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Abstract

We consider a complex rational degeneration of the hyperbolic Ruijsenaars model emerging in the
limit w; +we — 0 (or b — i in 2d CFT) and investigate the two-particle case in detail. Corresponding
wave functions are described by complex hypergeometric functions in the Mellin—Barnes representation.
Their dual integral representation and reflection symmetry in the coupling constant are established.
Besides, a complex limit of the hyperbolic Baxter Q-operators is considered. Another complex degener-
ation of the hyperbolic Ruijsenaars model is obtained by taking a special w; —wo — 0 (or b — 1) limit.
Additionally, two new degenerations to the complex Calogero—Sutherland type models are described.
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1. Introduction

The many-body models initially considered by Calogero and Sutherland are among the most
popular completely integrable systems [1, 2|. Their ubiquitous nature is reflected in the number
of applications they have found in theoretical physics and mathematics. Notably, they were
introduced from the physical considerations in quantum mechanics and solid states physics.
Later they emerged in the theory of solitons (e.g., in the dynamics of poles of rational KP
equation solutions), quantum field theory and statistical mechanics mirrored by the mathe-
matical applications in the representation theory, theory of multiple orthogonal polynomials,
symplectic and algebraic geometry, and so on.

Theory of integrable systems is deeply related to the theory of special functions. However,
the notions of integrable and exactly solvable models differ from each other. The former requires
existence of sufficiently many integrals of motion basically without restrictions on the type of
functions the dynamics of systems is described by. The latter is demanding that the functions
involved in the model solution should have some closed form representations. This includes at
least an explicit series representation of the functions or a definite integral representation (the
most popular options which are assumed to produce asymptotic estimates of the functions). In
exceptional situations an infinite product representation of functions is available when the full
set of divisor points is known. It often happens that integrable systems appear to be exactly
solvable. If not, it serves as a challenge to the theory of special functions to make them of that
type.

An important generalization of the standard Calogero—Sutherland models was suggested
by Ruijsenaars in a long series of papers, which can be considered in the physical setting as
a relativistic extension of non-relativistic systems of particles. The most structurally compli-
cated systems correspond to the Hamiltonians described by finite-difference operators with the
elliptic function coefficients (potentials) [3, 4]. The hyperbolic Ruijsenaars system [5] is ob-
tained by degenerating the double (quasi)periodic functions to the functions with one period
(corresponding to the standard degeneration of the modular parameter Im (7) — 400). And
here lies the dividing line between the integrable and exactly solvable models: the Ruijsenaars
hyperbolic model was fully solved in recent papers [6-8| and [9-12], while the elliptic one still
remains intractable in the closed form from this point of view. Only special explicit solutions
are known for the van Diejen model [4], a multiparameter extension of the elliptic Ruijsenaars
system, which are expressed in terms of the elliptic hypergeometric functions [13, 14| or Bethe
ansatz-type solutions [15].

The elliptic hypergeometric equation [13, 16] is the most general known second-order finite-
difference equation having solutions in the closed form. Its coefficients are elliptic functions
depending on eight parameters. This equation serves as a laboratory of investigating transla-
tion invariant two-particle systems or one-particle systems when the translational symmetry is
absent. Its degeneration to the hyperbolic and trigonometric levels was considered in [17] (see
also [18, 19]). Reduction of the solutions to the standard rational level was described in [20].
In |21, 22|, a new reduction of the equation and its solutions to the level of complex hypergeo-
metric functions was discovered. The uniformity of such a limit is justified by the asymptotic
considerations given in [20]. The reduction of hypergeometric-type special functions led to a
new rational degeneration of the hyperbolic Ruijsenaars and van Diejen systems in [22].

In the present paper we limit our consideration to the two-body hyperbolic Ruijsenaars
model and investigate its different degeneration limits. The Hamiltonian eigenvalue problem
in the hyperbolic case is related to the g-hypergeometric equation in the regime |¢| = 1 con-
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sidered in |23, 24|. The corresponding wave function has found applications in the Liouville
theory (two-dimensional conformal field theory), where it describes S-generator of one point
conformal blocks [25] (see also [26] and references therein). For a more recent analysis of the
relation to modular group SL(2,Z) see [27]. Also it is related to the generator of S-duality in
four-dimensional N = 4 gauge field theory and partition functions in supersymmetric electro-
dynamics on squashed three-sphere [28| (for a relation to the hyperbolic Ruijsenaars system see
also [29]). Note the general hierarchical structure of these objects: the elliptic hypergeometric
integrals — the top special functions of hypergeometric type — describe superconformal indices
of four-dimensional N = 1 supersymmetric models, and their degeneration to the hyperbolic
level yields supersymmetric partition functions of three-dimensional theories on the squashed
sphere [30].

More specifically, we solve the eigenvalue problem for the degeneration of the hyperbolic
two-particle Ruijsenaars model Hamiltonian to the complex hypergeometric level in the special
limit w1+ wy — 0 (or b = \/w;/wy — 1in 2d CFT). We describe symmetries of the corresponding
wave functions and derive the dual spectral problems. Together with that we describe related
Baxter (Q-operators and their commutativity. In order to reach these results, we apply the new
degeneration limit for hyperbolic hypergeometric functions discovered in our recent paper [31].
We also use some old technique for getting symmetries of involved hyperbolic integrals described
in [32].

Besides, we describe a special singular w; — ws (or b — 1) limit from the hyperbolic two-
particle Ruijsenaars model to a model resembling the rational Ruijsenaars system. However,
we postpone consideration of the corresponding wave functions to a later work. Additionally,
we present two degenerations of the hyperbolic system to new differential Calogero—Sutherland
type systems. The first one is related to the spectral problem considered in [33] on the basis of
complex hypergeometric equation. The second one is also related to the complex hypergeometric
equation, but now it is qualitatively different from the first case. The physical interpretation
of the latter two models is not clear yet, although they look like the models of particles moving
on a cylinder.

2. Degenerations of the two-particle hyperbolic Ruijsenaars model

The hyperbolic Ruijsenaars model with two particles is described by two Hamiltonians
associated with the shifts of the physical coordinate along two quasiperiods w; and wo. In the
center of mass frame one has [5]

sh2-(z —1ig) _ sh =(z +ig) .
sh T x sh ~
w2 wa
sh (v —1ig) | sh ™ (z +1ig) .
Hy= 9 pmiwnde 1 7 plwnds 2.2
sh wlla; sh le T (2.2)
where e“+9 f(z) 1= f(z + iwg). Because the coefficients in front of the shift operators are

periodic functions, these Hamiltonians commute with each other, [Hy,, H}| = 0. It appears that
the eigenvalue problems for these operators have solutions analytic in x, see Section 3.
Define the scalar product

dx 7 (g + iz;w)

NE ule) = v (FHasw)

(oI} == / () P@)(x) (2.3)

R
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where ) (x;w) is the hyperbolic gamma function or the Faddeev modular dilogarithm whose
properties are described in Appendix A. Here and in what follows we use shorthand notation

flxxy)=flx+y)flz—y) (2.4)

for various functions f.

For g € R and either wy,wy € R or @w; = wy, the weight function is non-negative, p(z) = 0.
Under additional assumptions g, Re wy, Re ws > 0 (notice that the case g = 0 is trivial) two
sequences of the weight function poles

xpoles = :tl(g + miwq + m2w2), my, Mo € Z>0 (25)

are separated by the integration contour R. In this case it is not difficult to check that for real
quasiperiods both Hamiltonians are formally self-adjoint H = H, and (H})! = H], i.e.,

(Ol Hp)n = (Hpo|Y)n, (plHyb)p = (Hy o),

assuming ¢, 1 are analytic and decay sufficiently fast in the strip | Im x| < max (Re wy, Re w»).
Moreover, these operators can be made bona fide self-adjoint under additional assumption
g < wy +wy [5]. For complex conjugated quasiperiods w; = wq one has H ,TZ = Hj.

There is the second choice of parameter g for which one can propose a non-negative mea-

sure [27]. Namely, let us fix
1
g= §(w1 +wy) +ia, a€R, (2.6)

and define the scalar product (cf. [34])

— dx 1 T | 7T
(ol = [ ) o) e o) = =TT e

R

Then, for wy, wy > 0 we have again H] = H, and (H})! = H} (in this case “halves” of these
Hamiltonians are separately formally self-adjoint ), whereas for w; = wy the operators are adjoint
to each other H| = Hj.

In total, we have two measure functions and four unitarity regimes of parameters g, wy, ws.
The corresponding unitary transforms diagonalizing the Hamiltonians are treated in uniform
manner in the paper [35].

Let us describe six qualitatively different degenerations of the hyperbolic Ruijsenaars model.
Two of them are well known, the third was discovered recently in [22], and the other three are
new ones.

2.1. Rational Ruijsenaars model

Let us fix g, wy,ws € R, rescale the variables as
g = wib, T — Wi (2.8)

and take the limit w; — 0 while keeping w, fixed. The parameter b introduced here should not
be mixed up with the b-variable used in 2d CFT. In this case

sh”w—f(x—ib) _x—ib 2.9)

Sh —7[5';1 s w1—0 €x
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and the first Hamiltonian H; reduces to

o -
H, =200 T 0 o, (2.10)

i T

The second Hamiltonian Hj does not have definite limit for w; — 0. Still, there is an exam-
ple [22] when for a fixed eigenvalue of a similar (but more complicated) operator one can get
some nontrivial relations in this limit.

