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Abstract

The Continuous analogue of Newton’s method (CANM), developed at JINR since the 1970s, is one
of the most important areas of research at Laboratory of Computing Techniques and Automation
(LCTA) — Meshcheryakov Laboratory of Information Technologies (MLIT). CANM and its general-
ization are powerful tools for the effective numerical solution of nonlinear problems within a wide range
of complex physical systems studied at JINR. This review article provides a general framework for the
CANM-based approach, the main stages in the development and applications of CANM for solving
various types of nonlinear problems that have been on the agenda in different years. The results of the
development and application of CANM-based iterative methods, obtained over the past 20 years, are
presented in more detail.
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1. Introduction: historical preamble and our days

One of the most important research areas at LCTA-MLIT is the development and applica-
tion of computational schemes based on the Continuous analogue of Newton’s method (CANM).
CANM and its generalization provide broad capabilities for constructing computational schemes
that flexibly address the specific needs of specific problems arising in the mathematical mod-
eling of complex systems in nuclear physics, quantum mechanics, condensed matter physics,
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astrophysics, and other fields of science. The CANM approach ensures a rapid convergence and
high accuracy of the resulting numerical solutions.

At present, the term “Continuous analogue of Newton’s method” and the abbreviation
CANM are used in a broad sense, encompassing the entire set of computational schemes based
on “classical” CANM formulated in [1], its generalization [2] and its various modifications in
combination with other numerical methods.

For many years, the recognized leader of this field, heading the theoretical development of
CANM and its generalization, as well as work on the use of Newtonian iterative schemes for
the numerical study of a number of nonlinear physical systems at MLIT and JINR, was the
honored scientist, Professor Igor Viktorovich Puzynin.

The theoretical study and practical use of CANM-based iteration schemes started at LCTA
with the publication of the paper by E. P. Zhidkov and I. V. Puzynin [3] in 1967, where a
modified Newton-type process with the introduction of an auxiliary continuous parameter was
considered and successfully employed for the numerical solution of a boundary value problem
(BVP) for a nonlinear differential equation. Since then, such a numerical approach (termed by
the “Continuous analogue of Newton’s method” similar to [4], where a consideration of standard
iterative method continuous analogues was proposed) was intensively developed by scientists
at LCTA in collaboration with colleagues from the other Laboratories of JINR. The long-term
practical use of the CANM approach in the computational analysis of various problems con-
firmed its effectiveness and yielded new knowledge within the relevant areas of nuclear physics,
quantum mechanics, and condensed matter physics. Most achievements in the development
and application of CANM in 1967-2007 were summarized in review papers [1, 2, 5| published
in 1973, 1999, and 2007.

In the first review article [1]| published in 1973 by E. P. Zhidkov, G. I. Makarenko, and
I. V. Puzynin, the convergence properties of CANM iterations for several classes of nonlinear
problems; including the Dirichlet problem for a quasi linear elliptic equation, a nonlinear integral
equation, a nonlinear equation within the inverse scattering problem, a BVP for a nonlinear
differential equation within the statistical nuclear physics model, are considered.

In the following years, CANM-based computational schemes were elaborated and suc-
cessfully employed at the Department of Computational Mathematics of LCTA headed by
E. P. Zhidkov for the numerical analysis of nonlinear problems arising within the mathematical
description of a wide range of complex physical systems.

The paper [6], where a modified CANM-based iteration method is considered for the eigen-
value problem of an integro-differential equation, is noteworthy. In [7|, the CANM iteration
scheme is constructed and applied to calculate single-particle quasi stationary states in spherical
and deformed nuclei. In [8|, the numerical solution of a quantum-mechanical scattering prob-
lem is reduced to the CANM-based numerical solution of the respective eigenvalue problem.
In [9], CANM-based computational schemes are considered for numerically solving singular
BVPs within the models of quantum mechanics and quantum field theory. The papers [10-
12| consider CANM-based approaches for solving various multi-channel and multi-dimensional
scattering problems. In [13], the CANM numerical scheme is used in the numerical analysis
of solitons and critical currents within the model of Josephson junctions with microinhomo-
geneities. A CANM-based numerical study of the stability of moving bubble-like solutions in a
system of interacting bosons was performed in [14].

An important direction in 1975-1990 was the development and application of numerical
methods for solving the quantum-mechanical three-body problem within the muon catalysis
theory [15]. A series of studies were conducted on the development of new methods for the
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numerical solution of the singular Sturm-Liouville problem for systems of a large number of
integro-differential Schrodinger equations. Algorithms and computer programs on the basis of
CANM were successfully applied to high-precision calculations of the physical characteristics of
mesomolecular and nuclear processes. The numerically predicted energy levels of weakly bound
states of mesomolecules ddy and dtp were confirmed by experiments performed at the Dzhelepov
Laboratory of Nuclear Problems of JINR. The accuracy of the numerical results was compara-
ble to the accuracy of particle mass measurements available at that time. These results were a
basis for further investigations of the muon catalysis process within other theoretical and nu-
merical approaches. In 1986, the participants of the investigations D. D. Bakalov, S. I. Vinitsky;,
A. D. Gocheva, M. S. Kaschiev, V. I. Korobov, V. S. Melezhik, I. V. Puzynin, T. P. Puzynina,
L. N. Somov, and N. F. Truskova were awarded the JINR Prize for the project “Creation of
methods for solving the quantum-mechanical three-body problem and their application to the
problem of muon catalysis of nuclear fusion reactions”. The discovery of weakly bound states in
the muonic molecules of deuterium and tritium [16-18| is one of the world-class achievements
at JINR, made possible by the use of the CANM method. The mathematical and physical
contexts of this problem, details of the numerical approach, results of the calculations, and
respective references are presented in [5].

Another area of application of the CANM approach is the numerical study of multi-parameter
self-consistent nonlinear models, such as the polaron model, solvated electron model, quantum-
field binucleon model, QCD-inspired quarkonium model, and others. Stationary particle-like
states in these models are found by means of the numerical solution of singular BVPs and
spectral problems for systems of nonlinear multi-parameter differential, integro-differential and
integral equations. In these numerical studies, modified computational schemes were employed
on the basis of the generalization of “classical” CANM. As shown in the theoretical analysis of
I. V. Puzynin and T. Zhanlav [19] and in the numerical studies of I. V. Puzynin, P. G. Akishin,
I. V. Amirkhanov, T.P. Puzynina, Yu.S.Smirnov, T.A. Strizh, E.V.Zemlyanaya, and
T. Zhanlav, generalized CANM improves the convergence of the iteration process for these
classes of nonlinear problems and opens additional possibilities in constructing high accuracy
computational schemes [12]. These results are discussed in detail in the second review paper [2].

The most recent review article [5] was published in 2007 and discusses new numerical ap-
proaches based on the combination of CANM and generalized CANM with other methods in
the context of the numerical investigation of a wide range of complex physical systems. The re-
sults of I. V. Puzynin, I. V. Barashenkov, T. L. Boyadzhiev, O. Chuluunbaatar, T. P. Puzynina,
O. L. Streltsova, S. I. Vinitsky, E. V. Zemlyanaya, and others on the investigation of numerous
physical systems, including the calculation of energy levels within the adiabatic mesomolecule
model, the numerical solution of a scattering problem within three-particle systems, the analysis
of the existence and stability of multi-soliton complexes and travelling waves in the damped-
driven nonlinear Schorédinger equation with self-focusing and de-focusing nonlinearity, the in-
vestigation of instabilities of spinor solitons, critical regimes in nonlinear models of astrophysics
and Josephson junction systems, are presented.

In 2007-2025, the research continues in both directions of improving CANM iterative
schemes and extending the application of CANM in the numerical analysis of various prob-
lems within thematic projects at JINR and its Member States.

New algorithms for calculating the CANM iteration parameter [20, 21|, aimed at achieving a
faster convergence of CANM-based iterations, were proposed by I. V. Puzynin, T. P. Puzynina,
and V. T. Thach, and their effectiveness in solving a number of problems was demonstrated.
Another algorithm for the CANM iteration parameter was proposed by T. Zhanlav and O. Chu-



E. V. Zemlyanaya, O. Chuluunbaatar Natural Sci. Rev. 8 200605 (2026)

luunbaatar for the CANM-based solution of an eigenvalue problem for a system of differential
equations. Two- and three-step iteration processes within the CANM approach were developed
by T. Zhanlav and O. Chuluunbaatar and proved to be effective for special classes of nonlinear
problems. The convergence of the CANM process for iteration parameter values greater than 1
was also considered, and the corresponding convergence theorem was proved. These studies were
performed within collaboration between JINR and the Institute of Mathematics and Digital
Technology of the Mongolian Academy of Sciences and published in the monograph [22].

The combined use of the CANM iteration with the predictor-corrector continuation tech-
nique and Numerov’s finite-difference approximation made it possible to obtain and investigate
new localised states in systems described by various versions of the damped-driven nonlin-
ear Schrodinger equation, including travelling multisoliton complexes [23], time-periodic and
quasiperiodic localised structures [24, 25]. Later, the corresponding numerical approaches were
adapted and are used for the numerical study of three-dimensional oscillons in the ¢* theory
based on their approximation by standing waves in a ball of finite radius [26]. These stud-
ies were conducted by E. V. Zemlyanaya, N. A. Alexeeva, I. V. Barashenkov, and others within
collaboration between JINR and the University of Cape Town.

CANM-based computational schemes, developed previously by T. L. Boyadzhiev and coau-
thors, were extended for the numerical study of the complexity of coexisting multifluxon
states in the long Josephson junction system within a model based on the double sine-Gordon
equation [27-31]. These studies were conducted in collaboration with Bulgarian colleagues,
as well as with colleagues from the Bogoliubov Laboratory of Theoretical Physics of JINR
(P. Kh. Atanasova, T. L. Boyadzhiev, Yu. M. Shukrinov, E. V. Zemlyanaya, and others).

Computational schemes with the use of the finite element method (FEM) within the CANM
iteration were elaborated and employed by O. Chuluunbaatar, A. A. Gusev, S. I. Vinitsky, and
others for the numerical study of several models of few-particle systems in multidimensional
domains with complex boundary geometry [32-36].

I. V. Puzynin, 1. G. Hristov, and others proposed modified iterative schemes based on the
CANM method and Taylor expansion, which made it possible to obtain new families of solutions
of a special type to the three- body problem on a plane with high accuracy (see, i.e. [37, 38]).
Based on CANM, an algorithm for the mathematical modeling of charged particle transport
in accelerators was developed in [39]. In [40], the CANM-based approach is used within the
context of point approximation in three-dimensional space by a set of parallel planes based
on the orthogonal least squares method. Furthermore, the CANM approach and the NINE
program [41] is used in the recent work [42]| for the numerical solution of a nonlinear BVP
arising in theoretical studies of scalar vortex generation in a rotational frame.

