) =

δ→0+

|Nj |→∞

eπiΛ(n1,n2,−r) (4πδ)−ih F−r,−2i−h
α,β (u, n), (6.7)

where actually eπiΛ(n1,n2,−r) = eπiΛ(n1,n2,r), as follows from the definition (4.17).
Collecting all the factors we derive the limiting form of the reflection symmetry (6.1):(

2 shπ(γ2 − γ1)
)2ρ−1 (

2 shπ(γ̄2 − γ̄1)
)2ρ′−1

F r,h
α,β(u, n) =

= eπi(r+n2−n1) Γ(h± (u2 − u1), r ± (n2 − n1))F
−r,−2i−h
α,β (u, n). (6.8)

Let us remark that this formula is consistent with the equations satisfied by the wave function.
Recall that F r,h

α,β(u, n) diagonalizes difference operators:

M(ρ) =
z2 − z1 + 1− ρ

z2 − z1
e−∂z1 +

z2 − z1 − 1 + ρ

z2 − z1
e−∂z2 , (6.9)

M ′(ρ′) =
z′2 − z′1 + 1− ρ′

z′2 − z′1
e
−∂z′1 +

z′2 − z′1 − 1 + ρ′

z′2 − z′1
e
−∂z′2 , (6.10)

see equations (4.22), (4.23). It is straightforward to check that the gamma function multiplier
on the right-hand side of formula (6.8)

R = eπi(r+n2−n1) Γ(h± (u2 − u1), r ± (n2 − n1)) (6.11)

intertwines the above operators with the reflected constants

M(ρ)R = RM(1− ρ), M ′(ρ′)R = RM ′(1− ρ′). (6.12)

Similarly, the “dual” differential operators in the spectral variables (see Section 5)

M̂(ρ) = −∂2γ1 − ∂2γ2 − 2πρ coth π(γ1 − γ2) (∂γ1 − ∂γ2)− 2(πρ)2, (6.13)

M̂ ′(ρ′) = −∂2γ̄1 − ∂2γ̄2 − 2πρ′ coth π(γ̄1 − γ̄2) (∂γ̄1 − ∂γ̄2)− 2(πρ′)2 (6.14)

are intertwined by the function appearing on the left-hand side of (6.8)

R̂ =
(
2 shπ(γ2 − γ1)

)1−2ρ (
2 shπ(γ̄2 − γ̄1)

)1−2ρ′
, (6.15)

that is,

M̂(ρ) R̂ = R̂ M̂(1− ρ), M̂ ′(ρ′) R̂ = R̂ M̂ ′(1− ρ′). (6.16)

7. Complex limit of the Q-operator

Baxter Q-operators represent a commuting family of integral operators diagonalized by
the wave functions. In the case of hyperbolic Ruijsenaars model they helped to establish
several symmetries, orthogonality and completeness of the wave functions [10–12]. In the two-
particle case Baxter operators are related to the product formulas for relativistic hypergeometric
functions [44]. In this section, we derive a complex limit of these operators and establish the
corresponding product formula.
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The action of the two-particle hyperbolic Q-operator on ϕ(x1, x2) is given by the following
formula [36]:

[
Qh

2(λ)ϕ
]
(x1, x2) =

1

2
[
γ(2)(g∗;ω)

]2
i∞∫

−i∞

i∞∫
−i∞

dy1
i
√
ω1ω2

dy2
i
√
ω1ω2

e
− 2πi

ω1ω2
λ(x1+x2−y1−y2) ×

×

∏
j,k=1,2

γ(2)
(
±(xj − yk) +

g∗

2
;ω

)
γ(2)

(
±(y1 − y2),±(y1 − y2) + g∗;ω

) ϕ(y1, y2). (7.1)

It is diagonalized by the hyperbolic wave function

Qh
2(λ) Φ

g
λ1,λ2

(x1, x2) =
∏
j=1,2

γ(2)
(
±(λ− λj) +

g

2
;ω

)
Φg

λ1,λ2
(x1, x2). (7.2)

Now we consider the limit ω1 + ω2 = 2δ → 0+ of the last formula. For this we take xj, λj, g in
the same form as before (4.6) and in addition set

λ = i
√
ω1ω2(N + β), N ∈ Z, β ∈ R, (7.3)

where |N | → ∞, so that Nδ → α ∈ R. The limit of the Q-operator’s eigenvalue is easily
calculated using formula (A.15)

γ(2)
(
±(λ− λj) +

g

2
;ω

)
=

δ→0+
(−1)Nreiπr

2/2 ×

×
(
2 shπ(α− αj + i(β − βj) + ir/2)

)−r−ih
2

(
2 shπ(α− αj − i(β − βj)− ir/2)

) r−ih
2 .