Due to formula (A.8), the limiting scalar product (2.3) takes the following form (up to the
diverging factor (27)%9(wy /wy)?9+1/2):

T(b+iz)

@) (2.11)

(ol = / () P@ () de,  p(z) =

R

so that under the assumption b > 0 (which ensures that the gamma function poles are separated
by the integration contour R) we have (p|H,v), = (H,¢|),. This scalar product is defined
up to the multiplication of the measure by some periodic function po(xz +1) = po(z). Let us
remark that in [36] a slightly different parameterization g = w1b + wy was considered, so that
in the resulting measure p(z) the product I'(b + ix) was replaced by 1/T'(1 — b + ix), which
corresponds to the choice po(z) = sin (b + iz) /7.

This is the standard rational degeneration of the hyperbolic model considered already by
Ruijsenaars [24]. Equivalently, this reduction can be done by taking the limit wy — oo with
fixed wy, x, g. Note that the second scalar product (2.7) does not have definite form in this
limit.

2.2. Complex rational Ruijsenaars model

Here we describe a reduction of the hyperbolic Ruijsenaars model to the complex rational
model discovered in [22]. Let us fix the following complex conjugated periods:

w1 = 1+(5, Wy = —1+(5, (212)
so that w; + wy = 20 and wiws = 1 + 6. Furthermore, consider the parameterization
T = Jwiws(k + ud), g = iy/wiwa (¢ + ho), k.l e€Z, (2.13)

and take the limit 6 — 0*. Then

sh 7-(z — ig) Z+0b
—2 = = (=1) 2.14
sh u%x §—0+ (=1) z ( )
where
k + iu {+1ih
— = . 2.1
z 5 b 5 (2.15)
Besides,

T — lw; = Jwiws (k + 1+ (u—1)d + 0(52)),
so that for the function ®(z) which has the limit

O(x) o« VU(k,u), (2.16)

6—0t
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with a possible diverging proportionality factor, we have

e 9P (1) = Bz — iw;) ;X U(k+1,u—i) = VU (k, u), (2.17)
—0t
i.e., we can write formally e := e%e~%  Thus, modulo the sign (—1)’ the first Hamilto-

nian Hj (2.1) reduces to the operator

z+b z—>b
+ 9 + e 9
z z

Hcr -

(2.18)
Note that the operator e acts on the functions of z as a simple shift operator, e? f(z) =
f(z +1). Therefore, one could think that the eigenvalue problem for the Hamiltonian (2.18),
H.. W = \V, is an analytic difference equation yielding as a solution an analytical function of
z, W = U(z), defined up to a periodic function factor ¢(z + 1) = ¢(z). However, this is not so,
the solution is not obliged to be of such a form — this phenomenon was discovered in [22] on
the example of available degenerations of the elliptic hypergeometric equation.
Indeed, denote in an analogous way
,  —k+iu —{ +1ih

J= TR =
2

5 (2.19)

Then the second Hamiltonian Hj (2.2) reduces up to the sign factor (—1)¢ to

Y r_y
SR (2.20)
z z

, —
HCT -

where €% U(k,u) := U(k — 1,u — i), i.e., formally €% := e %e %  Again, the reduced
Hamiltonians commute with each other, [HCT, H! ] = 0. Their joint eigenvalue problems restrict
the form of eigenfunctions but still do not define them uniquely (up to the multiplication by a
constant).

The limiting transition 6 — 07 from the hyperbolic to complex hypergeometric integrals
was considered in [21]. We describe it below in detail on the example of degeneration of the
wave function (4.8). Applying it to the measure in (2.3), one can see that infinitely many poles
approach the integration contour and asymptotically the integral gets replaced by an infinite
sum of simpler integrals near each pole

dx y oh / b+ 2|t +2)
e (4 (k, k =
/“()m "D A e

R keZ p

where T'(z|Z’) is the complex gamma function described in the Appendix A below and we use
the notation T'(b+ z|b' +2') = T'(b+ 2|0/ + 2/)T'(b — z|b' — 2’). We drop the diverging factor and
define the scalar product for eigenfunctions of H,.,. and H/, as follows:

(0|1 er Z/ (k,u) o(k, w)(k, v) du. (2.21)

If we replace in (2.21) the function ¢(k,u) by ¢(k,u), then both Hamiltonians become
symmetric with respect to the resulting bilinear form,

(lHerb)er = (Herp|t) er <‘P‘Hér¢>cr = <H2r¢!¢>m
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assuming Im h < 0. Note that under this assumption two sequences of the weight function
poles

Upoles = ThEi([0 £ k| +2m),  m € Zs,, (2.22)

are separated by the integration contour R.
Since the variable u is real, 2’ is related to the complex conjugation of the complex variable
z, 2/ = —Z. Consequently, there emerge the following relations between the formal operators

€% and e

e0: — 685 — eake—&-lﬁu — 6_82/.

As a result, one finds the conjugation of the Hamiltonian H,. with respect to the scalar product
(2.21) to be

Z+b b 2+ b
; 685 + _|_ ; eazl

= 7 /
zZ — b 6_85 _ A b 6_82/
z z 2! 2!

HI = (2.23)

Comparing this expression with (2.20), we see that H! = H’ . provided b = b, which is
equivalent to the restrictions

ih
2
Under these conditions the weight function is non-negative, p(k,u) > 0,

(=0, b=—>0. (2.24)

2
= |2T(b+ 2 — 2)|".

(POt AY + P — b —2) |L(b+ 2~ 2)
pu(k,u) = (-1) T(z]2") (-2 - 2) __' L'(z] - 2)

The combinations H.,+H_, and i(H..—H.,) are formally self-adjoint under the conditions (2.24).
Note that these conditions are consistent with the assumption g > 0 in the hyperbolic model,
since we used the ansatz g = iv/'1 + 0%2(¢ + hd) with ¢ € Z.

As to the second scalar product (2.7), it reduces up to the factor 16726* to the form

ez i= > [ utho) Gk du, e u) = af? 0. (2.25)

keZ g

In this case, we have

S b .y
(plHeb)os =3 [ PRl (17 e 4 22 e Yok u) du = (gl (226)

z
keZ p

where

z—1+0 z+1-0
z - + 6_85 4 Z+ 662.
z z

Hl, =
Changing the parameterization of g to

1
g:§@q+my+m:5+m:nmm@w+&q+h»

we obtain

11 11
b:§+§hﬁm,5:§+§@ﬁﬁm, (eZ, heR. (2.27)

As a result, 1 — b = V' and for this scalar product one has H], = H/ . Below we will derive
eigenfunctions of the Hamiltonians H.. and H/ for general parameter b, but for physical inter-

pretation of them as some quantum mechanical wave functions it will be necessary to impose
either the constraints (2.24) or (2.27).
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2.3. Complementary complex rational Ruijsenaars model

Now we consider a special singular limit for hyperbolic hypergeometric integrals when w; —
wsy, which was discovered in [21]. Consider complex conjugated periods

w; = 1410, wy =1 —16, (2.28)
and take
T = iy/wiwa(—k + ud), g = Jwiwz (¢ — hd), k.l eZ. (2.29)
Then,
sh - (z — ig) _ (1) Z-I—b, (2.30)
shZox -0+ z

where we have the same variables z and b as before. The degeneration of the elliptic hyperge-
ometric equation in this limit was considered in [22]. Existence of the related analogue of the
rational Ruijsenaars model follows from this analysis, but it was not considered in that paper,
which we do now.

Consider the corresponding limit of Hamiltonian operators. The change of the shift opera-
tors in Hj, is the same as in the complex hypergeometric case, e 1% — ¢%  As a result, we
see that the first Hamiltonian has exactly the same form as before:

z—b

b
L e H,,. (2.31)
z z

Hccr =

However, the second Hamiltonian gets a different form. Up to the sign factor (—1), we have

Iy Iy
H, =237 o0 220 o0y (2.32)
z

ccr
Z/

Although we have “small” difference in the operators, the solutions of the corresponding eigen-
value problems are substantially different due to qualitatively distinct degenerations of the
hyperbolic gamma function in these limits [21]. An explicit example of such a difference is
described in [22].

Direct application of the limit (A.16) to the weight function (2.3) yields

o il 2/
() 50t © (4m0)™ p(k, u),
T(b =+ (1 + 1 — ihE(k—iv) B
k) = ELALZ) (= 75 ~F ek (2.33)
F(:]:Z)F(b/ + 1+ Z/) (1 + 2m)ik_1

As we see, there are poles depending on the integer k£ and, following the form of the measure
in the complex Ruijsenaars model, we propose to consider the following scalar product:

(oo = 3 [l o) (2.34)

keZ

where C} are some contours separating measure poles coming from different sign choices of £k
in the Pochhammer symbols. If we take h € R, then &/ = —b for arbitrary ¢ and h. As a result,

8
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we obtain the formal Hermitian conjugation rule HI = H!_. i.e., (0|Hort))eer = (H!, 0|0) cer
without further restrictions on b.

Since 2’ = —Z, the taken weight function u(k,u) can be non-negative only for b = —b' =1,
which reduces it to |z|*. One can multiply it by some function which is periodic with respect
to the shifts 2 — 2+ 1 and 2/ — 2’ + 1 to remove this restriction. For instance, we can take

T(b+ 2)0 (= + 2/)

ik ) = = )

. sin(£2")
ko) = —— =)
filk, ) sin7(V + 27)

where we used the inversion relation I'(z)I'(1 — z) = 7/sinmz. This weight function is non-
negative, fi(k,u) = |T'(b £ 2)/T(£2)]* > 0. However, now there are infinitely many poles for
a fixed summation index k, i.e., we have a transcendental function instead of the rational one.
Moreover, this fi(k,u) cannot be obtained as a limit from the original measure (2.3).