Despite the wide range of practical applications of CANM, the most significant results were
obtained in two major areas: the numerical study of problems arising within the few-body
models of nuclear physics and quantum mechanics, and the study of particle-like states and
localised structures within the nonlinear models of field theory and quantum field theory. Tak-
ing this into account, this article is organised as follows. In Section 2, the general principles
of constructing iteration schemes based on CANM are considered. New variants of choice of
the CANM iteration parameter are also discussed in Section 2. In Sections 3 and 4, represen-
tative cases of CANM-based numerical studies of localised structures in nonlinear media and
investigations of complex few-body systems over the past twenty years are presented.
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2. Modified iterations on the basis of CANM and its generalization

The mathematical modeling of complex physical systems typically results in non-stationary,
spatially non-one-dimensional, multi-parameter, nonlinear, singular systems of integral, integro-
differential, or differential equations. In practice, for theoretical and numerical studies of such
systems, one way or another, a transition to simpler formulations occurs [2, 5|. In some,
relatively few cases, it is possible to make theoretical estimates of the accuracy of the afore-
mentioned simplifications. In other cases, to assess the accuracy and reliability of the obtained
numerical results, it is necessary to conduct comparative calculations on a sequence of expand-
ing intervals, condensing grids, an increasing number of basis functions, etc. Thus, in many
cases, the numerical study of models of complex physical systems can be reduced to solving
multi-parameter BVPs for stationary systems of equations of various types and to spectral prob-
lems for such systems. Their characteristic feature remains nonlinearity (and hence the possible
non-uniqueness of the solution and the presence of bifurcations), as well as multi-parametricity.

Such problems can be uniformly formulated as a nonlinear functional equation [5]:

F(a,¥) =0, (1)

where a € R, is the vector of parameters of the physical model, ¥ is an element from some
region of the Banach space ), and R; is the Euclidean space of the dimension /. The nonlinear
function F', given the vector of parameters a, maps the elements ¥ from the region of ) to U,
where U is the Banach space and U O Y. In spectral problems ¥ = {\ y}, where y is an
element from some region of Banach space ), and A € R,, is the vector of eigenvalues. The
nonlinear function F' maps the elements ¥ from the region of R, x V to R,, X U.

The problems under consideration are characterized by the following features noted in |2, 5].

e Some preliminary information about the existence and qualitative behavior of the desired
solutions is known from the physical properties of the processes under study and from the
consideration of simplified models, especially in asymptotic ranges of parameter variation

e In problems representing approximations to more complex multidimensional problems, as
well as when moving from infinite to finite ranges of independent variables, problems in
estimating the accuracy of the approximations used arise. In most cases, such estimates
can only be obtained numerically, by performing calculations for certain values of the
approximation parameters.

Thus, in formulation (1), the vector of “external” parameters a expands and, in addition to
the “physical” parameters of the model, contains the approximation parameters of the problem,
including those of the computational scheme. Therefore, a numerical study always embraces
checking the adequacy of the selected discrete approximation parameters and verifying the
theoretical and actual accuracy of the computational scheme. As a result, a numerical study
of a model typically involves conducting large-scale calculations over a wide range of these
parameters. This enables, on the one hand, to study the properties of the models under
consideration, i.e., the behavior of solutions depending on the “physical” parameters, and, on
the other hand, to control the accuracy of the obtained results depending on the approximation
parameters of the original problems.

Modified schemes based on CANM and its generalizations are an effective method for nu-
merically solving a wide range of problems of type (1) for the given parameter vector a. This
method, while maintaining the quadratic convergence of iterations in the vicinity of a local root,
allows one, by choosing the iteration parameter, to expand the convergence region of Newtonian
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iterations compared to the “classical” Newton method. The simple logic of constructing schemes
based on the CANM generalization, on the one hand, and the flexibility of this approach, which
allows it to be combined with other computational methods, thereby taking into account the
specifics of a particular problem and the architectural features of modern computing systems,
on the other hand, make it a powerful and widely used tool in computational physics.

As already mentioned, multi-parametricity is a characteristic feature of the problems under
study, making it relevant to develop methods of continuation by parameters, taking into account
the specific characteristics of specific problems and research objectives. Combining CANM with
new efficient continuation schemes, ensures a stable convergence of Newtonian iterations and
provides a promising basis for successful numerical studies of the functional dependencies of
solutions on parameters in nonlinear multi-parameter models of complex systems [5].

Since the development of the CANM approach is largely a product of experience in solving
a variety of practical problems, the schemes developed based on it reflect the most attractive
aspects of several other well-known methods widely used in solving physics problems. These are
perturbation theory schemes [43], the parameter continuation method [44|, and the parameter
differentiation method [45] (in nuclear physics problems, this method is known as the coupling
constant evolution method [46]). As a result, the developed computational schemes possess the
properties of such well-known methods as the splitting method [47], multigrid methods [48],
and some regularization methods [49].

Iterative schemes based on the CANM generalization, while maintaining the quadratic con-
vergence of iterations in the region of a local root, make it possible, by choosing the iteration
parameter, to expand the region of convergence of Newtonian iterations (the “bottleneck” of
the classical Newton method).

In the iterative schemes developed on the basis of the CANM generalization, the problem
of choosing initial approximations is constructively solved for certain classes of problems. The
solution of a linear problem with respect to iterative corrections is simplified, i.e., the iterative
process without inverting the linear operator in this problem.

In spectral problems of quantum mechanics, the developed generalization of CANM can
serve as a unified theoretical basis for describing a number of well-known methods, such as the
inverse iteration method, the inverse iteration method with a shift, and the inverse iteration
method with a Rayleigh quotient [50]. Computational schemes for problems of this type are
discussed in reviews [51, 52|, see also |2, 5] for details and references.

2.1. CANM iteration process

In [4], a group of one-step iterative methods for solving a nonlinear equation in Banach

space is considered!
F(¥) =0, (2)

in which, at each step k of the iteration process, the correction AV, to the approximation W,
of the desired solution known from the previous step is calculated by the formula

AU =p(Uy), Upy =0+ ATy, k=0,1,2,...,

where Uy is a given element. The method for constructing the function ¢ (V) is determined
depending on the iterative method used. In particular, for Newton’s method

Y(¥) = —(F/(¥)) " F(D),

In those formulas where it is not essential, the dependence of the function F(a, ¥) on a is omitted.

7
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where F'() is a linear operator, the Fréchet derivative of the function F(¥). It is shown that
for each iterative process of this type, a continuous analogue can be constructed by replacing
the discrete variable k (k = 0,1,2,...) with the continuous parameter ¢ (0 < ¢ < 00). Assuming
the continuous dependence W = W(t) and introducing the derivative dW¥(t)/dt instead of the
increment AWy, a differential equation is obtained

Cu(t) = v, W(0) = Ty, 3)
and then d
S EW(R) = —F(¥(). ¥(0) =¥ (4)

This implies the existence of the integral F(¥(t)) = e 'F(¥y) which converges to the solu-
tion U* as t — oo [4].

As a result, finding a solution to Eq. (2) is accomplished by solving the Cauchy problem (3)
on the semiaxis 0 < t < oo. In [4], a number of assertions regarding the convergence of
continuous analogues of iterative methods for ¢ — oo to the isolated solution ¥* of Eq. (2) are
proved.

The review [1| describes the simplest one-step method for the approximate integration of
problem (3), which is the Euler method for CANM. This method on a discrete grid {ty, k =
0,1,2,...;tkr1 — ty, = 7} leads to a sequence of linear problems

F’(\Ifk)vk = —F(\I/k), \Ijk—&-l :\Ilk—i-TkUk, /{320,1,2,..., (5)

where W is a given element. For 7, = 1, the result is a sequence of iterations of Newton’s
method. The convergence conditions of the iteration process (5) are considered in [3].

In the practical implementation of Newtonian iterative schemes, Eq. (2) is replaced by an
equation approximating it in the grid space

Fi(¥p,) = 0. (6)
Let W5 be the exact solution of Eq. (6). Then, in the grid norm, the following estimate is valid:
[0 — Wi < |9 — W || + [0, — W], (7)

where W5 is the approximation to the solution obtained after the k-th iteration under the
condition
0 = Fu(¥p)| <&, 0<e< 1. (8)

Since

I — Wil < O(h") and |0}, — Wil < B E (L),

where B > 0 is a constant that determines the neighborhood of the desired solution [53], then
for B||Fj,(¥¥)|| < O(h?) (which is satisfied by specifying sufficiently small € in relation (8)),
the accuracy of the obtained approximate solution is close to the theoretical estimate of the
chosen difference approximation method for Eq. (2):

[ — Wi|| ~ O(hP). (9)

This can be studied in detail on a sequence of condensing grids. In this case, it is possible to
refine the difference solution using Padé or Richardson extrapolation (see, for example, [48]).

8
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If the original problem is singular, a term characterizing the error in approximating the
singular problem by the corresponding regular problem is added to the accuracy estimate. This
error can be estimated by performing successive calculations on expanding intervals. In this
case, a ratio of the computational scheme parameters is achieved such that the error in the
difference solution accounts for the main contribution, i.e., so that relation (9) is satisfied.

It is known [54] that the stability and convergence of the difference solution of a nonlin-
ear BVP are closely related to the approximation properties of the corresponding linearized
problem. The construction of an almost extremely compact O(h*) accuracy scheme within
Newtonian iterations, approximating the linear problem for inverting the Fréchet derivative op-
erator, enables us to expect the stability of such a scheme. Then, under conditions of sufficient
smoothness (Lipschitz condition) of the coefficients of the linearized problem, the corresponding
finite-difference scheme for the nonlinear BVP has, in the neighborhood of the exact isolated so-
lution of the differential problem, a unique solution for sufficiently small & that converges to this
solution (such schemes are implemented, for example, in the SLIPH4 [55] and PROGS2H4 [56]
programs).

Thus, three factors that determine the convergence properties and accuracy of the CANM
iteration process should be selected taking into account special features of each nonlinear prob-
lem: the choice of the initial guess; the algorithm of the iteration parameter calculation; the
method and accuracy of calculating the inverse operator to the Fréchet derivative.

2.2. Iteration parameter in CANM

The choice of the parameter 75, can be accomplished in different ways and presents a special
problem. As a result of practical experience and theoretical research by a number of authors |53,
54, 57-59], several algorithms for calculating this parameter are developed, expanding the region
of the CANM convergence and reducing the number of Newtonian iterations.

The algorithm proposed in [59] is defined by the formula

S (10)
Op—1 + 0k (1)
where
o = |1 Fn ()1, (11)

and 0y (1) is the value of 8y, at the k-th iteration calculated in the case 7 = 1. As shown in [59),
this algorithm ensures a quadratic reduction in the residual 6 and the convergence of the iter-
ative process in a small number of steps in the case of a well-chosen initial approximation. Its
drawback is the need to calculate the value of d;(1) at each iteration, which, when solving com-
plex problems (integro-differential equations, spatially multi-dimensional systems of equations,
etc.), can require a significant increase in computation time.

In [53], the local convergence of iterations (5) is proved in the case of the iteration parameter
calculation by means of the formula:

- :{ min (1,7),  for [|F(Wg)|| < [[F(Vs1)ll,

"/ 12
max (1, 7), for [|F(U)] > [F(W)]l (12)

where 7, = [|F(9) ||| F(¥s_1)||7k—1. As shown in [53], algorithm (12) provides a sequence
of {7} close to optimal and, at a certain stage, the transformation of the CANM process (5)

9



E. V. Zemlyanaya, O. Chuluunbaatar Natural Sci. Rev. 8 200605 (2026)

to the classical Newton method. It is also demonstrated in [53] that the convergence region
of CANM-based iterations with this choice of 7, is wider than that of the classical Newton
method. In particular, practical calculations confirm that by decreasing the value of 74 in (12),
one can expand the convergence region of CANM-based iterations. On the other hand, increas-
ing 7y allows one to significantly reduce the number of Newton iterations in cases where the
convergence of the iterative process is ensured by the choice of the initial approximation (for
example, within the parameter continuation method).