The limit of eigenfunction Φg
λ1,λ2

(x1, x2) on the right-hand side of identity (7.2) was calculated
in Section 4, see (4.15).

Next, consider the left-hand side of identity (7.2). To avoid pinching of the contours we pass,
as in Section 4, to infinite series of integrals over intervals (see (4.8)), so that the integration
variables become parameterized in the following way:

yj = i
√
ω1ω2(mj + tjδ), mj ∈ Z+ ε, tj ∈ R, (7.4)

where ε ∈ {0, 1
2
} is chosen from the requirement nj +

1
2
r + ε ∈ Z. To derive the limiting form

of the integrand we use the degeneration formula (A.10). As a result, defining γ = α + iβ,
γ̄ = α− iβ and also using notations (4.19) we arrive at the identity

[Q̃2(α, β)F
r,h
α,β](u, n) = F r,h

α,β(u, n) e
iπ(r+(r+1)(n1+n2)) ×

×
∏
j=1,2

(
2 shπ(γ − γj + ir/2)

)−r−ih
2

(
2 shπ(γ̄ − γ̄j − ir/2)

) r−ih
2 , (7.5)

where the action of operator Q̃2(α, β) is defined by the formula[
Q̃2(α, β)ϕ

]
(u, n) =

1

2
[
4πΓ(h, r)

]2 ∑
mj∈Z+ε

∫
tj∈R

dt1 dt2 e
2πi(α(u1+u2−t1−t2)+β(n1+n2−m1−m2)) ×

×
eiπ(r+1)(m1+m2)

∏
j,k=1,2

Γ
(
±(uj − tk) +

h
2
,±(nj −mk) +

r
2

)
Γ
(
±(t1 − t2),±(m1 −m2)

)
Γ
(
±(t1 − t2) + h,±(m1 −m2) + r

) ϕ(t,m). (7.6)
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If we shift the parameter β → β − r+1
2

, then the same identity can be rewritten in a more
compact way:

[Q2(α, β)F
r,h
α,β](u, n) =

∏
j=1,2

(
2 ch π(γ − γj)

)−ρ(
2 ch π(γ̄ − γ̄j)

)−ρ′
F r,h
α,β(u, n),

where the simplified complex Q-operator has the following form:[
Q2(α, β)ϕ

]
(u, n) =

1

2
[
4πΓ(h, r)

]2 ∑
mj∈Z+ε

∫
tj∈R

dt1 dt2 e
2πi(α(u1+u2−t1−t2)+β(n1+n2−m1−m2))×

×

∏
j,k=1,2

Γ
(
±(uj − tk) +

h
2
,±(nj −mk) +

r
2

)
Γ
(
±(t1 − t2),±(m1 −m2)

)
Γ
(
±(t1 − t2) + h,±(m1 −m2) + r

) ϕ(t,m). (7.7)

Notice that this operator and its eigenvalue are quite similar to the ones for usual (real) rational
Ruijsenaars model [36, Section 3].

Observe that the Baxter operators with different parameters are diagonalized by the same
family of wave functions, which is related to their commutativity. The commutativity of hy-
perbolic Q-operators [

Qh
2(λ1), Q

h
2(λ2)

]
= 0 (7.8)

is proven in [9]. Now let us derive the same property for their complex analogues[
Q2(α1, β1), Q2(α2, β2)

]
= 0. (7.9)

The commutator relation (7.8) can be written as an identity for the kernels of the products of
integral operators

i∞∫
−i∞

i∞∫
−i∞

dy1
i
√
ω1ω2

dy2
i
√
ω1ω2

[
e
− 2πi

ω1ω2
λ1(x1+x2−y1−y2)e

− 2πi
ω1ω2

λ2(y1+y2−z1−z2) −

− e
− 2πi

ω1ω2
λ2(x1+x2−y1−y2)e

− 2πi
ω1ω2

λ1(y1+y2−z1−z2)
]
×

×

∏
j,k=1,2

γ(2)
(
±(xj − yk) +

g∗

2
,±(yj − zk) +

g∗

2
;ω

)
γ(2)