As to the second weight function (2.7), it is reduced similarly to the previous case to
w(k,u) = |z]* up to the multiplicative factor —1672§%, which can be dropped out. We parame-
terize as before b = 2(¢+ih) and find the same H/, = H . Since 2’ = —z, we have H], = H,,,

provided b — 1 = ¥, which is equivalent to £ = 1, Re h = 0. In other words,

1 1
b=—+r, bV=—=+r, reR. (2.35)
2 2
This is consistent with the hyperbolic model unitarity condition (2.6) with a o< 6 Im h.
In the present paper, we do not consider solutions of the eigenvalue problem in the compli-
mentary complex rational case postponing it to the future.

2.4. Hyperbolic Calogero—Sutherland model

Consider the standard degeneration limit from the hyperbolic Ruijsenaars model to the
well known Calogero—Sutherland system. Let us renormalize the coupling constant g = bw,
take fixed x, b, normalize the quasiperiod ws = 1, and consider the limit w; — 0. Then the
coefficients in the eigenvalue equation for the Hamiltonian H take the form

h —ib 2b2 2
Sh@ = 109) _ ) oy cothme — 298 4 O(wd). (2.36)
shmx
Besides,
2
Bz — iwy) = B(z) — 1w o B(z) — %Q%(I)(x) + 0w, (2.37)
or in other words
. w2
e — 1 — w0, — ?185 + O(w?). (2.38)
From these expansions we find
1
—(H,—2) = —02—2nb coth nxd, — (nb)* =: Hes. (2.39)
wl w1~>0+

Consider how the measure (2.3) is degenerated in this limit. Using formula (A.9), we find

plxr) = . |2sh 7|

w1 —>

9
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Clearly, for b € R it is non-negative. The scalar product does not change and we have formally
self-adjoint Hamiltonian Hgs = Heg (e.g., on the space of smooth compactly supported func-
tions on R\ {0}). Let us note that after the change of variable w = — sh® 7x the Hamiltonian
Heog becomes a hypergeometric operator, which can be made bona fide self-adjoint under the
assumption b > 0 [37].

Renormalizing the wave function 1 (z) — |2sh x|~y (z), we arrive at the Hamiltonian

b(b—1)

Hes = [2shnx|’ Hog |2shma| ™ = 02 + 7% ——
sh” mx

)

which is evidently Hermitian for the constant weight function. Similarly to the standard rational
Ruijsenaars model, the second scalar product (2.7) does not have definite limit in this case as
well.

2.5. Complex hyperbolic Calogero—Sutherland model

Now we describe a new degeneration to a complex version of the Calogero—Sutherland
model. As discussed in Section 5, it is “dual” to the complex rational Ruijsenaars model from
Section 2.2.

Consider the following complex conjugated periods:

wy =149, wyg=—1+0 (2.40)
and set
T = Jwiws(N + f), g = iy/wiws (¢ + hé), N,teZ, B,hecC. (2.41)
Take the limits N — +oo and § — 0" simultaneously in such a way that
N§ — a eR, (2.42)

where « is some fixed number. Denoting

_U+ih
e

z2=a+if, b (2.43)

we have

sh-—— (2 F ig) = (1) shr(z + 6(A + B) + O(5%)) =

%)
1
= (=1)NH (1 + 6m(A 4 B) coth 7z + 5527r2(A + B)2> shmz + O(8%), (2.44)
where
A'—B—ia—lzé B:=2b+49 h—iﬂ
== g 52, = 50

The coordinate x is replaced by the variables o and . Therefore, we replace the Hamiltonian
eigenfunctions ®(x) by the functions of the latter variables

O (x) x U(a, 5), (2.45)

§—0T, N—oo

10
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where we assume that the diverging numerical factors (if any) are dropped out. Because we
have

T —iw = /oo (O‘TM +(B—10) + 0(62)>, (2.46)

we can write

e (1) = Bz — iw) e U+ 6,8 —i6) = 019y (q, B). (2.47)

§—01T, N—=oo

Since 0, — 103 = 20,, in other words we have
emwi0 _y o200 — 1 1250, 4 26207 4+ O(6%). (2.48)

From the above expansions we obtain

Lo iymy — —ep )
52 (2—(—=1)"Hp) o 07 — 2mb coth (72) 0, — (7wb)* =: H.. (2.49)
N—o0

This is a complex version of the hyperbolic Calogero-Sutherland model. For § € R, it corre-
sponds to a system with the configuration space being a cylinder with the coordinates a € R

and 8 € [—%, %]
The second Hamiltonian (2.2) also has a similar limit in terms of the variables
—{+ih
F—a—i8, V= E;Ll . (2.50)

Namely, we have again the expansion (2.44) with z — z and the coefficients
A 6+i 1‘6 B:=2V+§ h+i€
= —a— =z = =l ).
2 277 2

Analogously, . .
7120 —y @ 700atiO) — 72005 — 1 — 950, + 26°02 + O(0°).

Substitution of these expansions in (2.2) yields

1
— (2~ (=1)‘H}) = —0?—2xb coth(nz)0: — (7b')? =: H.. (2.51)
4462 §—07F
N—oo
After the change of variable w = — sh? 7z eigenvalue problems for the operators H,. and H,

with b = b’ € R yield a system of two complex conjugated hypergeometric equations coinciding
with the one considered in [33| for the parameter identifications ayy = 0/2, byn = 1/2+ /2.
Note also that for the choice b = ' = 1/2 Hamiltonians H. and H. describe Casimir operators
of the Lorentz group in the sector of zero magnetic quantum numbers [38], where z variable
is the complexified rotation angle with « corresponding to the boost and 3 to the ordinary
rotation parameters.

In order to find the limiting form of the weight function, we use the results of our recent
paper [31]. Applying formula (A.15) we find
@ (g +ix 2% 2
—77(2()‘6(2:@)) o (2shmz)™ (2sh7z)™, (2.52)

N—o0

11
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which is a non-negative function for b = b € R. The scalar product in the limit is given by a
two-dimensional integral over the cylinder

1/2 0
—— ab
(wlo)e = [ 5 [ dap@P@Bvis), ne) = [zshr]”, (25)
-1/2 —oo
which coincides after the change of variable w = —sh® 7z with the scalar product considered

in [33] for the corresponding parameters ayn = b/2, byyy = 1/2 4 b/2. The precise mechanism
describing how the univariate integrals with hyperbolic gamma functions degenerate into such
two-dimensional integrals will be considered in [39].

On the space of smooth compactly supported functions ¢ (a, 8) on R x S\ {0,0} the Hamil-
tonians are formally adjoint H] = H!. In the two-parameter model of [33] analogues of the
operator combinations H.+ H/ and i(H,— H!) were shown to have self-adjoint extensions under
the condition 0 < ap/n + by < 2, which reduces in our case to —% <b< %

Renormalizing the wave functions 1 — |2sh 72|79, we arrive at the Hamiltonians

b(b— 1)

sh? 7z

b(b—1)

H, = -0+ 7° )
N sh? 7z

, ﬁézﬁjz—@?—l—ﬂ

(2.54)

Their Hermitian combination

. . 1 1
H.+ H.= -9+ 10 + n°b(b — 1 +
¢ 2% T 278 ( ) sh?rz  sh’nz
looks like a Hamiltonian describing a particle moving on the cylinder with some specific poten-
tial, but the kinetic energy of the -degree of freedom is negative, which is unusual.
The second weight function (2.7) is reduced in the taken limit to the expression pu(z) =
|2sh7rz|2. Then it is easy to find that

H! = —9% + 27(b — 1) coth (72)9; — 72(1 — b)*.

For b — 1 = —U/, or equivalently

1
b= -
2+

(€ +ih), b’:%+1(—£+ih), (€7, heR, (2.55)

N | —
DO

we have HI = H’!. The system with the second scalar product was investigated in the recent
paper [40], where it emerged in the consideration of open non-compact spin chain. Note also
that in the special case b = b’ = 1/2 the measure (2.53) coincides with the second one and it
becomes precisely the left-invariant Haar measure of the Lorentz group described in [38].

2.6. Complementary complex Calogero—Sutherland model

The last limiting model we consider corresponds to the following choice of the hyperbolic
Ruijsenaars system variables. Take quasiperiods

W1 = 1+ 15, Wo = 1— 15, (256)

and parameterize

v =ivwws (N +8), g=rws (£+hd).