2.2.1. Choice of the initial value of the iteration parameter

Formula (12) requires the initial value 7y of the iteration parameter. In most cases, the
value of 7y = 0.1 provides a stable convergence of the CANM process even at the rough initial
guess Vy. Conversely, with this value of 7y the number of iterations remains quite large even
with a very good initial guess.

In [20, 21], two adaptive algorithms for choosing the initial value of the iteration parameter
are proposed, providing a larger or smaller value of 7y depending on the quality of the initial
guess. These algorithms are defined by the following formulas:

. J
Variant 1: 79 = 2510(1), (13)
Variant 2: = = [1— )| (14)
2 do

Here the residual dy can be determined as in Eq. (8) or (11), and d;(1) is the residual in the
case k =1, 7 = 1. To exclude too small or too large values of 7y, the constraint 7., < 79 < 1,
Tmin = 0.1 18 introduced.

In addition to the two variants (13) and (14), the third variant of the 7y calculation is
proposed and tested in [41]. It is based on the combination of the algorithms: the initial value
of the iteration parameter 7y is calculated using formulas (10), (11), then formulas (8), (12) are
used to calculate the iteration parameter. The test calculations show that all three methods
provide a decrease in the number of iterations compared to 7, = 0.1, while the number of
iterations is comparable to the number of iterations when using the method determined by
formulas (10), (11). It should be highlighted that calculating 7y requires a one-time additional
calculation of the residual for the case 7 = 1 at k£ = 0, which does not lead to a significant
increase in the volume of calculations.

2.2.2. Convergence of the CANM process for iteration parameter values greater than 1

As shown in [22], the value of the CANM iteration parameter can exceed the “classical”
value 1 without the loss of the convergence.
Let us assume that the following conditions are satisfied:

[F(0) = F(D)| < L| ¥, ¥, ¥e,

(c1) |

(c2) I(F'(Wo))~ |l < B,

(c3) I(F'(Wo))"F(Wo)| <m, a0 = Lpn,
(ca) L

ca) LI(E'(UR) T E (W) F (W)l <aw, k=01,

and consider the open level set L, = {¥ € Y; [[F(V)| < n/8 = a}. In [22] the following
Theorem is proved.

10
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Theorem 1 Let us assume that the conditions (c1)—(cy4) are satisfied and the iteration param-
eter Ty is chosen from the interval I, where

(0 — 1+ 1+ 8ay

2 ) C(0,2), for 0<ap<1,

(15)

I, = )

(0, —] C (0,1], for 1< a; < oo.
ag

Then the sequence {U} obtained by iteration (5) is well defined, remains in L, and converges

to some U* with F(V*) = 0.

Theorem 1 gives us the opportunity to expand the 7-region of the CANM convergence
from 7, € (0,1) to 7, € (0,2). It is clear from the condition (¢4) and from Eq. (15) that in the
neighborhood of a; < 1 one can choose the iteration parameter 7, > 1. Surely, the theorem does
not provide the exact value of the right boundary point of the interval I}, for each k-th iteration.
However, in some nonlinear problems, the empirical choice of the iteration parameter 7, > 1
provides a better convergence compared to 7, = 1. For example, within the continuation process
of ¢* standing waves in a ball of finite radius, the parameter 73 is determined by formula (12)
where 7p=0.9, and the maximal value of 7 is 1.5. Such an algorithm ensures a stable and quick
convergence of the CANM process within the numerical continuation procedure in numerical
studies presented in Section 3.2.

2.3. Generalization of CANM and applications

Various modifications of CANM are developed and widely used, enhancing its effectiveness
for specific classes of problems and expanding its scope of application. One such modifica-
tion, employed in a number of studies, is a generalization of CANM, according to which the
parametrization of Eq. (2) with respect to the additional parameter ¢ is carried out with an
explicit dependence of F' on t. In this case, the continuous parameter ¢ is introduced into
Eq. (2), so that at ¢ = 0 a simple equation is obtained

F(0,9(0)) = Fy(W) =0, (16)

which can be easily solved, and lim;_,, F'(¢t,V(t)) = F(¥).
Thus, for the nonlinear functional (2), an evolution equation is constructed in the continuous
parameter ¢, similar to Eq. (4):

%F(t, W) = —F(t, 0(1)), 0<t<oo (17)
with the initial condition ¥(0) = ¥y. From Eq. (17), denoting A(t) = Fy(t, U(t)), we obtain:
O — (AW P W) + F (1 ¥(0)] (18)

Since the integral of Eq. (17) is F(t,¥(¢)) = e *F(0,Vy), then as t — oo ||F(t, ¥(t))|| — 0,
and one should expect the asymptotically stable convergence ¥(t) to the desired solution W*.

When approximating Eq. (18) using the Euler scheme, the continuous parameter ¢ : (¢, t1, ...
..., tg) is discretized; ty = 0, tg11 — tr = 7 and the resulting iteration sequence is

Vi1 = Vg + 7 Vi, (19)

11
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where
Vi = —Bi[F(tr, Vi) + F/(tr, ¥i)], B = [A(tp)] . (20)
By calculating the iterative correction V}, and the step 7 for each value t;, a new approximation
U1 to the solution U* is obtained. The iterative process (19), (20) must continue until the
inequality
5k = ||F(tk, \Ifk)H < €. (21)
One variant of parametrization based on the CANM generalization can be performed using
a scalar function g¢(t) [19], the so-called perturbation inclusion function, such that g(0) =
g(00) — 1 = ¢'(c0) = 0 and a representation of the function F(t, U(t)) as a sum

F(t,W(t) = Fo(W(t) + g(®)[F(£,W(t) — Fo(¥(1))]- (22)

For the equation Fy = 0, the solution is easily found or, by assumption, known. This variant
can be viewed as a combination of CANM and the parameter variation method [45]. In [60],
the function ¢(t) is calculated iteratively through an iterative correction. In [61, 62|, the
functional dependence g(t) is specified explicitly. More details and references are given in [2].
The convergence conditions for the Newtonian evolution process (19), (22) for g(t) = 1 —
exp (—t) are considered in [19].

One of the advantages of the presented approach is its constructive solution to the problem
of choosing the initial approximation, which can be a known solution to the equation Fy(¥) = 0.

Another possible application of the approach under consideration is the construction of
modified iterative schemes, where instead of inverting the operator Fy, at each iteration, the
derivative of a specially selected operator Fy with a simple structure is inverted. The conver-
gence issues of such schemes are also discussed in [19].

In [12], a parametrization of this type is used to develop efficient computational schemes
with increased accuracy. Later, the same numerical scheme is used [63] to calculate multisoliton
complexes in nonlinear ac-driven, damped Schrodinger equation with the sixth accuracy order.

In [61], a numerical scheme based on the CANM generalization is used for solving the
eigenvalue problem for a nonlinear differential equation within the polaron model [64]. The
integral part in the equation is considered as a perturbation and is introduced through an
inclusion function. The presence of an integral operator in problems of this kind necessitates
the inversion of filled high-order matrices approximating it at each iteration. The approach
under consideration avoids this computationally intensive operation and significantly simplifies
the solution to the problem. It is noteworthy that the polaron model is also investigated within
other mathematical formulations of the problem: the multi-parameter BVP for a system of
nonlinear differential equations and the eigenvalue problem for a system of nonlinear differential
equations, see [2| for details and references. In [65], a three-dimensional system of differential
equations is formulated within the polaron model and solved by means of the modified CANM
numerical scheme.

The modified numerical scheme on the basis of the CANM generalization is used to numer-
ically solve the eigenvalue problem for a system of integral equations within the QCD-inspired
quarkonium model with various effective potentials [66]. The results are published in a series
of papers listed and overviewed in [2].

2.4. CANM in spectral problems and applications

According to [67], classical spectral problems for linear operators can be treated as nonlinear
functional equations. For this purpose, the eigenvalue problem of the form

e(A\y) =Dy — Ay =0

12
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is supplemented by the normalization condition for the eigenelement

where I' is the normalization functional. In this formulation, the eigenvalue problem is a

nonlinear functional equation
Dy — A
Faoy={ Y=L _y (23)
I'(y)

with respect to unknown W = {\ y}. In this case, iterative schemes represent various combi-
nations of the Newtonian iterative process with inverse iterations. They are described in detail
in [1, 2]. For example, when

I(y) = (y,y) —1

the iteration procedure is as follows:
Yk+1 = Yk + TeVky  Aky1 = Ak + Tk, (24)
where the iteration corrections v; and py at each k are determined by formulas:

1 — (i, Yr) — 2(Vik, Yi)
2<U2k7yk) ’

Vg = U1k + MEV2k, Mk =

and the expressions for vy, v9r have the form:

Uik = — Yk, V2k = —[SOy(Ak’yk)]ilgp/\()‘k’yk)'

Such approaches are implemented in the SLIP1 [57], SLIPH4 |55, SLIPS2 [68], SNIDE [61],
and SYSINT(SYSINTM) [69] programs in application to various classes of eigenvalue problems.
The generalization of this approach provides iterative schemes with the parametric asymp-
totic dependence of solutions [62] and numerical continuation schemes with the simultaneous
calculation of the unknown parameter [70] (see |2, 5] for more details and references therein).

2.4.1. Optimal choice of the CANM iteration parameter for a generalized algebraic
etgenvalue problem

Let us consider a generalized algebraic eigenvalue problem [22]

{(A—AB)yZO,

(y.By) — 1 =0, (25)

where A is the symmetric real- or complex-valued matrix, B is the symmetric positive definite
real-valued matrix.

By applying CANM to Eq. (25), as described in the previous Section 2.4, the following
iteration procedure in vector form is obtained

Ypr1 = Y + ThVk,  Akr1 = Ak + Thflk. (26)
The iteration corrections vy and puy are determined by formulas:

1+ (yIm Byk)

200, By,) | 27)

vy = —Yp + Ok, =

13
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where 0 is the solution of a system of linear algebraic equations
(A — \;B) 0, = By,. (28)
Now let us consider the residual of Eq. (25) in the k-th iteration
T = (A — NB)y,. (29)

Using (29), (26), and (27), it is easy to show that

Trs1 = (1 — 7)rp — T Boy. (30)
Therefore, we have
[Pl = (1= 7)2[rill® = 2(1 = 7o) 7 Re(ry, s Bog) + 7 B> (31)
Here b* and Re(b) denote the complex conjugate and real part of b, respectively.
We denote f(74) = ||rk11]|* and calculate its derivative with respect to 7
Fi(7) = 2(me = Dllrell* — 227 — 37)Re(ry, meBo) + 47 B *. (32)

It is evident that f/(0) = —2||r¢||* < 0 and f(2) = 2f(2) > 0. Hence, it follows that the function
f(7) has at least one minimum in the interval (0, 2). If it has three roots in the interval (0, 2),
then f(73) has minimums at the smallest and largest roots, and one should choose the root that
yields the smallest value of f(73). Thus, it is possible to find the optimal value of the iteration
parameter 7.*' = 7; by calculating the roots of the cubic equation f’(7;) = 0.