(
±(y1 − y2),±(y1 − y2) + g∗;ω

) = 0. (7.10)

As before, the complex degeneration ω1 + ω2 = 2δ → 0+ of this identity is established by
passing to infinite sums of integrals and with the help of the limiting formula (A.10)∑

mj∈Z+ε

∫
tj∈R

dt1 dt2

[
e2πi(α1(u1+u2−t1−t2)+β1(n1+n2−m1−m2))e2πi(α2(t1+t2−s1−s2)+β2(m1+m2−l1−l2))−

− e2πi(α2(u1+u2−t1−t2)+β2(n1+n2−m1−m2))e2πi(α1(t1+t2−s1−s2)+β1(m1+m2−l1−l2))
]
×

×

∏
j,k=1,2

Γ
(
±(uj − tk) +

h
2
,±(nj −mk) +

r
2

)
Γ
(
±(tj − sk) +

h
2
,±(mj − lk) +

r
2

)
Γ
(
±(t1 − t2),±(m1 −m2)

)
Γ
(
±(t1 − t2) + h,±(m1 −m2) + r

) = 0. (7.11)
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This is precisely the commutativity condition (7.9) written as an identity for the Q2(α, β)
integral operator kernel.

At last, let us remark that for the two-particle model the diagonalization property of Baxter
operators is equivalent to the product formulas for the wave functions in the center of mass
frame. It is known that the hyperbolic function F g

λ (x) = Φg

−λ
2
,λ
2

(
−x

2
, x
2

)
satisfies the following

product formula [44]:

4F g
λ (x1)F

g
λ (x2) = γ(2)(g;ω)

∫ i∞

−i∞

γ(2)(g ± z;ω)

γ(2)(±z;ω)
×

× γ(2)((g∗ ± z ± x1 ± x2)/2;ω)F
g
λ (z)

dz

i
√
ω1ω2

. (7.12)

This identity is related to equation (7.2) in the center of mass frame x1 + x2 = λ1 + λ2 = 0 by
the Fourier transformation (the Fourier transformed eigenvalue of the Q-operator becomes the
second hyperbolic wave function in the product formula).

As we established in Section 4, under parameterizations (4.29)

λ = i
√
ω1ω2(N + β), xj = i

√
ω1ω2(nj + ujδ), g∗ = i

√
ω1ω2(r + hδ), (7.13)

where N ∈ 2Z and nj, r ∈ Z, the hyperbolic wave function in the center of mass frame has the
limit (4.30)

F g
λ (xj) =

δ→0+, |N |→∞
Nδ→α

eπi(r
2/2+nj(r+1)) (4πδ)ih−2 F r,h

α,β(uj, nj) (7.14)

with F r,h
α,β(uj, nj) function defined in (4.31). Consequently, the complex degeneration of the

product formula looks as follows:

4F r,h
α,β(u1, n1)F

r,h
α,β(u2, n2) =

1

4πΓ(h, r)
×

×
∑

m∈Z+ε

∫
R

dt
Γ
(
(h± u1 ± u2 ± t)/2, (r ± n1 ± n2)/2±m

)
Γ
(
±t,±2m

)
Γ
(
±t+ h,±2m+ r

) F r,h
α,β(t, 2m). (7.15)

Here ε ∈ {0, 1
2
} is fixed under the condition that ε+ 1

2
(r + n1 + n2) ∈ Z.
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Appendix A. Properties of the hyperbolic gamma function

The Faddeev modular dilogarithm [45], or the hyperbolic gamma function [5] γ(2)(y;ω1, ω2),
can be defined by several means. We use the representation

γ(2)(u;ω) = γ(2)(u;ω1, ω2) := e−
πi
2
B2,2(u;ω)γ(u;ω), (A.1)

where B2,2 is the second-order multiple Bernoulli polynomial

B2,2(u;ω) =
1

ω1ω2

((
u− ω1 + ω2

2

)2

− ω2
1 + ω2

2

12

)
and

γ(u;ω) :=
(q̃e

2πi u
ω1 ; q̃)∞

(e
2πi u

ω2 ; q)∞
= exp

−
∫

R+i0

eux

(1− eω1x)(1− eω2x)

dx

x

 (A.2)

with
q = e

2πiω1
ω2 , q̃ = e

−2πiω2
ω1 ,

and (a; q)∞ =
∏∞

k=0(1− aqk). The superindex (2) indicates that this is the hyperbolic gamma
function of the second order in accordance with the order of the Barnes multiple gamma function
used for its definition. Its reciprocal is known also as the double sine function, see e.g. [9].