12
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As before, take the limits N — oo, § — 07 with N0 — a € R and denote z = o — if3,
b = =£H" Then we have again the expansion (2.44) with z — —Zz and the coefficients

A=—-p— %Oz + %25, B:= =20 +d6(h+ %5)

Similar to the previous case we replace the Hamiltonian eigenfunctions ®(z) by the functions
U(a, 5) up to some numerical (possibly diverging) factor. From the relation

o —

T — iw; = Iy/wiwy < 5 d + [/ —1i0+ 0(52)>, (2.57)

we obtain

efiwlaz(I)(:L.) — CD(iL' _ iwl) X \Ij(a — (5’ B — 15) = 675(3a+i3,8)\1j(a’ 6) (258)

6—01T, N—oo

Recall that 0, + i0s = 20;. Therefore,

g0 _y =205 1 950, 4 26202 + O(6%). (2.59)
As a result, we obtain
1
—(2—(=1'H,) = -8+ 2zl coth(nz)9; — (xb')? =: H,,. (2.60)
442 5—0+
N—o0

Analogously, for the second hyperbolic Hamiltonian (2.2) we have the same expansion (2.44)
with .
i

1 i
A=F—-a—-~ B:= —2h— _ 2
B—-a 225, b 5(h 2€>

2
and
o—iw2ds _y ,—0(9a—idp) —250.
As a result,
1
— (2~ (=1)'H}) = —0*—2nbcoth(nz)0, — (wb)* =: H.,. (2.61)
442 5—0t
N—oo

This is again a complex version of the hyperbolic Calogero—Sutherland model. However, it
differs from the previous case by the sign of coupling constant b, that is, H,, = H., but
H.. # H!, see (2.51).

In similarity with the previous complex Calogero-Sutherland model, we take as a scalar
product the following two-dimensional integral over the cylinder:

1/2 o0
(Wlo)ei= [ d8 [ daut) 5B vt 5),
—-1/2 —00
2b _\ =2V 212
n(z) = (2shmz)” (2shwz) ~ = |(2shm2)”|". (2.62)
In the last equality we take A € R which results in the complex conjugation rule b = —b' leading

to the non-negative weight function. As for this scalar product
ch = Ht/:c = HCC?

13
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we conclude that eigenvalue problems for the Hamiltonians H,.. and H/, yield the hypergeomet-
ric equation in the variable w = —sh® 7z and its complex conjugate. These equations depend
on one discrete ¢ € Z and one real h € R parameters, which substantially differ from the
system considered in [33]. Renormalizing the wave functions 1) — |(2shm2)?|~%¢, we obtain
the Hamiltonians

HCC — _82 + 7T2M

o b(b— 1)
L H. =f =20
sh? 7z « « i sh? 7z

(2.63)

For b =b = (/2 (i.e., h = 0) these operators coincide with the complex Hamiltonians (2.54).
The constraint —% <b< % yields three possible choices: ¢ = 0,2 leading to the free systems
b(b—1) =0 and ¢ = 1 corresponding to the standard Lorentz group Casimir operators [38|.

Application of the limit w; — ws to the second scalar product (2.7) results in the same weight
function, as in the previous complex degeneration, u(z) oc |sh7z|2. Assuming b — 1 = ¥/, or
equivalently

b=1+r, V=-L+r reR, (2.64)

we obtain formally adjoint operators H], = H’,.

At the moment, we do not know the geometric and group-theoretical interpretation of the
general emerging model. We only stress that eigenfunctions of the Hamiltonians in this case
are not described in general by the complex hypergeometric functions of the type considered
in [41].

3. Hyperbolic wave function

In order to investigate eigenvalue problems for the w; + wy — 0 degenerated Hamiltonians,
we derive a master difference equation and its solution independently on the unitarity conditions
associated with the non-negativity of the corresponding measures. Some limits of the elliptic
hypergeometric equation were considered in [17-19]. Our starting point is the following reduced
difference equation at the hyperbolic level derived there:

D(p, ) (U(p2 + wa, iz — w2) = U(u)) + (p2 < p3) + U(u) = 0, (3.1)
where
sin wll(,uQ flg — wo) sin - u4 — 112) sin - ,u3 + v — wo)
D(p,v) = — H (3.2)
sin J-(p2 — p13) sin —([Lg — H2 — Wo) L sin - (pta + vi)
Jh(lu’a V)
U , 3.3
:2) = Y3 (pg — fia; p3 — fla; w) (33)
and

ico 4

1./ W12

—ico

Here the parameters p;, v; satisfy the balancing condition
4
Z v+ 1) = 2Q = 2(w1 + wo) (3.5)
7j=1

14
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and we use the notation v (a,...,b;w) = Y@ (a;w)-- -y (b;w). Now we take in (3.1) the
limit
fy — —ioo and vy =20Q — Z (vj + p;) — po — ioco. (3.6)
j=1,34

Using relations (A.4) and (A.5), we obtain the equation

BlAl + BQA,1 - (Bl —+ Bg - 1)./40, (37)
where o
B, = e%(ﬂs—uzx—w) H Sl w_l('u?) TV — w2)
iisa S wll(,u4 + )
and
B, — e%(urul)sm o (k3 — pa — wa) sin Z-(pa — piz) sin 7-(2Q —wa — 324y 54 (ki + 1))
sin - (pa + v1) sin - (pa + vg) sin - (pa + va) ’
@ﬁaﬂ4 i iz > (pr+vr)—Q—aws)
0% )(M3 — awy — fly)

—ico

dz
X H YO (e + 2;w) YD (g — 2, pi3 — awy — 2, iy — 2;w) (3.8)

iy/wiws
k=1,3,4 152

Next we take in (3.7) the limit u3 — ico and v3 — —ico with us + v3 = y kept fixed. In this
way we obtain the equation

Dlgl + Dgg_l = (Dl + DQ — 1)50, (39)
2i sin wll(“‘i + v1) sin wll(/m + )’
Dy, = _16%(—y—/£1+u4+w2)8in &(QQ — W2 — Zk:1,4(,uk + Vk) - y) (3'11)
2i sin J-(pa + v1) sin J-(pa + va)
g, = ohiam / o (T i)+ 20—2Q2a2)
X H YO (v, + 2, gy — 2;w)- dz . (3.12)
h—1.4 1,/ W1W2
Let us relabel the variables py — s, v4 — 15, introduce the parameter x
1
r=y=Q+g > (et wm) (3.13)
k=1,2
and the function
1 7 27ixz dZ
Flyypu;o) = ——— / ewiwn YO (v + 2, e — 2;w) - : (3.14)
= 7 (g;w) ,IL /1w

—ico

15
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Now equation (3.9) can be rewritten in the form

e 1% sin 1(:1: + B)F(v; p; ¢ + we) + 4% sin l(x — B)F(v; ;7 — wa)
w1 - w1 -

= i(eiﬁx cos i(,ug — 1) — e=1% cos i(1/2 — V1)>F(g; s ),
w1 w1 -

(3.15)

where ] .
B:§ Z(uk—l—l/k) and C = - Z(,uk—uk).

> (3.16)
k=1,2 k=1,2
Using the pentagon identity [34, 42]

oYz (r—p)/2)
D103 = 3.17
/ ‘ 1\/w1ws YA+ pw) (8.17)
one can find [32] (see also [31]) the dual form of the function (3.14):

ya dy VD (24 v, —z+ gy w
HOky + Qv — )/2) : /i)

F(vi, v i, po; ) = e_ﬁxwl*ﬁ?)fy(?)(ahaz;w) v

T Q-1 Q- Q-a 1 T Q—ay fi—[
Fl-= il . Lot :
8 ( 2T T 2T T T Tyt !

1
27 2 2 2 (3.18)
where

it =1, Vatpe =00, 11— =P, va— 2 = [ (3.19)
Another useful representation of the F-function was derived in [32] (see also [31]):

F(vr, 53 s s 0) = 4@, a3 0)7® (2 4+ Q = JQF )
X A (01 + pio, vy + s w) emawz W) (3.20)
<Q—V1—M2 Q+ vy — o Qv —py Q—vi+ ' )
X F , — Uy , — [T ).
2 2 2 2
After restricting the number of independent parameters by the choice

P =9/2+ M, p2=g/2+ X,

n=g/2-XMN, 1r2=g/2-2X,
we obtain in (3.16) B = g, C'= A\; + Ay, and equation (3.15) takes the form
Cai sin ~(z + ¢ i sin ~(x — g
oyt e — : = )F(Q;A; T wy) e T ( = >F(9;A; T —wy) =
sin 2 Iz
w1

w1

(3.21)

e

sin
T
= 2cos —(Ay — A1) F(g; \; ).
w1
Representing the argument x as a difference of two variables x = x5 — x1, we obtain

sin 7-(z2 — @1 + g)
1- (IQ*Il)ﬂ' F(Q?A7 Ty — (xl — CL)2>) +
Sln ——+—

w1

27i

sin >-(xg — w1 — g
e () 1( (igfml;lﬂ )F(g7A7 Ty — W2 _xl) =

sin

= 2e=1 cos 1()\2 — M) F(g; A 20 — x1).
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Noting the simple identity

e M12) g w—l(AQ — M) =em M fem (3.22)
and defining the function
B, 5, (21, 22) = ¢ 22O E(g Ny — ), (3.23)
we can write
sin Zlu(lx@‘i‘ 9) CD/\l (20 — wn, ) + sin ii@“@— q) ¢§17A2(x1,x2 ) =
= (5N 4 579, (21, 00). (3.24)

Since @il Ao (x1,z2) is symmetric with respect to the interchange wy <+ wq, we also have

sin (2o — 21 + g) sin = (25 — 71 — g)
w2 s p B B
sin % CD/\I )‘2( — % xQ) * sin (932;5261)7r CI)/\1,)\2 (Ih T2 Wl) =
27r1>\ 27 1>\2 g
= (e e YD |\ (v1,22). (3.25)

From the definitions (3.23) and (3.14) we find

e "‘)21“’12 $2(>\1+)\2) 27i ( ) ( )
)\17/\2<x1,$2) 7( )(g,W) / €¥1*2 jl 1|2ry ( 59 ( Z) w)l /—w1w27