Applying this algorithm to numerous calculations of the generalized eigenvalue problem
confirms that the optimal iteration parameter T,gpt is indeed chosen from the interval (0,2),
as shown in Section 2.2.2. The iteration procedure (26) with the optimal iteration parameter
T,?pt provides the best convergence with respect to the iteration number £ compared to other
algorithms for calculating 7, in the interval (0, 1).

The approach described above is implemented in the KANTBP 4M [71] and KANTBP
5M |72] programs on the Maple system for various classes of problems of calculating metastable
states.

2.4.2. Nonlinear eigenvalue problem

Consider a nonlinear eigenvalue problem [22]

{A(A)y =0,

(y.By) — 1 =0, (33)

where A () is a real- or complex-valued matrix nonlinearly dependent on the spectral param-
eter A\, and B is a symmetric positive definite real-valued matrix that does not depend on the
spectral parameter A. The application of CANM to solve Eq. (33) reduces to the equation

Here, A’()) is the derivative of the matrix A()\) with respect to the spectral parameter .
Suppose that the correction py is calculated by formula (27), and the following approximations
for y, 1, Akt1 are found by formula (26), and the discrepancy is determined by the expressions

Tr = ANy (35)

14



E. V. Zemlyanaya, O. Chuluunbaatar Natural Sci. Rev. 8 200605 (2026)

Then, it is easy to show that
Fk+1 = (1 — Tk)Fk -+ T]?,U,kAI(Ak)’Uk -+ O (T]?,U,i) . (36)

A comparison of (36) with (30) shows that the discrepancies 1 and 74,1 have the same main
part with B = —A’(\). Therefore, it is possible to find the optimal value of the iteration
parameter 7.** = 75 in the interval (0,2) as shown in the previous section 2.4.1,

2.5. Summary to Section 2

This Section presents the fundamentals of an approach to constructing iterative schemes
based on CANM, and provides a summary of various modified CANM-based schemes and
their applications to the investigation of complex physical systems at JINR and its Member
States. Results on the theoretical development and improvement of the convergence of iterative
procedures based on CANM, obtained over the past two decades, are also demonstrated.

In general, CANM can be classified as a first-choice recipe for the numerical solution of
nonlinear BVPs and spectral problems of various types due to the quadratic convergence of the
iterative process in the vicinity of a local solution and the flexible ability to take into account
the specific characteristics of specific problems due to the presence of an iterative parameter
and the introduction of an auxiliary function within the CANM generalization.

A bottleneck of CANM, which can require the consideration of alternative numerical ap-
proaches, is the need to calculate the inverse Fréchet derivative operator at each iteration. In
some cases, this takes significant computer time and, if the operator is ill-conditioned, degrades
the convergence of the iterations. It should be noted that in a number of cases, the aforemen-
tioned problems can be resolved through various modifications of CANM, such as derivative-free
iterative schemes, including those described in two detailed previous reviews |2, 5.

The following sections present the methods and results of numerical studies conducted over
the past two decades at JINR and its Member States on several physically significant problems,
in which CANM-based computational schemes were widely used.

3. CANM in the numerical study of time-oscillating localised structures

In this Section, a numerical study of time-oscillating, spatially localised structures in two
well-known nonlinear equations of mathematical physics is discussed. Both equations describe
a wide range of complex physical phenomena. In both cases, the numerical study is reduced to
solving a nonlinear two-dimensional BVP over a wide range of parameters. For this purpose, a
CANM-based solver of BVPs is used within the previously developed [5, 73] and many times
practically proven CANM-based computational scheme adapted to the problems under consid-
eration in Section 3. The computational procedure is based on path-following the solutions of
the aforementioned BVPs with respect to a parameter, identifying the turning points on the
bifurcation curves and reaching new branches of coexisting solutions (examples of such branches
can be seen below in Figures 1, 2, 3, and 8). The CANM approach used for each parameter
value in the numerical solution of the nonlinear two-dimensional BVP ensures high accuracy
and the rapid convergence of the iteration process. The numerical technique is described in
more detail in Section 3.1 for the numerical study of time-periodic solitons in a parametrically
driven, damped nonlinear Schrédinger equation. In Section 3.2, the computational procedure is
organized similarly, therefore, its description is briefer, with a focus on its distinctive features.
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3.1. Time-periodic solutions in a parametrically driven, damped nonlinear Schridinger equation

A parametrically driven, damped nonlinear Schrodinger equation is investigated

Dlat) | P

o D 2o, D, 1) — bl t) = b t) - (e, (3)

where v > 0 is the damping coefficient, h > 0 is the amplitude of the parametric driver. Eq. (37)
describes a large number of resonant phenomena in various physical media listed in |74, 75| and
in references therein.

Eq. (37) exhibits different classes of soliton solutions existing on the (h,y)-plane over the
straight line h = . Two stationary solitons ¢, (x) and 1 _(z) are available in analytic form |76]:

Yy(x) = Aie_leisech(Aix), (38)

1
AL =\/1x+/h?—~2% 6, = §arcsin%, 0_ :g—0+.

The soliton v_(z) is known to be unstable for all h and . Stability properties of the soliton
Y4 (x) for various h and ~y are examined in [76].

Other localised attractors of Eq. (37) are obtained by means of the CANM-based numerical
study (stationary multi-soliton complexes [77], uniformly travelling solitons and complexes |74,
75]), and in direct numerical simulations (time-periodic and quasi-periodic solitons [78, 79]).

Time-periodic attractors of Eq. (37), which arise as a Hopf bifurcation of a stable station-
ary soliton solution, were re-obtained in [80-84] as solutions of a two-dimensional BVP for
Eq. (37). This approach allowed understanding complexity and interconnection of coexisting
types of soliton solutions in Eq. (37). Full results of analytical and numerical studies of bi-
furcations and the complexity of coexisting stationary, time-periodic and quasi-periodic states
of Eq. (37) for both strong and weak damping are presented in [24, 25]. In this Section, the
CANM-based numerical approach for the analysis of time-periodic solitons is described, and
representative numerical results on transformations of periodic one- and multi-soliton branches
are demonstrated.

where

3.1.1. Mathematical statement of a two-dimensional boundary value problem

Time-periodic solutions of Eq. (37) are considered as solutions of a BVP on the two-
dimensional domain (—o0,00) x (0,7"). The boundary conditions have the form

Y(x,t) =0 as x — foo, and Y(x,t+T)=1(x,t). (39)

The two-dimensional BVP (37), (39) is solved numerically with respect to the unknown period
T and the function ¢(x,t).

Letting = ¢/T (0 < ¢ < 1) and defining ¢(z,1) = 9 (x,t), the BVP (37), (39) can be
reformulated on the rectangle (=L, L) x (0,1) (where L is chosen to be sufficiently large):

WD) | o) hr) = 0.

(4L,7) = 0, (40)
0
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Here,

B0, 1)) = 0D 2l D, D) — G )~ D) D ()

Eq. (40) is supplemented with an additional equation borrowed in [85]:
Re (®(h(z*, 1), h, 7)) =0, z* =t =0. (42)

The solutions (T, t(z,1)) of the two-dimensional BVP (40), (42) are path-followed in h for
fixed v, with the Hopf bifurcation points of the static solution used as starting points in the
continuation process. At each value of the parameter h, the CANM iteration scheme presented
in 3.1.2 is employed. The continuation algorithm is described in 3.1.3. Below, the tildes above
1 and t are omitted.

For the graphical representation of solutions, the averaged energy, defined by

_ 1 T oo
E = —/ dt/ dx E(z,t), (43)
T 0 —00

is used, where

Blot) = [P0 | a0 = 9G]+ HRe(w?(0,0) (a1

The stability of solutions is classified by examining the Floquet multipliers of the corre-
sponding linearised equation. Details are in [24, 80].

3.1.2. Newtonian iteration scheme

The iteration process is based on CANM [5]. Within this approach, the additional continu-
ous parameter 7 is introduced, and a set of equations is formulated for system (40)—(42) with
respect to the auxiliary unknown function V = 17 and the parameter p = T

(D i 1),h,7)
#7542l 0 + alvte Ol )
(15)
- LAY = V(D) ) = P 0.7),
V(+L, t) = —b(+L, 1),
\V(ZL‘, O) - V(%, 1) = —W(% 0) - ¢(‘Ta 1)];
Re (% + [2|¢(:17,t)|2 +Al(x, t)|[(x, t) — 1+ 0y V(x, t) — hV(x,t)) (46)

Here, T =T(T), p = u(T) = T, ¥(T) = ¢(x,t) and V = V(x,t) = 7. As T — oo, the
solution of (45), (46) tends to the solution of system (40)—(42). Writing Ty, = T'(7%), pr = p(7x),
Yr = Y(t), Vi = V(7), and approximating the 7-derivatives V and p in Eqgs. (45), (46) by
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one-step Euler’s formula give the following iteration algorithm. The (k + 1)-th guess to the
function ¢ and the period T is calculated as:

Yip1 = Vi +&Vis T = T + s (47)

where £ is the number of Newtonian iterations, 0 < ¢ < 1 is the numerical parameter calculated
by means of the adaptive formula (12),

Vi = v + o (48)

the functions v,(;) and Ul(f) are the numerical solutions of two linear two-dimensional BVPs

0 02
8t 1 4 Ta—vli)—kA vk —|—Bkv,(€) = —F,
o (£L,t) = (L, 1), (49)
Lo (2,0) = 0 (2, 1) = [ (, 0) = i, 1)
(0 (2 02
875”’(“ ) + Tka—vk + Ak k + Bkvk —q)k,
P (£L,1) =0, (50)
Lo (2, 0) = o (2, 1) = 0.
Here, Fy and @y are defined by Eqs. (40) and (41), respectively, Ay and By, have a form:
A = ATy, — T — YTy Br = 2Tk(¢n)? — W (51)
The formulas for calculating the ;. quantity at each iteration follow from Eq. (46):
-G—-R
Hie = T F (52)
where (2)
82
F = o 2 + 6%2%215%2) + 41/111031152) + Q@Zz?vg) — Ug) - hvg) — 7"0}2),
oo 7 6o 1 4 D) 1 9y2y® _ @ _ g _ (1)
=~ 2 + 6yYguy +4Prproy’ 4+ 2970, — v’ — hug' — v,
g
R= 92 T 2y + 20F0R — YR — g — Y1,
Yr = Rey(2",0);  ¢r = Im ¢y (2", 0);
Ug,z) = Re v,(gm) (x*,0); v?’z) =Im v,(:’z) (x*,0).
Iteration procedures (47) and (52) are iterated until the inequality
IFll <o
holds true, where || - || is the standard C-norm, and ¢ > 0 is a small number chosen beforehand.

Typically, 6 = 1078 is taken. Within the numerical continuation procedure described below,
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the initial value of the residual ||F|| is about 0.1, and 4-5 iterations are required at each value
of h.

For the finite-difference approximation of ¢- and z-derivatives, standard five-point formu-
lae of the fourth-order accuracy are used. Following the ideas of [12], the five-point uniform
discretization is organized to produce a system of linear algebraic equations with a block-
tridiagonal matrix for the linear BVPs (49) and (50). This algebraic system is numerically
solved by means of an algorithm that can be considered as the matrix generalization of the
standard Thomas method (see, i.e. [86]).