This function obeys the first-order difference equations

γ(2)(u+ ω1;ω)

γ(2)(u;ω)
= 2 sin

πu

ω2

,
γ(2)(u+ ω2;ω)

γ(2)(u;ω)
= 2 sin

πu

ω1

(A.3)

and has the following asymptotics:

lim
u→∞

e
πi
2
B2,2(u,ω1,ω2)γ(2)(u;ω) = 1, for arg ω1 < arg u < arg ω2 + π, (A.4)

lim
u→∞

e−
πi
2
B2,2(u,ω1,ω2)γ(2)(u;ω) = 1, for arg ω1 − π < arg u < arg ω2. (A.5)

Besides, it has poles and zeros at the points

upoles = −m1ω1 −m2ω2, uzeros = ω1 + ω2 +m1ω1 +m2ω2, m1,m2 ∈ Z≥0. (A.6)

It also satisfies the reflection formula

γ(2)(u;ω) γ(2)(ω1 + ω2 − u;ω) = 1. (A.7)

Let us describe several qualitatively different degenerations of the hyperboilc gamma func-
tion. First, there are two well known limits to classical functions:

γ(2)(xω1;ω) =
ω1→0+

1√
2π

(
2πω1

ω2

)x− 1
2

Γ(x), (A.8)

γ(2)(x+ gω1;ω)

γ(2)(x;ω)
=

ω1→0+

(
2 sin

πx

ω2

)g

. (A.9)
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They are used in the reduction of hyperbolic Ruijsenaars model to the usual (real) rational case
and to the hyperbolic Calogero–Sutherland model.

The complex analogues of the these limits have substantially more complicated form. An
analogue of (A.8), emerging in the limit ω1 + ω2 → 0, was heuristically considered in [46] and
rigorously derived in [21]. It has the form

γ(2)
(
i
√
ω1ω2(m+ uδ);ω

)
=

δ→0+
e

πi
2
m2

(4πδ)iu−1 Γ(u,m),

√
ω1

ω2

= i + δ, (A.10)

where m ∈ Z, u ∈ C. Here Γ(u,m) is the gamma function over the field of complex num-
bers [47]

Γ(u,m) :=
Γ
(
m+iu

2

)
Γ
(
1 + m−iu

2

) . (A.11)

An alternative notation is

Γ(α|α′) =
Γ(α)

Γ(1− α′)
, α =

m+ iu

2
, α− α′ = m ∈ Z. (A.12)

From the reflection relation Γ(x)Γ(1− x) = π/ sin πx the following identities are obtained:

Γ(α|α′) = (−1)α−α′
Γ(α′|α), Γ(x,−n) = (−1)nΓ(x, n), (A.13)

and
Γ(α|α′)Γ(1− α|1− α′) = (−1)α−α′

, Γ(x, n)Γ(−x− 2i, n) = 1. (A.14)

One has also the finite-difference equations

Γ(α + 1|α′) = Γ(x− i, n+ 1) = αΓ(α|α′),

Γ(α|α′ + 1) = Γ(x− i, n− 1) = −α′Γ(α|α′).

A complex analogue of the relation (A.9) was derived in [31] and it has the following form:

eπiNmγ
(2)
(
i
√
ω1ω2

[
N + β +m+ uδ

]
;ω

)
γ(2)

(
i
√
ω1ω2

[
N + β

]
;ω

) = (A.15)

=
δ→0+, |N |→∞

Nδ→α

e
πi
2
m2 (

2 shπ(α + iβ)
)m+iu

2
(
2 shπ(α− iβ)

)−m+iu
2 ,

where N,m ∈ Z, α ∈ R, β, u ∈ C.
Another singular degeneration derived in [21] emerges in the limit ω1 → ω2 and has the

form

γ(2)
(√

ω1ω2(m+ uδ);ω
)

=
δ→0+

e−
πi
2
(m−1)2 (4πδ)m−1

(
1− m+ iu

2

)
m−1

,

√
ω1

ω2

= 1 + iδ,

(A.16)

where m ∈ Z, u ∈ C. In this case on the right-hand side one has the standard Pochhammer
symbol

(a)m =
Γ(a+m)

Γ(a)
=

a(a+ 1) · · · (a+m− 1), for m > 0,
1

(a− 1)(a− 2) · · · (a+m)
, for m < 0.
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