—ico

which coincides with the two-particle wave function described in [6].
The dual form (3.18) of the function F(v; u; x2 — x1) with the parameterization (3.21) leads
to the following symmetry [5, 7|:

3, o, (21, 22) = D9 (A1, Aa). (3.27)

1,2

Due to this symmetry we have the second integral representation

_ 27 (561+J32)

e wiwz 2mi (y_y . dz

O (21 22) = O (g w) / emia MW TT 4@ (g7 & (25 — 2);w): , (3.28)
Y (g% i

where we denoted the reflected coupling constant
JF=Q—g=w+ws—g. (3.29)

Using the transformation (3.20) with the restricted parameters (3.21), we derive the reflec-
tion formula [12]

B, sy (@1, 72) = 7P(Q = g 74, g £+ Ais ) DS, 1 (1, 25), (3.30)
where z4 = 9 — 1 and Ay = A2 — A;. Recalling (3.27), we can also write

PLI (N, A) =7 2(Q — g £ 34,9 £ Ag;w0)DI . (A1, Na). (3.31)

1,22 Z1,22
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Alternatively, the reflection relation can be derived by a reduction of symmetries of the
Jp-function (3.4). The following transformation symmetry for the function (3.4) was obtained
in [17] (see also [18]):

2 4
Jn(p,v) = H Y (115 + vg; W) H Y (1 4 v w) ¥ (3.32)
Jk=1 7,k=3

X Jp(pa +n, o+ 0, s — 1, pa — N, 01+ 0,00 + 1,05 — 0,04 — 1),

where 7 = 2(Q — 11 — po — v1 — v2). Let us set in (3.32):

v =§—1q/2+Q)/2, =&+ 1q/2+Q/2,

vy =—E—g+r4/2+Q/2, po =€ —14/2 —g+Q/2, (3.33)
vy =9/2— A1, Hs=g/2+ A,

vy =g/2 — g, e =g/24+ Xy

It is easy to see that this parameterization satisfies the balancing condition (3.5). With this
notation one has n = ¢ — @/2 and the limit £ — ico in (3.32) yields the identity (3.30).

For the purpose of generalizing the derived results to N-particle system it is natural to
work with the function (3.23). However, in order to grasp properties of the two-particle system
sometimes it is more convenient to work in the center of mass frame, which corresponds to
setting in (3.23) xo = —x1 = /2 and Ay = =\ = \/2:

1 em 11 dz
Fi(z) = —— w122 [ 2o £ N £ 2 3.34
A (@) 7®(g;w) /6 I A ) ey (3:34)

—ioco

where two symbols + in the v®-function argument mean the product of four gamma functions
with all possible signs. This function has the symmetries Fy(—xz) = F{(x) and

F{(z) = F279(\). (3.35)
Besides, it satisfies the equation
sin = (z + g) sin = (x — g) 7\
w1 F9 wi ORI (g — = 2cos — FY 3.36
e V(2 + wa) + sin = Y(r —ws) CoS o (x), (3.36)
or in other words
A sin - (x + sin =~ (x —
L,F}(x) =2cos 7T—F/{’(w), Ly=—"2— " ( — g>ew28”” + — ( — g>e“"28“.
w1 sin Z* sin 7%

The derived second order finite-difference equation has two linearly independent solutions
defined up to the multiplication by ws-periodic functions. If one rewrites it as a ¢-difference
equation and looks for solutions in terms of w;-periodic exponential functions, then one comes
to ordinary g-hypergeometric functions with |¢| < 1, which are not symmetric in wy, ws. The
hyperbolic regime which we are interested in admits |g| = 1 and in this case physical solutions
of (3.36) are x — —z symmetric and w; <> wy invariant (in 2d CFT it corresponds to the
b — b~! symmetry) given by the function (3.34). After replacing x by iz, the operator L,

18
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becomes exactly the Hamiltonian H; (2.2), Ly, = H,. Because of the symmetry (3.35), the
variable A should be replaced by i\ as well. As a result, we obtain physical solutions of the
eigenvalues problems

A A
H,FS (i) = EFS(ix), HFS(iz) = E'Fi(iz), E=2ch——, E =2ch_=.
wWa w1
For real w;s and A eigenvalues of both self-adjoint Hamiltonians H; and Hj; are real and
bounded from below, E, E' > 2. However, for wy = w; the spectrum of the self-adjoint operator
Hy, + Hj, is not bounded from below

4 E —dch mARe (w1) cos A Im (wq) cR
s |2 | |2 '

4. Complex degeneration of the wave function

Let us derive the w; + ws — 0 limiting form of the hyperbolic wave function @ih)\2($1, T3)
discussed in the previous section. Our starting point is the integral representation (3.28)

ico

6_W217‘r"i? X2 (z1+x2) 2mi (3, A) @) (1 dz
o7 — Gpwg (N2TAL)E g+ (v, — 2) W) —— 4.1
)\17)\2(131,1'2) 7(2)(9*,(,0) / ewiw2 jH2’Y (29 ((L’] Z)aw)i /—W1w27 ( )

where ¢g* = w; +wy — g. Here we assume that Re w; > 0 and
1
|Re z;| < §Re g, |Re (A2 — A1)| < Re g. (4.2)

The first condition ensures that two sets of the integrand poles

+

Zpoles

=T + (%g* + myiwi + m2w2), mi, Mo € Z}O, (43)

are separated by the integration contour. Under the second condition, the integral is absolutely
convergent due to asymptotics of the integrand gamma functions (A.4), (A.5).
Now, as in Section 2.2, we parameterize periods

w1:i+5, w2:—i+(5 (44)

and consider the limit 6 — 07. Then the integrand poles (4.3) pinch the integration contour,
since | Re x| < Re ¢g*/2 < §. To avoid this pinching, we follow the strategy suggested in [21].

Recall the degeneration of the hyperbolic gamma function to the complex gamma func-
tion (A.10):

i

v (i (n +ud);w) = e2™ (4nd)'T(u,n), \ /% =i+, (4.5)
2

6—0t

where n € Z, u € C. Let us substitute in (4.1) the parameterizations

)\j = i\/wlwg(Nj + ﬂj)a l’j = i\/(JJl(A@(n]’ + uj(S), g* = i\/(JJ]_(JJQ(T + hé), (46)

where 3; € R, uj,h € C, N; € 2Z, r € Z and n;,ny are taken to be simultaneously both
integer or half-integer. We take N, to be even integers in order to avoid discussion of the
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technical details related to the sign alternating factor (—1)N™ for odd N in the asymptotic
formula (A.15), as described in [31]. Then conditions (4.2) hold for small enough ¢ if

1
| Im u,;| < —§Im h < 1. (4.7)

Furthermore, in the limit 6 — 07 integrand poles (4.3) approach the points iZ or i(Z + 1/2) for
n; + r/2 integer or half-integer, respectively. Hence, we split the integral (4.1) into an infinite
sum

kt+1/2

7f(z)i\/%=7f(i\/madzz 5 / iy 2) s =

o keZ+e k—1/2
1/26
=0 Z / f(iv/wiws(k + yd)) dy, (4.8)
keZ+-e ~1/26

where ¢ € {0, %} is chosen so that n; +r/2 + ¢ € Z. In total, in the above steps we changed
the integration variable z — y, where

2 = iy/orwa(k + yo). (4.9)

Initially the distance between integrand poles (4.3) and integration contour iR is propor-
tional to 0. However, due to the rescaling of the integration variable by ¢ there is no contour
pinching in the integrals from the last line in (4.8). Instead, as § — 0T the integration limits
become infinite, and in the integrand we can apply the limiting formula (4.5)

* iy nj—k)2 4+ [r/2—(n;—k))? ih—
7(2)(%9 i(mj—z);w) 5:o+62[/2+( iR 2=005 =R (47 8)ih=2
- (4.10)

x T(3h £ (u; —y), 37 + (n; — k).

Recall that in the taken notation we have
I'la+bntm)=T(a+bn+m)T(a—bn—m). (4.11)

A rigorous justification of the above procedure (including uniformity of the bounds for the
integrand, which allows pulling the limit inside the integral) is discussed in [21].
Under the parameterizations (4.6) the exponential function in the integrand (4.1) reads

6%7;120\2,)\1)2 — 2mi((B1=B2)k+(N1—N2)yd+(B1—B2)ys) (4.12)

Take the limit 6 — 0% simultaneously with |N;| — oo in such a way that N;6 — «a; € R, where
a; are two arbitrary fixed numbers. This can be achieved by taking N; = [a;/d]. — the biggest
even integer smaller than «;/d. Since «;/0 — N; is a bounded quantity, for § — 07 one has
a; — Njo — 0. As a result, we obtain

epis e = (i plkonmoa) (4.13)
|Nj|—o0
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In the same spirit the prefactor in front of the integral in (4.1) has the limit

— 270 (w142) 2mi(B2(n1+n2)4az(uitus))
e 1w i, .2 i €
— _?7‘ 4 6 —ih41 4.].4
Y@ (gt w) 50t € (470) L'(h,r) (4.14)
| V|00

Collecting all above formulas together we obtain the limiting form of the wave function