Most calculations are performed on the domain (—L, L) = (—50,50), with the stepsizes of
discrete meshes in z and ¢, being Az = 0.05 and At = 0.01.

3.1.3. Numerical continuation algorithm

To trace the transformations and bifurcations of solutions of BVP (40)—(42)as the parameter
h changes, the numerical study is organized as a sequential solution of the BVP for parameter
values with a certain increment. For each solution, the energy value that characterizes the so-
lution and helps organize the path-following process along the branch E(h) is calculated. The
continuation algorithm must account for the possibility that, for a certain parameter value,
forward continuation is impossible, since the function E(h) at this point merges with another
branch corresponding to another solution coexisting with the one already found. Therefore, it is
necessary to establish a criterion for identifying this point, which is checked during continuation
with respect to the parameter. Compared to alternative approaches (see, for example, [85, 87]),
the algorithm described here does not complicate the problem being solved at each parame-
ter step, since the continuation method and the solver are independent of each other. This
computational scheme was proposed for the numerical study of stationary multisoliton com-
plexes and was subsequently used in the numerical analysis of various problems, including the
works [23, 77, 88, 89] and others. A general description of the method is given in [5, 70, 73|.
Here, the continuation procedure is described for the problem considered in this section.

At each (i + 1)-th step of numerical continuation procedure, the initial guess of the function
¥ and the period T for the Newtonian process is constructed using the results obtained for two
previous, i-th and (i — 1)-th, values of the parameter h:

¥(hi) — ¥(hi1)

Y(hiy1) = Y(hi) + (higr — hi) - he—h. (53)
Tlhoss) = () + (hiss — ) - =T et) (54)

The (i + 1)-th increment Ah;1 = h;1 — h; is calculated as follows

o E(his) = E(hiy)
Ahiyy = Ay =g (55)

The turning points of the bifurcation curve E(h) (where the direction of continuation changes
when moving to a new branch) are identified with the help of the following relation, which is
tested at each step of numerical continuation:

hi — hi—1
E(h;) — E(hi_y)

<e. (56)

where € > 0 is a small known quantity. It should be pointed out that (56) is a simple approxi-

mation of the equality dh/dE = 0, which is valid at the turning points of the curve h(E).
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In case of running into a turning point, the sign of the h-increment should be changed.

The choice of the initial guess in the form (53), (54) and the use of the adaptive formula (55)
for the increment Ah prevent the continuation from reversing to the previous branch E(h)
and provide a quick convergence of the CANM iteration process at each step of numerical
continuation. Naturally, the start value of the parameter increment should be tuned manually
to provide the stable convergence of the CANM iteration.

3.1.4. Few-mode approximation

In addition to the analysis of time-periodic solitons as solutions of a two-dimensional BVP,
the possibility of using a truncated Fourier expansion to reduce the computationally expensive
two-dimensional BVP to a problem on a one-dimensional interval is explored.

Let us start by decomposing (7, t) as

w(iaa - A+[U(;f‘,]?> —+ ZV(;@,E)]efw-!—’

where A, and 6, are as in Eq. (38), and t = A%¢, T = A x. This casts Eq. (37) in the following
form:

OV (1) _PU(a,t)

5 =2V (2,t) = ———F5— + U(z,t) — 2(U%(z,t) + V2 (x,1)|U(x, 1),
t 2 ox (57)
+%ﬁ’t) +2HV (x,t) = —%{;’t) + V(x,t) = 2[0%(z,t) + VZ(z, )]V (z, 1),

where the bars above x and ¢ are omitted. Here I' = /A2 and H = /h? —+?/A% are
introduced. Near the Hopf bifurcation point, the periodic functions U(x,t) and V(x,t) can be
expanded in the Fourier series. The crudest approximation is obtained by retaining only the
first and zeroth harmonics. The resulting three-mode reduced system has the following form:

( 32
% —u+ 2(u? + vHu + 43| AP + |BIP)u + 4(AB* + A*B)v — 2T'v = 0,
2
% — v+ 2(u® +v*)v + 4(|A]* 4 3|B]*)v + 4(AB* + A*B)u + 2Hv = 0,
62
87‘21 — A+203u* +0HA (58)
+2(3| A2 + 2|B*)A + 2(2uv + A*B)B — 2I'B — QB = 0,
2
% — B+ 2(u* + 3v*)B
+2(2|A2 + 3|BI*)B + 2(2uv + B*A)A + 2HB + 10QA = 0.

\

Here, Q = 27/(A3T) and the solution u = sech(z), v = A = B = 0 corresponds to the
stationary soliton 1 (x) of Eq. (37). A nontrivial homoclinic solution corresponding to the
periodically oscillating soliton of Eq. (37) bifurcates from it as H is increased for fixed I". The
bifurcation point corresponds to the point of the Hopf bifurcation of the stationary soliton
within Eq. (37).

The numerical solution of system (58) is based on the CANM iteration and Numerov’s finite-
difference approximations of the fourth accuracy order. The numerical continuation procedure
is organized as in [73].
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Figure 1. a) Energy of periodic solutions with v = 0.30 and v = 0.35 in dependence on parameter h.
The solid curves show the stable branch, and the dashed ones show the unstable branch. The absolute
value of the periodic solution with v = 0.35: b) h = 0.95, T' = 2.329, stable time-periodic one-soliton
solution. ¢) h = 0.85, T' = 2.337, unstable time-periodic three-soliton solution. In each case, several
oscillation periods are demonstrated. d) T'(h) branch for the full system (solid curve) and few-mode
approximation (dashed curve) in the case of v = 0.35.

3.1.5. Results of the numerical study

In [24, 25, 80-82], the above numerical approach is applied to periodic single-soliton solutions
and multi-soliton complexes with v = 0.41, 0.38, 0.35, 0.3, 0.265, and to periodic two-soliton
solutions with the strong damping v = 0.565 as representative sections of various parts of the
attractor chart in [79]. Here, the representative results are given for the case of v ~ 0.35 for
which the one- and two-soliton solutions coexist. Indeed, the 1 (x) solutions undergo the Hopf
bifurcation for v < 0.356 [76]. Conversely, stable stationary two-soliton complexes ) 44)(z)
(and the corresponding Hopf bifurcation points) exist only for v > 0.345 [77].

Each Hopf bifurcation gives rise to a temporally periodic soliton solution. Thus, in the case
of v = 0.35, the time-periodic one-soliton solution coexists with periodic two-soliton complexes;
however, our calculations show that the corresponding branches are not connected.

In Figure 1, a, the numerical continuation starts from the Hopf bifurcation point hy = 0.75
in the case of v = 0.35. The transformation of the solution is similar to the one in the case
of v = 0.30 (the corresponding Hopf bifurcation point is hyoe = 0.385). The left hyo endpoint
of each of the two curves in Figure 1, a corresponds to the stationary single-soliton solution
Y4 (z). At this value of h, a stable time-periodic soliton is born. Near the leftmost point of the
E(h) curve in Figure 1, a, the periodic solution looks like a single soliton with a periodically
oscillating amplitude and width, see Figure 1, b.

21



E. V. Zemlyanaya, O. Chuluunbaatar Natural Sci. Rev. 8 200605 (2026)

E T T T T T T
ol e -
P // b
5.3F ,, 7 152 e
5.2F 4 W 4 ‘M‘\
104 e \\“\\ \“\
5.1F P . \‘ N&W‘\\\\\\\\\% 33‘
5.0F 1 4 059
Il’f‘—, 8
4.9 _,j'// - 0
4.8 1 1 1 1 1 1 15 5
070 0.72 0.74 0.76 0.78, 0.80 z 0 -10 45 0

h

Figure 2. a) The “lower” E(h) branch of the two-soliton periodic solution for 4 = 0.35. The solid
curve marks the stable branch, and the dashed one marks the unstable branch.The circle indicates the
starting point hg; = 0.806 of thecontinuation. b) Stable two-soliton periodic solution with v = 0.35,
h =0.795, T = 8.788, shown over one period.

The periodic solution loses its stability at the turning point hgy,; hg, = 0.8761 for v = 0.30
and hg, = 1.0186 for v = 0.35. As we continue moving back along the unstable branch of
the curve E(h), the oscillating solution evolves into a three-hump structure, which can be
interpreted as a triplet of solitons, see Figure 1,c. The end point of the unstable branch
(h = 0.61 for v = 0.30 and h = 0.760 for v = 0.35) corresponds to the stationary unstable
three-soliton complex 94 _y(x).

Figure 1, d compares results obtained using the few-mode reduced system (58) to the solution
of the full partial differential equation (PDE) (37) for v = 0.35. The solid curve is obtained
by solving Eqs. (37), (39) on the (z,t)-domain. The dashed curve results from the solution of
the system (58). It is seen that the few-mode approximation can qualitatively reproduce the
transformation of periodic solitons with varying h. However, the first and zeroth harmonics
alone are not enough to reproduce the shape of the corresponding bifurcation curve. To make
the approximation better, it is needed to increase the number of modes. The case of the
five-mode approximation is considered in [83, 84].

As mentioned above, there are two Hopf bifurcation points at the branch of the stationary
two-soliton complex in the case of v = 0.35: the “lower” Hopf bifurcation occurs at hy; = 0.806,
and the “upper” Hopf bifurcation occurs at hys = 0.832 [24]. The “lower” Hopf bifurcation is
supercritical; for h < hpgy, the unstable stationary two-soliton solution is replaced by a stable
periodic two-soliton complex. The results of numerical continuation from the start point are
presented in Figure 2, a with hg; = 0.806.

As the periodic complex continues in the direction of smaller h, the periodic solution is stable
while 0.79 < h < 0.806; the representative stable solution is shown in Figure 2, b for h = 0.795.
At h = 0.79, it loses its stability to a double-periodic complex of two solitons. As the unstable
branch E(h) continues, it makes a number of turns (Figure 2, a), the spatiotemporal complexity
of the solution increases, but it never regains its stability.

The “upper” Hopf bifurcation hgs = 0.832 is subcritical: the emerging periodic branch is
unstable and coexists with the stable stationary branch (i.e., the periodic branch continues in
the direction of lower h, see Figure 3, a). The entire branch is unstable in the case of v = 0.35.

However, the increase of ~ results in the stabilization of the periodic two-soliton solution.
This is exemplified by v = 0.38; the corresponding “upper” Hopf bifurcation point is hys = 0.89.
The second branch in Figure 3, a features the stable interval hy < h < ho, with h; = 0.9415
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Figure 3. a) The “upper” E(h) branches of the two-soliton periodic solution for v = 0.35 and v = 0.38.
The solid curve marks the stable branch, and the dashed one marks the unstable branch. The circles
indicate the starting point of the continuation (the point where the stationary two-soliton complex
undergoes the Hopf bifurcation). b) Two-soliton periodic solution on the stable branch. Here v = 0.38,
h =0.95, T = 2.476. Several oscillation periods are shown.

and hy = 1.015 in case v = 0.38. Figure 3, b demonstrates the stable periodic solution for

= 0.95. At the bifurcation points h; s, the periodic two-soliton solution loses stability to
a quasi-periodic two-soliton complex. Quasiperiodic solutions cannot be obtained within the
numerical approach presented above. They are obtained in the direct numerical simulation of
Eq. (37). A pseudospectral method [78, 90, 91| based on the Fourier discretization in space and
the numerical solution of the resulting initial-value ordinary differential equation problem with
the help of the Runge-Kutta algorithm is employed.