TiA(n1,na,r ih— r.h
<I>§1’/\2(331,332) o e n1n2 )(47T(5)h 2Fg’§(g,n), (4.15)
|Nj|—00

where we denote

e2mi(B2(n1+n2)+az(ur+uz))

o —
gt ISR R
27i((B1—B2)k+ (a1 —a2)y) 4 o 1 o
X kezz; / e y LIQF <2hi (uj =) 57 = (1 k)) dy, (4.16)

with e € {0, 5} fixed from the condition n; + i1 + ¢ € Z, and

(n1+n2)(1—r)+lr2, ni,No € 7,
A(ny,nae,r) = 2 ) (4.17)
(n1+no)(1—7)+3r° +r+1, ni,ny € Z+ 3.
Notice that the number of coordinates in the limit is doubled
r1,T2  —  w= (up,uz), n=(ny,ns). (4.18)

This is why we take |N;| — oo, ensuring that the number of spectral parameters also doubles

AL A2 = a = (ag, ), ﬁ = (B1, Ba).
Introduce the following combinations of parameters:

) n; + iu; r+1ih k+iy
’Yj:aj—f—lﬁja Z]:]ij P = 9 ) w = 9 ;
. . . (4.19)
_ ) , g+ ,  —r+ih , —k+iy
v = aj —1iB;, 4= Fr=—g W=
Then, using another common notation for the complex gamma function
T(u,n) = T 20| 202 (4.20)
2 2
we can rewrite function (4.16) in an alternative way:
N e2m(v2(z1+22)+72(21+23))
F" =
a5t ) 4nT(plp')
(4.21)

00 - 1 1
« 3 / (=i T T <§p + (2 — w)‘gﬂ' + (25 - w/)) dy.

k€Z+te =12
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As discussed in the previous section, the hyperbolic wave function satisfies two difference
equations (3.24) and (3.25). Their complex degeneration has been already described in Sec-
tion 2.2 with a minor difference: here we consider functions of two coordinates z, x5, whereas
in Section 2.2 we work in the center of mass frame.

Applying the limit 6 — 0" to the difference equation (3.25), with the help of relations
wimm +ud) = —n +id(n + iu) + O(6?),

2

i/ws(n 4 ub) — wy =i(n — 1+ (u+1)8) + O(5?),

we obtain

22—21—1+PFr,h(
o,

—2n+1—p , ) )
2 ! pFa:g(ul—i—l,ug,nl—l,ng)—i- o Uy, Ug +1,n1,n9 — 1) =

22— 2 = Z2 — 21

= — (7™ 4 e PR F (u, ). (4.22)

Notice that for the variables (4.19) the shifts (u;,n;) — (u; +1i,n; — 1) are equivalent to
(2j,25) = (25— 1,2}), that is, the primed coordinates do not change. Similarly, taking the limit
d — 0" in (3.24), we arrive at the equation

/ / !/ / /
zo— 21+ 1 Zo—21—14+p .0 )
2 =L Fog(ur,ug +1i,my,mp + 1) =

o
P F;g(ul —+ i, Ug, N1 + 1,n2) +

= (e 4 PR P (u, ). (4.23)
Again, the shifts here are equivalent to (2;,27) — (25,2} — 1).

There is one neat point regarding the above difference equations. During the derivation we
assume that u, h satisfy the condition (4.7), that is, |Im u;| < —3Im h < 1. As shown in [41,
Section 1.4], the same condition provides conditional convergence of the integral and absolute
convergence of the series in the expression (4.16). However, in the difference equations above
we have shifts u; — u; £1, which spoil this condition. A possible workaround is as follows. Let
us establish the above difference equations under the assumptions

u; € R, Im h € (-2,-1), (4.24)

which are stronger than (4.7). At the end these restrictions can be relaxed using the analytic
continuation (see [41, Proposition 1.5]).

Note that under conditions (4.24) the limiting formula (4.15) for the hyperbolic wave func-
tion %, (1, 72) holds true. To arrive at the difference equations (4.22), (4.23), we need to es-
tablish limiting formulas for the same function with the shifts of coordinates: ®f , (z1—wj,z2)
and q}?\l,& (21,29 — wj). Since it is symmetric in z, x5 and wy, we, it is sufficient to consider
<I>§’\1’/\2 (x1 — w1, T2).

To analytically continue hyperbolic wave function <I>§17>\2(:c1,x2) in x1, we deform contour
in the integral representation (4.1), so that it separates two sets of the integrand poles (4.3).
Conditions (4.24) ensure that for the function @3, (71 —wi, 72) We can take a straight contour

C=iR— %5. (4.25)
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Indeed, in this case x1, 29 € iR, and the poles closest to C' are

1 1
Zy :xl—w1+§g*, Z_ :xz—ig*. (4.26)
They are located from different sides of the contour C' at the distance
1 1
§(Re g-—90)= 55(—\/1 +62Im h—1) > 0. (4.27)

Since the contour is straight, we can do the same steps, as before, to take the limit 6 — 0" of
the function <I>f’\17)\2 (21 — w1, 22). After all we end up with the function F;g(ul +1, ug,my — 1, m9)
given by the same expression (4.16) modulo integration contour, which now becomes R + %
This function enters the first difference equation (4.22), and by the same procedure we can
obtain all other functions from equations (4.22), (4.23).

Now consider the hyperbolic wave function in the center of mass frame

ico

x T 1 27ri)\ ]_ 1 dZ
F)=a",, (-7 _):_/ S5 @ (Lot otz . (428
V() aa g D) e 1Y FgrE s o (4.28)

As before, take the periods w; = wy =1+ d and parameterize other variables

A=ivom(N +B),  x=iJowmn+ud), g =iVwwa(r + ho), (4.29)

where 8 € R, u,h € C such that |Im u| < —Im h < 2, N € 2Z and n,r € Z. Then from the
formula (4.15) we have

F{(x) = emGrimer) (grg)h=2 Fri (u,n), (4.30)
6—07T, |N|—o0
Né—a

where

1 [ o 11 1
F;Z(% n) = m Z / o~ 2mi(Bk+ay) T (éh + JU +y,sr+ oM + k) dy, (4.31)

k€Z+e

with € € {0,1} chosen from the demand that 1(r +n) +¢ € Z.
Notice that the above function is related to its two variable version (4.16) by the formula

Fm) = X Ot oot [ (e ). (132)

which can be obtained by shifting integration and summation variables y — y — %(ul + ug),
k — k — 3(n1 + no) in the expression (4.31). Consequently, defining the variables

Z_nZlu, z'—%—i_m, v =a+if, vy =a—1ip, (4.33)
we obtain difference equations on the wave function in the center of mass frame:
z24+1—p i . z=1+p .n : rh
TFaﬂ(u —in+1)+ TFaﬁ(u +1i,n—1) = =2chmy F5(u,n), (4.34)
Z/ + 1 _ pl

r,h . 7 =1 + p/ r,h . — rh
7 Fg(u—in — 1)+7Fa75(u+1,n+ 1) = —2chmy F5(u,n).  (4.35)

These equations represent eigenvalue problems for the Hamiltonians (2.18) and (2.20) with
b=1—pand b =1-p"

H., Fg;(u, n) = —2chmy F(Zﬁh(u, n), H., F;ﬁh(u, n) = —2chny F;;(u, n). (4.36)
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5. The dual picture

As discussed in Section 3, the hyperbolic wave function has the symmetry

q)gq)\g (Il, I‘Q) = q)g* ()\17 )\2) (51)

Z1,T2

It implies that this function satisfies not only the difference equations (3.24), (3.25) with respect
to the coordinates x1, xo but also the same equations with respect to the spectral parameters
A1, A2 (modulo the reflection of the coupling constant g — g*).

In the previous section we showed that for the complex degeneration w; + wy = 2§ — 07
of the above function one parameterizes \; = i\/wiwz(N; + ;) and takes |N;| — oo so that
the products N;0 go to some fixed numbers «;. At the level of difference equations the same
limit is considered in Section 2.5 (in the center of mass frame). In this limit two difference
equations degenerate into two differential ones, which correspond to a complex version of the
hyperbolic Calogero—Sutherland model, or equivalently, to a system of two complex conjugated
hypergeometric equations.

The solution of the latter hypergeometric equations admits an Euler-type integral represen-
tation, which is different from the Mellin—Barnes-type representation (4.16). In this section, we
demonstrate how to obtain this Euler representation from the Mellin—Barnes one.

As shown in [31, Section 5], the following identity holds true:
2mi(TiutT2k)

I(s+ul+k) ) o
:47/(1 T - - - —,
I'(2s,21) (2chm(m 4 im))HHs (2ch w(m — img))~HHs
c

(5.2)

where d*7 = drdy, we integrate over the cylinder C = R x [0, 1] and assume [ + k € Z. In
fact, this is just a complex analogue of the Euler integral for beta function rewritten in the
exponential variables. Note that under the assumption [ + k € Z the integrand is 1-periodic in
T2, SO We can integrate over 7o along any full period [a, 1 + a].