3.1.6. Summary to Section 3.1

The time-periodic solitons of the parametrically driven, damped nonlinear Schrédinger equa-
tion are obtained numerically as solutions of the two-dimensional BVP of Eq. (37). The CANM-
based numerical approach allows one to find new temporally periodic two-soliton solutions and
investigate the transformations of time-periodic solitons and interconnection between coexisting
branches of stable and unstable oscillating solitons and complexes.

The stationary two-soliton solution shown in Figure 4, a for v = 0.38, h = 0.85 is stable in the
yellow color region of the diagram in Figure 4, b reproduced from [25]. This diagram summarizes
the numerical results on stationary and periodic two-soliton attractors. The stability domain
of time-periodic complexes consists of stability regions of complexes emerging in the Hopf
bifurcation points (blue color domains). A schematic position of the quasiperiodic stability
domain is also given as a result of direct numerical simulations, see the magenta color region
in Figure 4, b.

Stationary and time-periodic solitons are shown to coexist with stationary, time-periodic and
quasiperiodic two-soliton solutions. For example, for v = 0.35, the periodic free-standing soliton
and the periodic two-soliton complex coexist between h = 0.806 and h = 0.832. However, the
time-periodic one- and two-soliton branches are not connected. Another observation concerns
the coexistence of stationary and periodic complexes. At this stage, only a small portion of
this bistability domain (indicated by the black mark in Figure 4, b) is marked.

Details of the analysis of the complexity, bifurcations and stability of time-periodic solitons
at a wide range of parameters v an h are presented in [24, 25, 80-83|.
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Figure 4. a) Stable stationary two-soliton complex for v = 0.38, h = 0.85. b) Two-soliton attractor
chart. The black mark (pointed to by the arrow) indicatesthe periodic/stationary bistability region.
The dashed curve is the lineof the Hopf bifurcation of the stationary 14 (x) soliton.

3.2. ¢* oscillons as standing waves in a ball of finite radius

In this section, the ¢* equation is considered

2

M{;—i”;” CAB( ) — D t) + B t) =0, A= 712%7”2% (59)
Eq. (59) is widely used as a model of various physical processes supporting nonlinear waves. Lo-
calised long-lived pulsating states in the three-dimensional ¢* theory are known since 1975 [92].
Subsequent computer simulations [93, 94] revealed the formation of long-lived, large-amplitude,
localised states that oscillate almost periodically. Such states, termed “oscillons” in [95-98], oc-
cur in a number of physical and mathematical applications, including cosmology and relativistic
physics, see |26, 99, 100] for review and details.

With their permanent loss of energy to the second-harmonic radiation, oscillons are not
exactly time-periodic. In [26], these infinite-space solutions are approximated by standing waves
in a ball of a large but finite radius. Unlike oscillons, standing waves are periodic and can be
determined as solutions of a BVP on a cylindrical surface. Thus, the spatio-temporal structure
and properties of the spherically symmetric oscillon of Eq. (59) are studied by examining the
periodic standing wave in a ball of finite radius. For that, a two-dimensional BVP for a nonlinear
PDE on the domain [0, 7] x [0, R] (where T is the period, and R is the radius) is formulated. The
numerical studies [26, 101, 102| concentrate mainly on the dependence of the spatio-temporal
structure of standing waves and their bifurcations on the frequency of pulsation. In [103], we
focused on the radius-dependence of the structure and stability properties of ¢* standing waves.

3.2.1. Mathematical statement of a two-dimensional boundary value problem

The study of the spherically symmetric standing wave of ¢* Eq. (59) in a ball of finite radius

R can be reduced by ¢(r,t) = ®(r,t) — &g (where &y = —1 is one of the vacuum solutions as

r — 00) to the consideration of the following BVP in the two-dimensional domain [0, 7] x [0, R]:
P*¢(r,t) 1 9 ,0¢(r,t)

oz g g T 20(nt) - 3¢°(r,t) + ¢*(r,t) = 0, (60)

24



E. V. Zemlyanaya, O. Chuluunbaatar Natural Sci. Rev. 8 200605 (2026)

00D _ G(Rt)y=0, $(rnT)=b(r,0). (61)

ar |,

Then, letting 7 = t/T and defining ¢ (r, 7) = ¢(r, t) yield a BVP in the two-dimensional domain
[0,1] x [0, R] [101, 102]:

0? 190 ,0
o= 20D g2 (L 20T gy - 30 + ) ) <0 (62)
—(%’g; Dl —uRn) =0, (1) = (r0) (63)
r=0

Any solution of Eq. (60) can be characterised by its energy E and its corresponding frequency
w=2n/T:

E= 47r/R (% (%)2 + % (%)2 + ¢*(r,t) — ¢ (r, t) + @) ridr.  (64)

If the solution with the frequency w does not change appreciably as R is increased — in parti-
cular, if the energy (64) does not change — one can conclude that this standing wave provides
a fairly accurate approximation for the periodic solution in the infinite space.

3.2.2. Numerical approach

The solutions of BVP (62), (63) are path-followed in R for the selected values of T" and
in T for the selected values of R. The CANM-based computational scheme is similar to that
described in Section 3.1.3. Thus, each step of numerical continuation along the branch E(T)
or E(R) involves the following stages:

e Calculation of the initial guess for the CANM iteration process using the results at two
previous parameter values (analog of formula (53) in Section 3.1.3).

e CANM-calculation of the solution of BVP (62).

e Checking the turning point criterion (analog of the inequality (56) in Section 3.1.3).

e Choice of the value of the parameter increment (analog of formula (55) in Section 3.1.3).

In (53), (55), (56), the parameter R or T should be used instead of h.

Unlike the problem considered in Section 3.1, only the function v is unknown, while the
period T is a given parameter. For each value of T, BVP (62), (63) is solved numerically using
the standard CANM iteration, as described in Section 2. Initially, the derivatives in (62), (63)
were approximated by standard second-order three-point finite differences. Later, in order to
improve the accuracy of numerical solutions and corresponding Floquet multipliers, the five-
point finite difference approximation of the fourth accuracy order was implemented. A system
of linear algebraic equations is formed as a result of the discrete approximation of the linear
BVP formulated in the standard manner at each CANM iteration and is solved numerically on
the basis of the same approach as in 3.1, adapted to the block-pentadiagonal structure of the
matrix. The discrete steps in ¢ and r are taken to be 1/100 and R/1000, respectively. At each
iteration, the Newtonian iteration parameter 73 is determined by formula (12) where 75=0.9,
and the maximal value of 75 is 1.5. The Newtonian process is terminated when the inequality
||IL]| < € is true. Here || - || is the standard C-norm, and € > 0 is a small number chosen
beforehand. Within the numerical procedure providing an initial guess with ||£|| ~ 0.2, the
CANM calculation takes 4-7 iterations for the case of e = 1077,
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3.2.3. Stability analysis

The stability of the resulting standing waves against spherically symmetric perturbations is
classified on the basis of the following linearised equation [26]:

0?y(r,t) 1 0 ,0y(rt)

— -t — t) 4+ 3(¢ — 1)*y(r,t) =0
ot? r2ar  or y(r;t) +3(0 = 1)y (r 1) ’
oy(r,t) (65)
: =y(R,t) = 0.
or r=0
Expanding y(7,t) in a Fourier sine series
N R
y(r,t) = Zun(t) sin (k,r), k,= ™ un(t) = 2 /y(r t) sin (k,r) dr
) — ) R Y R Y
n 0
produces a system of 2N ordinary differential equations for Fourier expansion coefficients:
Oum(t) Ovp, (t)
= Um\l), m() =0, 1< < N7 66
2D ), S 4 Fl m (66)
where
N
Fnlt) = 2+ ki) (8) = 3D (Apon(t) = Apyn(t))un(t)
n=1
g N
+ 2 (Bi—n(t) = B (t))un(t),
n=1

and A+, (t), By+n(t) are the T-periodic functions of ¢:

R

%/qbQ(T, t) cos (kpanr) dr.
0

2

R
Ami”(t) = E/¢(rv t) cos (k:m:l:nr) d’l“, Bm:l:n(t) =
0

The set of 2N linearly independent solutions of system (66), evaluated numerically at ¢t = T,
forms a monodromy matrix [104|. The standing-wave solution ¢(r,t) is deemed stable if all 2V
eigenvalues of the monodromy matrix (Floquet multipliers) lie on the unit circle and unstable
if there are multipliers outside the unit circle. In our calculations, waves are identified as
stable if the absolute values of all Floquet multipliers are smaller 1.005. The parallel MATLAB
implementation of the Floquet multiplier calculation provides a speedup of calculations about
20 times compared to serial calculations, see [101] for details of the parallel algorithm.

3.2.4. Results of the numerical study

The numerical continuation of standing waves in T' for several values of R shows that the
E(w/wp) curve consists of a sequence of resonant spikes joined by the low envelope curve. As
shown in [26], the number and positions of spikes are R-sensitive while the low envelope curve
does not depend on the radii. This is illustrated in Figure 5 where fragments of the E(w/wy)
diagrams are shown in the cases of R = 100 and R = 150.

The emergence of spikes in F(w/wy) is explained by the resonance between the asymptotic
frequencies of two co-existing types of standing waves interconnected via the period doubling
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Figure 5. Energy-frequency diagram produced by the numerical continuation of solutions of the BVP
(62), (63) for the cases of R=100 (a) and R=150 (b).
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Figure 6. Functions ¢(r,t) for two coexisting waves at R = 150, w = 0.9802wq: a) the Bessel-like
wave, b) “standard” wave.

bifurcation. The first type is the “standard” nonlinear standing wave with an exponentially
localised pulsating core and a small-amplitude slowly decaying second-harmonic tail. The
second type is the Bessel-like wave without an explicitly localised core, which branches off
the zero solution and decays in proportion to r~! as r — R. The two types of waves are
demonstrated in Figure 6 in the case of R = 150, w = 0.9802wy. The spike structure, where
the branches E(w/wy) of the two types of waves interconnect is analysed in [26].

Another observation is that the E(w/wp) function has a single minimum which is the same
for all values of R: wyin = w/wog = 0.967, Eyin = 42.74. This minimum is clearly seen in Figure 7
(left panel). This Figure demonstrates a fragment of the energy-frequency diagram obtained in
the numerical continuation of ¢* standing waves in the case of R = 100 from w/wy = 1 to lower
frequencies. Our numerical study shows that the location of regions of stability of standing
waves to spherically symmetric perturbations depends on R, but all stability regions exist only
for frequencies lower than wyy.

To clarify the properties of the F(R)-function in dependence on frequency, various values of
w are chosen, and standing waves from R = 100 in the R > 100 direction are path-followed. Four
representative values of frequencies are denoted by brown circles in Figure 8 (left panel). One
of the points, w/wy = 0.973, is larger than wy,;,. The other frequencies are smaller than wyy.

Our calculations reveal the periodic structure of the F(R) curves, which consist of alternat-
ing energy peaks and “flat” regions. The right panel of Figure 8 demonstrates the interconnec-
tion of the coexisting E(R) branches in the region of the E(R)-peak for the case of T = 4.8
(w = 0.9256wp). The branches of “standard” nonlinear waves are shown by solid lines, the
dashed line represents the branch of the Bessel-like wave. Both slopes of the F(R) peak in the
right panel of Figure 8 join the branch of the Bessel-like waves at period-doubling bifurcation
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Figure 7. Left: fragment of the E(w/wp) diagram from [26]. The brown circles indicate the values
of w/w, used in R-pathfollowing plotted in Figure 8. Right: interconnection of the F(R) branches of
coexisting waves in the region of the energy peak. The solid lines correspond the “standard” nonlinear
wave, the dashed curve shows the Bessel-like branch. The stability regions are marked by thick (solid
and dashed) magenta lines.

T = 4.5662, w/wy = 0.9730
T T

5 5 T = 4.6715, w/wy = 0.9511
110+ 4 110f .
80 1 8of
50+ . R O 11 3 . .
100 102 104 R 100 102 104
T = 4.8, w/wy = 0.9256 T = 4.89, w/wy = 0.90856
E T T E T T
110+ 110+ -
80+ 80+ -
50 50 8
1 1 1 1
100 102 104 R 100 102 104

Figure 8. E(R) curves for the frequencies which are marked by brown circles in the E(w/wg) diagram
(Figure 7, right panel). The thick magenta lines show regions of stability.

points. The Bessel-like wave is stable in the interval between zero energy and the lowest bi-
furcation point. This interval is shown by the thick magenta dashed line. The stable region
of the “standard” wave marked by the thick magenta solid line lies between E = 51.0881 and
E = 811.0981.

The E(R) curves for various values of frequencies marked in the right panel of Figure 8
the are plotted in Figure 8. It is seen that the distance between the peaks depends on w.
Stability intervals are also periodically repeated and located at the foot of the right slopes
of the energy peaks. They are marked by thick magenta lines in Figure 8. The regions of
stability of standing waves on the E(R) diagram are found only for the case of w/wy < wmin:
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Table 1. Period of the E(R) function and minimum energy of stability depending on w/wy

w/wo 0.9730 | 0.9511 | 0.9256 | 0.9086
T 4.5662 | 4.6715 4.800 4.8900
Period of the E(R) function | 1.3847 | 1.3786 | 1.4335 | 1.4771

Minimum value of E where
the “standard” wave is stable 46.3212 | 51.0881 | 68.4974

w/we = 0.9511, 0.9256, 0.90856. It is noteworthy that the minimum energy at which the
standing wave can be stable increases as w decreases, see Table 1.

3.2.5. Summary to Section 3.2

The CANM-based numerical study shows that, despite the fact that the number and posi-
tions of the spikes of the F(w/wy) diagram are R-sensitive, the energy curve can be considered
as an approximation of the radius-independent envelope of nearly-periodic oscillons in the in-
finite space. The existence of energy spikes on both the F(R) and E(w/wy) dependences is
due to the resonance between the asymptotic frequencies of two co-existing types of standing
waves.

A periodical dependence of the structure and properties of ¢* standing waves on the radius is
established. The distance between the E-peaks of the F(R) functions is frequency-dependent.
For each w/wy < wmin, there is an equidistant sequence of R for which standing waves are
stable. It is established that for w/wp in the [0.85, 1.0] range, the minimum energy £ for which
standing waves are stable increases as the frequency decreases. This hypothesis needs to be
numerically confirmed for lower values of w.

The results of a study of three-dimensional oscillons in the ¢* theory based on their approx-
imation by standing waves in a sphere of finite radius are presented in [26, 101-103]. Research
in this area is currently ongoing.

4. CANM in the numerical study of few-body complex physical systems

This Section is devoted to the applications of CANM for numerical study of three physical
problems.

The first problem concerns the ionization of helium by fast electrons and protons. The
corresponding matrix elements contain the wave function of the ground state of helium and are
expressed as multi-dimensional integrals in the coordinate space. In Section 4.1, the possibilities
of constructing a multi-parametric ground state wave function, which provides good accuracy to
the ground state energy of helium using few variational exponential basis functions, are studied.
The corresponding generalized eigenvalue problem is solved by CANM with the optimal choice
of the iteration parameter algorithm described in Section 2.4.1.

The second problem, related to the calculation of the spectra of the ground and metastable
states of the beryllium dimer by the high-order FEM, is considered in Section 4.2. The cal-
culation of the spectrum of complex-valued eigenenergies of the metastable state problem is
reduced to the generalized eigenvalue problem in which the stiffness matrix depends on the
sought eigenvalue. To solve this problem, CANM with the optimal choice of the iteration
parameter algorithm described in Section 2.4.2 is used.

The last problem is calculations of the 1o, state relativistic energy of the one-electron two-
center Coulomb Dirac equation using Slater-type orbitals with non-integer principal quantum
numbers. Relativistic approaches oriented to the calculation of properties of heavy atoms which
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start with the Dirac Hamiltonian encounter difficulties directly related to the presence of the
negative energy continuum in the Dirac spectrum. Section 4.3 presented an iterative scheme
for the minimax procedure based on CANM in combination with negative curvature direction
methods, which do not give spurious solutions for the Dirac Hamiltonian.

4.1. Tonization process of helium by fast electron and proton impact

In [105-108] there is a discussion about the influence of cusp conditions on the differential
cross sections (DCSs) of (e,3e) reactions. In this model, the helium final state is treated using
a 3C wave function [109], which contains the product of three two-particle Coulomb waves, and
the ground state is given by the Pluvinage (PL) wave function [110, 111]

1
U(ry, 19, 712) = Upp(r1, 79, 112) = Nppe Zrtra)e=ikriz (1 ~ 5 2, 21/4?7“12>, (67)

where 7; is the distance between the nucleus and the i-th electron (i = 1,2) and ry5 is the

distance between the electrons; 1Fj(a,b,c) is the confluent hypergeometric function; Npj, is

the normalization constant; k is the variational parameter; and Z = 2 for helium. This wave
function satisfies the cusp conditions of Kato [112]:

OV (ry,79,712) OV (ry,12,712)

ari r;—0 — _Z 87/'12 r12—0 _ l (68)

W(r1,72,712) 50 W(ry, 72, m12)],0, 0 2

where ¢ = 1, 2. However, from the spectroscopic point of view, it gives a poor accuracy for the
ground state energy, Ep;, = —2.8788 au at k = 0.410. At the same time, the proposed model
surprisingly well describes the most of experimental data by Lahmam-Bennani et al. [113], in
which the coplanar (e, 3e) angular distributions of double ionization of helium are measured at
an incident radiation energy of 5.6 keV and a small projectile scattering angle of 0.45°. In [105]
there are proposed two more wave functions also giving poor energy values while satisfying
Kato’s cusp conditions, which similarly describe the experiment well. In this connection, the
employment of “poor” wave functions is mainly conditioned by difficulties in constructing a
variational wave function that gives an accurate energy value while satisfying the cusp con-
ditions.

4.1.1. Construction of a helium ground state wave function on the exponential basis

To clarify the evolving discussion, two relatively simple wave functions satistying Kato’s cusp
conditions and yielding an accurate energy value are constructed. Variational wave functions
are chosen in the form intensively exploited in [114, 115]

N
U(ry,79,712) = Z D; (e_“j”_ﬁj’"2 + 6_0‘77"2_’3”1) e M2, (69)
j=1

where the real positive parameters o, §;, and 7; are generated in a quasirandom manner for
the given number N of the basis functions:

L.
a; = {—j(]+1)\/]?_a}(A2—A1)+A1, 0< A < Ay,

2
B = {%j(j+1)\/p_ﬁ}(32_31)+317 0<Bi < By, (70)

i
Vo= {5](]+1)\/p_7}(02_01>+01’ 0< G <G
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Here {z} is the fractional part of x. [Ay, As], [By, Bo| and [C}, Cy] are the variational intervals
to be optimized. p,, pg and p, are some prime numbers. The values p, = 2, ps = 3 and p, =5
are used. It should be noted that the final results for a;, §;, and v; are practically insensitive
to the variation of the above prime numbers.

In the perimetrical (radial) coordinates for two-electron S states the non-relativistic Hamil-
tonian in the case of infinite nuclear mass takes the form

1(1828 1828> 1 0 , 0

H(T177"2,7”12) = -

N =t 51— | -5 =Tl —
2\r20r tor,  r20ry 20r, 72, Or1s - 0r19
r?—ri+ri, 02 ra—ri+ri, 02 Z Z N 1 (71)
27”17"12 87”167“12 2’/“27‘12 67“237“12 1 T2 T12 '

The radial part of the integration volume element can be rewritten in the following way:

() () r1+T2
/dm /d’l‘gF(Tl, T9, 7’12) = 87T2 / rldrl /TQCZT’Q / 7“12d7"12F<7”1, T2, 7’12). (72)
0 0 |r1—r2|

The matrix elements A and B of the corresponding generalized eigenvalue problem
AD =FEBD, D= (D,...,Dy)", (73)

with given variational parameters A;, Ay, By, By, C, and Cy consist of three-dimensional inte-
grals, where “T” denotes the transpose of the vector. They are reduced to the analytical form
using the Fourier transform with respect to the variable 5.

In principle, one can supplement the variational procedure with Kato’s cusp conditions (68).
However, this is extremely difficult to realize in practice, since in this case the wave function (69)
should satisfy the two-particle cusp ratios locally, i.e., in each two-particle coalescence point
of configuration space. Therefore, in the variational procedure, the averaged two-particle cusp
ratios, which follow from Eq. (68) and traditionally occur in variational calculations (see, for
instance, [114]), are utilized:

a\II ) )
<\II<T17 T, T12) 5(r2) (TB:? rlz) >
i = . —Z,
Y T Wy, ) [0(ro) [ W (1, o, 712)) -
6\11 ) )
‘I’(Tlﬂ"zﬂ”lz) 5("“12) %> 1
Vg = =3

(‘I’(Th'f’%7‘12)’5(7°12)|‘11(7’1;7”277’12» 2’

where ¢ = 1,2. These two-particle cusp conditions can be regarded as “weak”, since they are
less stringent than those given by Eq. (68). The wave function satisfying the two-particle cusp
conditions given by Eq. (74) will be referred to as 2PC. From Kato’s cusp conditions (68), one
can also derive cusp ratios in the three-particle coalescence point. They are given by [116, 117]:

3‘11(7”1,7“2,7’12) 3‘1’(7’1,7”277’12)
(97’2' r1,72,712—0 67“12 r1,72,7r12—0

n; = =7 12 = =
‘ U(ry,72,712) |T17T2,m_>0 ’ U(ry, 72, T12)|T17T27T12_>0

(75)

N —

where 7 = 1,2. The wave function satisfying these three-particle cusp conditions will be referred
to as 3PC.
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To find variational parameters, the Newton-type minimization method [118] is used for the
function:

1 2
(n+ 20 + (ulz—§) . for . (74),
F(A17A27Bla32701702) = E_Eupper+ (76)

1 2
(1 + Z)* + (Mu - 5) , for Eq. (75).

Here E,pper is the upper estimate of the ground state energy and is equal to —2.903 724 377
au [119].