Hence, we can write

r (%hi (1~ ), 5 & (n —k)) -

627ri(~r1 (uj—y)+712(n;—k))

4 — 5.3
(2chm(m + iTg))# (2chm(m —im)) 2 (53)

:47TI‘(h,r)/d27
c

Inserting this combination of the complex gamma functions in the integrand (4.16) and using
the Fourier transform inversion formula

Z / dy /d2’7' 627ri(a1—Tl)y+27ri(02—72)mf(7_1’7_2) _ f<01,02)7 (54)
oo C

mEZ

which holds for 1-periodic in 75 functions f(71,72), we obtain the following Euler-type repre-
sentation:

F7h(u,m) = 4T (h, r) ¢¥mlantandust Grsaima)

627ri(7’1(u1—u2)+T2(n1_n2)) (55)

x | d*r T —rtih
/ [T 2chrf(a; —m) +i(8; — =)]) 72" (2chn((a; — m) —i(8; — 72)]) 7=

¢ j=1,2
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Observe that its structure is quite similar to the Mellin-Barnes representation (4.16) with the
roles of coordinates and spectral parameters interchanged. From this representation we obtain

Fgg(u m+v,ng+v)= €2W1(61+52)VFM(U N1, ng). (5.6)

Therefore, the functions with integer and half-integer discrete variables nq, ny differ only by a
phase factor.

Using notations (4.19) and also defining 7 = 71 + ity, we rewrite the above representation
in a more compact way

Frh<u n) = 4x(p|p) e 2m((y1+72) 22+ (T1+792)25) o
T (5.7)
c/ 1L IT 2chn(y; — 7)) (2chn(y; — 7))
]: bl

Note that all integrands factorize into “holomorphic” and “antiholomorphic” parts. Moreover,
separately these parts are identical to those, which enter the Euler-type integral representation
for the standard (real) hyperbolic Calogero—Sutherland system, see [43, Section 4]. Similarly to
the Mellin—Barnes representation (4.16), the above Euler-type representation can be obtained
in a limit from the hyperbolic level, which will be discussed separately [39].

Due to the relation (4.32) the wave function in the center of mass frame has the following

form:

=
627T(TZ+’TZ )

"l ) Gl 7))

where we use notations (4.33). One can see that the integrand is periodic in 75 and for |Im u| <
—Im h it decays as e2"(ITm ul+m Wil when |71| — oo guaranteeing convergence of the integral.
The symmetry (5.1) together with the results of Section 2.5 imply that the function (5.8)
diagonalizes the Hamiltonians of complex Calogero—Sutherland system

Fium) = 45T (ol [ (5.5)
C

H, = —02 — 2mp coth (1), — (mp)?, H) = =02 — 2mp coth (77) 95 — (wp')*.
Namely, we have
He Fl(u,n) = —(m2)*Fl(u,n),  HyFolh(u,n) = —(72') 2 FL ' (u,n). (5.9)

Alternatively, one can prove diagonalization directly. Consider the first Hamiltonian H,, the
proof for the second one is symmetric. It is straightforward to check the identity
1 1., 1

T e g T 610

Hence, acting by H. operator on the wave function (5.8) and using this identity, one can
integrate by parts, so that 9% acts on the exponent, yielding the corresponding eigenvalue

_182 e27r7-z — _(7]_2)2 6271’7'2. (5.11>
The boundary terms after integration by parts vanish because the integrand is periodic in 7
and decays exponentially as || — oo.
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For p = p’ € R we have identified our differential equations (5.9) with the ones in [33] for
apyn = p/2, byn = 1/2 + p/2. However, our difference equations (4.36) do not match with
the difference equations in [33] for this choice of parameters. The point is that our integral
representation of the wave function (5.8) differs from the one given in [33]| and, as a result, the
direct correspondence between these two bispectralities is not seen explicitly.

So, the wave function F ;Z(u, n) solves two spectral problems corresponding to complex
rational Ruijsenaars and complex hyperbolic Calogero—Sutherland models. As we argued, this
fact is a degeneration of the bispectral symmetry of the hyperbolic Ruijsenaars model (5.1).
Since this symmetry also holds for the hyperbolic model with N particles [10], we expect the
same duality between complex models in the general case.

6. Limit of the reflection symmetry

As discussed in Section 3, the hyperbolic wave function has the following symmetry with
respect to the reflection of coupling constant (3.31):

YO (g™ £ e — My w) B, (w1, 22) = 7P (g7 %[22 — 215 0) D, (1, 72). (6.1)

In this section, we derive its complex limit. As before (see (4.6)), we parameterize periods
w1 = Wy =1+ 0 together with other variables

Aj = Iywiwa (N + B4), r; = Iy/wiwa(nj + u;d), g" = iy/wiws(r + ho), (6.2)

and take § — 07, |N,;| — oo, so that N;d — «a; for some fixed numbers «;.
First, let us obtain limits of the gamma function prefactors on both sides of (6.1). Using
the reflection formula (A.7), we rewrite the left-hand side expression
Y@+ X —M) AP (g +r—N) P — )

@ (" + [Ny — M];w) = = . (6.3
Tl D = ) = e (T ) STIpvemp RN PRy vemp RN

Applying the limiting formula (A.15) to the ®-function ratios in (6.3), we obtain
Y (g £ e = MJw) =

o T (B0 = i(8 = ) (2shm(en —an =B = 1) =
Nj’6—>‘jaj
= (2shm(y - 71))2;7—1 (2shm(52 — »‘yl))z”/_l, (6.4)

where in the last line we use notations (4.19). For the ®)-function multiplier on the right-hand
side of (6.1), we apply the limiting relation (A.10) and obtain

7(2) (9" £ [2g — 21];w) = eri(r+nz—n) (47?5)2”“2 T'(h+ (ug — up),r £ (ng — nq)). (6.5)

6—0t

Finally, we have already computed the limit of the wave function (4.15)

miA(ny,n2,r ih— r.h
@f\lm(xhwz) o ™A (n1,n2, )(47r5)h 2F%§(g,g), (6.6)
|N]|—>OO

where A(nq,ng,r) is defined in (4.17). Taking into account that in the parameterization (6.2)
g =w +wy — g* = iy/wiwa(—r + 6(=2i — h) + O(6?))
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one also has

* wiA(ny,ng,—r —i —r,—2i—h
CI>§’\17/\2 (21, 22) v Az, =) (475)~ih Fg,é (u,n), (6.7)
‘NJ‘%OO
where actually emA(mm2=r) — emiA(mnzr) g follows from the definition (4.17).
Collecting all the factors we derive the limiting form of the reflection symmetry (6.1):

(2shm(re — 7)) (2shr(F —3)) " F;g(% n) =

= 67ri(r+n27n1) F(h + (’LLQ — Ul), (== (n2 - nl)) FQ_,E_Qi_h(Q> @) (68)

Let us remark that this formula is consistent with the equations satisfied by the wave function.
Recall that F;g(y, n) diagonalizes difference operators:

zo—21+1—p _ —2n1—14+p _
e~ 4 eazQ7
22— z1 22—z

M(p) =

(6.9)

v _ /Y A /
P e et Sl A PR ek Sk ALY (6.10)
Zy — 2 Zy — 2

see equations (4.22), (4.23). It is straightforward to check that the gamma function multiplier
on the right-hand side of formula (6.8)

R = ™0 D(h £ (uy — uy), 7 & (ng — ny)) (6.11)
intertwines the above operators with the reflected constants
M(p)R=RM(1 - p), M (P YR=RM(1-/)). (6.12)
Similarly, the “dual” differential operators in the spectral variables (see Section 5)
N(p) = —22, — 82, — 2mp coth 7(31 — 12) (B, — D) — 2(mp)”, (6.13)
M'(p) = =02, = &2, = 2mp' coth w(51 — %) (85, — D5,) — 2(p')? (6.14)
are intertwined by the function appearing on the left-hand side of (6.8)

1-2p’

R = (2shm(ye — ’yl))l_QP (2shm(%2 — 1)) : (6.15)
that is,
M(p)R=RMQ1—-p), M(Y)R=RM1-/). (6.16)
7. Complex limit of the ()-operator

Baxter @QQ-operators represent a commuting family of integral operators diagonalized by
the wave functions. In the case of hyperbolic Ruijsenaars model they helped to establish
several symmetries, orthogonality and completeness of the wave functions [10-12|. In the two-
particle case Baxter operators are related to the product formulas for relativistic hypergeometric
functions [44]. In this section, we derive a complex limit of these operators and establish the
corresponding product formula.
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The action of the two-particle hyperbolic Q-operator on ¢(x1, ) is given by the following
formula [36]:

ico ico

dyl Y2 —2m \(zy+
h z1+T2—Yy1—Y2)
Q )\ (b T1,T9 e “iw2 X

J =

X ——— O(y1,y2). (7.1)
YO (£(1 — y2), £(y1 — 12) + g% w)

—ico —ioco

It is diagonalized by the hyperbolic wave function

AN, on2) = T[2 (20- ) + ) 8, o0 72)

7=1,2

Now we consider the limit wy + ws = 2§ — 07 of the last formula. For this we take z;, \;, ¢ in
the same form as before (4.6) and in addition set

A=1y/ww(N+pB), NeZ, peR, (7.3)

where |[N| — oo, so that N0 — « € R. The limit of the Q-operator’s eigenvalue is easily
calculated using formula (A.15)
" (i“ ~ ) %;w) = ()Y

6—0t

x(2shm(a — a; +i(8 — B;) +ir/2)) = (2shm(a— oy —i(B — B;) — ir/2))%.
The limit of eigenfunction @5 , (x1,22) on the right-hand side of identity (7.2) was calculated
in Section 4, see (4.15).
Next, consider the left-hand side of identity (7.2). To avoid pinching of the contours we pass,
as in Section 4, to infinite series of integrals over intervals (see (4.8)), so that the integration
variables become parameterized in the following way:

Y; = i\/wlwg(mj + tj(S), m; eZ+ g, tj € R, (74)

where € € {0, %} is chosen from the requirement n; + %7’ + € € Z. To derive the limiting form
of the integrand we use the degeneration formula (A.10). As a result, defining v = o + if3,
7 = a —if and also using notations (4.19) we arrive at the identity

[QQ( 6) aﬂ](u n) FT’Z(Q, n) eiﬂ(r+(r+1)(n1+n2)) X

—r—ih r—ih
X H (2shw(y —v; +ir/2)) 2 (2shw(y —7; —ir/2)) (7.5)
j=1,2
where the action of operator Qg(a, B) is defined by the formula
~ 1 .

Oa(e, B) 6] (wm) = ————— ity dty PE et By -ma) o

e ) G 2.

7 t;eR
eimtrthlmitms) T F(i(uj — 1) + 5, £ (ny —my) + %)

X 2h=1 o(t, m). (7.6)

F(:l:(tl — tQ), :l:(ml — mg)) F(:l:(tl — tQ) + h, :l:(m1 — mg) —|- 7’)
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If we shift the parameter § — [ — ’”H , then the same identity can be rewritten in a more
compact way:

[Qa(a, B) F, H (2chm(y =) " (2chn(y — ;) " Fyh(u,n),
where the simplified complex Q—operator has the following form:
1 .
Qa0 8) @) (wm) = ————— S [ dtydty ettt A )
2 [47T F(h’ 70)] mjEZL+e t/eR
T T (s — t) + 5,y —me) + 5)
X AL o(t,m). (7.7)

F(ﬂ:(tl — tg), :i:(ml — mg)) F(ﬂ:(tl — tg) + h, :i:(ml — mz) + T)

Notice that this operator and its eigenvalue are quite similar to the ones for usual (real) rational
Ruijsenaars model [36, Section 3|.

Observe that the Baxter operators with different parameters are diagonalized by the same
family of wave functions, which is related to their commutativity. The commutativity of hy-
perbolic Q-operators

[Q3(A), QE(A)]=0 (7.8)
is proven in [9]. Now let us derive the same property for their complex analogues
[Q2(1, B1), Qa(02, B2)]= 0. (7.9)

The commutator relation (7.8) can be written as an identity for the kernels of the products of
integral operators

ico ioco
d 27i
Y1 Y2 [6 W1w2A1(x1+12 y1— yz)6 wle)\g(leryQ z1—22)
\/w1CU2 1\/(,01(,&&
—ioco —ioco

—e oy ha(r1taa—y1— v2),~ oM (yitya—z1— 22)}

-ka’Y(Q) (:l:(xj — )+ 5 E(y — 2) + %;w>
] =

% =D =0. (7.10)
YO (£ — 1), (g1 — v2) + g5 w)

As before, the complex degeneration w; + wy = 20 — 07 of this identity is established by
passing to infinite sums of integrals and with the help of the limiting formula (A.10)

Z dtl dtg |:627ri(a1(u1+u27t17t2)+61(n1+n27m1fmz))627ri(a2(t1+t2731732)+52(m1+m2,ll42)) _

m; €Z+¢ t; €R

. 627ri(0é2 (u14uz—t1—t2)+B2(n1+n2—mi—ma)) 627ri(041 (t1+t2—s1—s2)+B1(mi1+ma—11 —b))] %

[T D ()~ t) + 5y — ) + 5 )0 (05 — 50) + 5 20m; = 1) + )

L (£ (t1 — t2), £(my —ma)) T(£(t — t2) + b, £(mq — ma) + 1)
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This is precisely the commutativity condition (7.9) written as an identity for the Qs(a, )
integral operator kernel.

At last, let us remark that for the two-particle model the diagonalization property of Baxter
operators is equivalent to the product formulas for the wave functions in the center of mass
frame. It is known that the hyperbolic function F¥(z) = &, , (=%, %) satisfies the following
272

product formula [44]:

@ (g £ 2 w)
Y (25 w)
dz
i\ /W19 .

This identity is related to equation (7.2) in the center of mass frame x; + x5 = Ay + Ay = 0 by
the Fourier transformation (the Fourier transformed eigenvalue of the @-operator becomes the
second hyperbolic wave function in the product formula).

As we established in Section 4, under parameterizations (4.29)

A = iy/wiwa (N + f), x; = iy/wiwa(n; + u;0), g" = iy/wiws(r + hd), (7.13)

where N € 2Z and n;,r € Z, the hyperbolic wave function in the center of mass frame has the
limit (4.30)

AF (1) FY (19) = v?(g; w) /

—ioco

x YD ((g* £ 2 £ 21 + 29)/2;w) FY(2) (7.12)

mi(r? n;(r ih— r.h
B T © (/2 00) (4eg) =2 BT (g, ) (7.14)
Ni—a

with F ;g(uj,nj) function defined in (4.31). Consequently, the complex degeneration of the
product formula looks as follows:

r,h r,h 1
4Fa7ﬁ(u1,n1)Fa75(u2,n2) = W X

I‘((hiul tuy +1)/2,(r£m inQ)/zim)
dt
R

Fr(t,2m).  (7.15)

>

melte L (4t £2m) T (£t + h, £2m + 1)
Here € € {0, 1} is fixed under the condition that ¢ + 3(r + ny + no) € Z.
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Appendix A. Properties of the hyperbolic gamma function

The Faddeev modular dilogarithm [45], or the hyperbolic gamma function [5] 7 (y; w1, ws),
can be defined by several means. We use the representation

—%iBQ,Q(u;w)

Y (u;w) = 7P (w501, 09) = e (s w), (A1)

where Bj 5 is the second-order multiple Bernoulli polynomial

1 2 2 2
3272(16;&_)): ((u_W1+W2> _wl +w2)

W1Ws 2 12
and
(3671 §)oc / e dz
L) = ME e _ i A2
R+i0

with

2mi 2L ~ —omiZ2

q=¢€ =2, q=e€ “1,

and (a;¢)oo = [[1eo(1 — ag®). The superindex (2) indicates that this is the hyperbolic gamma

function of the second order in accordance with the order of the Barnes multiple gamma function

used for its definition. Its reciprocal is known also as the double sine function, see e.g. [9].
This function obeys the first-order difference equations

(2) . 2) .
Tt i) g, Tt Tl tene) g, T (A3)
73 (u;w) wo 73 (u;w) Wy

and has the following asymptotics:

lim 6%32’2(”’w1’w2)7(2)(u;w) =1, forargw; < argu < argws + T, (A4)
uU—00

lim e_%iBQ’?(“’“l’“’Q)y(z)(u; w)=1, forargw, —m <argu < arg ws. (A.5)
U—00

Besides, it has poles and zeros at the points
Upoles = —MW1 — MaWs, Uperos = W1 + W + MWy + Mows, mi, Mg € L. (A.6)
It also satisfies the reflection formula
7 (u; w) Y P (wy + wy — ujw) = 1. (A.7)

Let us describe several qualitatively different degenerations of the hyperboilc gamma func-
tion. First, there are two well known limits to classical functions:

1
1 2mw \ ¥ 2
@ (pwiw) = —( 1> I'(z A8
v ( 1, )w1_>0+ \/% Wy ( )7 ( )
(2) . g
7@ 4 gun;w) = 2sinH . (A.9)
YO (z;w) w0t wo
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They are used in the reduction of hyperbolic Ruijsenaars model to the usual (real) rational case
and to the hyperbolic Calogero—Sutherland model.

The complex analogues of the these limits have substantially more complicated form. An
analogue of (A.8), emerging in the limit w; + wy — 0, was heuristically considered in [46] and
rigorously derived in [21]. It has the form

6—0t

v (iy/wiws(m + ud);w) = ezm (476)" ' T (u,m), /% =i+, (A.10)
2

where m € Z, u € C. Here I'(u,m) is the gamma function over the field of complex num-
bers [47]

F m-iu
I(1+ 23
An alternative notation is
INEY! _ m+iu

I'(a|a) = a—a =méeZ. (A.12)

rl—-a)y “~ 2 7
From the reflection relation I'(2)I'(1 — ) = n/sin wz the following identities are obtained:
L(a|d) = (-1)**T(e/|o),  T(z,—n)=(-1)"T(z,n), (A.13)

and

/

L(a|d)T(1 —all —a) = (1), I'(z,n)I'(—x — 2i,n) = 1. (A.14)
One has also the finite-difference equations

I'a+1la)=T(z —i,n+1) =al(ald),
L(ala' +1)=T(x —i,n — 1) = —a'T'(ald).

A complex analogue of the relation (A.9) was derived in [31] and it has the following form:

eWiNm 7(2) (IM[N + 6 + m + UC;] ) W) _
NIV 0 R
= esm (2shm(a+ip))

§—01, |[N|—oo
Néi—a

where Nym € Z, a € R, B,u € C.
Another singular degeneration derived in [21| emerges in the limit w; — wo and has the
form

(A.15)

m-iu —m+tiu

2 (2sh7r(a—iﬁ)) z

i

(2 . _ —3(m-1)? m—1(; M +iu wi _ .
7 (Vwrwa(m + ud); w) =L e (479) (1 5 )mq’ \ /w2 1+ 16,
(A.16)

where m € Z, u € C. In this case on the right-hand side one has the standard Pochhammer
symbol
T'(a+m) ala+1)---(a+m—1), for m > 0,
(a),, = o) i

['(a) G- D@=9  (atm) for m < 0.
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