In the above minimization procedure (76), CANM with the optimal choice of the iteration
parameter for calculating the generalized eigenvalue problem (73), as described in section 2.4.1,
is used as an internal iteration. Numerical experiments confirm that the optimal iteration
parameter from the interval (0,2) provides the best convergence with respect to the iteration
number compared to other algorithms with an iteration parameter in the interval (0,1). This
advantage allows one to speed up the calculation of the generalized eigenvalue problem (73) with
different variational parameters Ay, Ay, By, By, C4, and C5 for the minimization procedure (76).

Table 2 presents the minimized helium ground state energy F (in au) and the calculated
values of 11 = 1», 115 for the optimized parameters Ay, As, By, By, (1 and Cs in the case of
2PC conditions (74) for different values of N in Eq. (69). For comparison, the values p1 = pa,
pi12 are also given. Table 3 presents the analogous results in the case of 3PC conditions (75). As
seen, in both cases the calculated cusp ratios for NV = 60 are in good agreement with the exact
ones, ¥ = —2.903724 au, vy = vy = =2, v19 = 0.5 and E = —2.903721 au, pu; = ps = —2,
w12 = 0.5, respectively. It is also noteworthy that if the 2PC and 3PC conditions are ignored,

Table 2. Minimized ground state energy E (in au) and calculated values of 11 = v, v19 for optimized
parameters as functions of NV in the case of 2PC conditions. For comparison, the values 1 = pa, 12
are also given.

N E v = 1o V12 1= f2  H12

10 —2.9036300 —1.9999 0.4999 —1.9319 0.4425
20 —2.9037049 —2.0000 0.5000 —1.9356 0.4112
30 —2.9037200 —2.0000 0.5000 —1.9594 0.4238
40 —2.9037208 —1.9999 0.4999 —1.9538 0.4557
50 —2.9037231 —2.0000 0.5000 —1.9513 0.4476
60 —2.9037242 —1.9999 0.4999 —1.9550 0.4625

Table 3. Minimized ground state energy E (in au) and calculated values of 1 = ua, p12 for optimized
parameters as functions of N in the case of 3PC conditions. For comparison, the values vy = 13, v19
are also given.

N E p1=p2 12 VD= Uy V12

10 —2.9033159 —1.9999 0.4999 —1.9925 0.6125
20 —2.9036494 —2.0000 0.4999 —2.0034 0.5288
30 —2.9036911 —2.0000 0.4999 —2.0106 0.4803
40 —2.9036961 —1.9999 0.5000 —1.9991 0.5135
50 —2.9037083 —1.9999 0.4999 —2.0062 0.5345
60 —2.9037211 —2.0000 0.4999 —2.0020 0.5019
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then the minimized ground state energy F is equal to —2.903 717 au and —2.903 724 au already
for N = 10 and 20, respectively.

Our numerous calculations of the DCSs for various ionization processes using different types
of variational helium ground state wave functions, such as

1. weakly correlated wave functions with a poor accuracy of the ground state energy and
not satisfying Kato’s cusp conditions (68) and the 2PC (74), 3PC (75) conditions: the
Hylleraas (E = —2.8477 au) [120], the Roothaan-Hartree-Fock (E = —2.8617 au) [121],
the Hylleraas-Eckart-Chandrasehkar (£ = —2.8757 au) [122-124], and the Silverman-
Platas-Matsen (E = —2.8952 au) [125];

2. the Pluvinage wave function (67) with a poor accuracy of the ground state energy (E =
—2.8788 au) while satisfying Kato’s cusp conditions (68) and the 2PC (74), 3PC (75)
conditions;

3. highly correlated wave functions with a good accuracy of the ground state energy but not
satisfying Kato’s cusp conditions (68) and the 2PC (74), 3PC (75) conditions: the Mitroy
(E = —2.9031 au) [126], the Bonham-Kohl (£ = —2.9035 au) [127], and (69) at N = 10
(E = —2.9037 au);

4. highly correlated wave functions (69) at N = 60 with a good accuracy of the ground state
energy (E = —2.9037 au) and satisfying the 2PC (74) or 3PC (75) conditions,

show that all wave functions that provide a good accuracy of the energy give very similar results,
while wave functions that provide a poor accuracy of the energy give different results. It follows
that for DCS calculations it is important to use correlated variational wave functions, which
give a good accuracy of the ground state energy, regardless of whether they satisfy Kato’s cusp
conditions or not.

After that, further calculations using the wave function (69) at N = 10, which gives the
ground state energy £ = —2.903 717 au, were performed and several important physical results
for the single and double ionization processes of helium by electron and proton impact, presented
in [128-137], etc., were obtained. Some startling results of these applications are considered in
Sections 4.1.2 and 4.1.3.

The main advantage of this wave function is that with a relatively small number of basis
functions it gives the ground state energy of helium with an accuracy of 10~7 compared to,
for example, the highly correlated configuration interaction wave function Mitroy [126], which
consists of more than 550 terms, with £ = 2.903 146 au. Another advantage is that, due to
the positive parameters of v;, the Fourier transform can be used to reduce the multiplicity of
scattering amplitude integrals for some ionization processes.

4.1.2. Numerical results: single ionization of helium by fast proton impact

In this section, the problem of single ionization of helium by a fast proton with an energy of
1 MeV is considered. This energy allows the proton to be described by a plane wave. In [131],
the energy of the ejected electron is . = 6.5 eV. The corresponding experiment was performed
at the Institut fiir Kernphysik, University of Frankfurt, Germany.

In the following, unless otherwise stated, atomic units are used, i.e., e =m, = h = 1.

The value of the momentum transfer Q = p, — p, is rather small, namely () = 0.75 au. The
law of momentum conservation

Q+pe+Kion:()7 (77)

illustrates that the velocity of the residual ion Kj,,/(my + 1) is negligible, considering its
comparably high mass (my = 4m,, = 7344.6 au). This enables to assume it to be at rest during
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the reaction and to choose it as the center of the laboratory coordinate system. Here p,, p, are
the incident and scattered projectile momenta, and p, is the ejected-electron momentum.
The matrix element is given by:

Ty = ﬂZp/dR/drl/dr2\11f*(R7r17r2;psape)q)i<rlar2) X

2 1 1
x e B (— — — ) 78
R ’R— 7'1’ ’R— 7‘2’ ( )

The factor v/2 accounts for the identity of the electrons labeled as 1 and 2. The wave function
®;(r1,72) describes helium in its initial (ground) state, and Wy (R, 71, 72; p,, p.) is the wave
function of the full Hamiltonian with final boundary conditions describing the singly ionized
state. R corresponds to the distance between heavy particles within the immovable nucleus
model.

The energy conservation law

2 oy 2 K2
sz + 6(1){6 _ (pz Q) + 5(1)%[@+ + & + ion (79)

B —
my, 2m,, 2 2(my+1)

allows one to obtain the longitudinal and transversal components of the momentum transfer

with respect to the incident proton momentum, Q, = (—ef¢ + elf¢" + E,)/v, = 0.18 au and
Q1 ~ myvpts = 0.73 au, respectively, where 6, is the scattering angle of the proton. In

Eq. (79), the Q?/(2m,) and K2 /(2(my + 1)) terms are neglected, in line with our frozen
nucleus approximation.

The final state of the reaction contains three charged particles in the continuum, namely p,
e, and the He™ ion.

First of all, simple models for the initial and final state wave functions are chosen. The final
state wave function is described by:

Vo (R, 71,79;p,, ) = e TP (71,725 P,)- (80)

In turn, the final He state with one-electron in the continuum wave function ® (71, 72; p,) has
the form

D7 (r1,m2;p,) = VO (11 p)UE (r2). (81)

0 (r2) = \/g e 2 (82)

is a hydrogen-like He™ ground state wave function, and

Here

djc(rl;pe) = 6_71—{/2 F(l - ZC)ezpﬁ.rl 1F1 (ZC7 17 _2(perl + D, - 7'1)) (83)

is the wave function of the ejected electron in the Coulomb field of the residual He™ ion with
C = _1/pe-

The helium ground state ®;(ry, r2) is presented by two variational wave functions: a weakly
correlated Roothaan-Hartree-Fock wave function (RHF) [121] (we call it FBA for brevity, and
here both the ground and final helium states are loosely correlated) and a strongly correlated
wave function (69) (we call this model CFBA, and here the helium ground state is highly
correlated, but its single continuum final state is still loosely correlated). Numerical calculations
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Figure 9. Experimental (green dots) and calculated (FBA, black line, JFBA, blue line, CFBA, red
line) electron angular distribution for E, = 6.5¢V, ¢ = 0.75au. (a) All data; (b) azimuthal plane
(0. = 90° £ 10°); (c), (d) coplanar geometry (¢ = 90° £ 10°).

of ®;(r1,72) and @ (71, 72;p.) within the J-matrix approach [138] (JFBA, where both the
ground and final state wave functions are highly correlated) are also performed.

The angular distribution integrated over 6, as a function of ¢, is shown in Figure 9, a.
For quantitative comparison, the experimental data are normalized to the integral of CFBA
calculations. The FBA calculation has a slightly lower (7 %) total cross section, while the
JEBA theory has a slightly larger (8 %) total cross section. Figure 9, ¢ shows the electron
angular distribution in the coplanar geometry, also known as the scattering plane. To illustrate
good agreement between experiment and theory, the data are presented on a logarithmic scale
(and as a polar plot in Figure 9, d).

Figure 9, b shows the angular distribution in the azimuthal plane. The simple FBA best
agrees with the experimental data. It should be pointed out that due to the tilt of the binary
lobes between theory and experiment, the direct comparison does not reflect its quality in this
plane. The deviation is simply the result of different tilts.

4.1.8. Numerical results: Compton scattering near the threshold

In this section, the Compton ionization of helium, as described in [135], is considered. The
photon energy is F; = 2.1 keV, and the energies of the emitted electrons range from 1 to
50 eV. The corresponding experiment was performed at the P04 beamline of the PETRA III
synchrotron at DESY in Hamburg, Germany.
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The energy and momentum conservation laws are of the form
El = E2 + -[p + Ee + Eiom Dy =D + D, + Dion> (84)

where I, = 0.9 au is the ionization potential, E. (p,) is the energy (momentum) of the escaped
electron, Fion (Piy) is the energy (momentum) of the residual ion, and E; (p,), Es (p,) are
the energies (momenta) of the incoming and outgoing photons, respectively. For the given keV
photon energy range, the momenta are of the order p; = F;/c ~ 1 au (i = 1,2) with the speed
of light ¢ = a~!. Since My, > 1, the ionic kinetic energy Ei,, = p2_/(2Mi.n) can be neglected.
Hence, the photon energy is nearly unchanged and the ratio of the photon energy after and
before the collision is E I 4B +E

2 p e ion __
=5 = 1 £ ~ 1. (85)
The transferred momentum from the photon to the atomic system is given by Q = p;, — p, =
P. + Pion- The magnitude and direction of the transferred momentum @ can be expressed as a
function of the scattering angle 6 between the incoming and outgoing photons.

Under the above kinematic conditions, one can use a non-relativistic description and only
the so-called A? (seagull) term from the total second-order Kramers-Heisenberg-Waller matrix
element, well presented, for example, in [139]. In this case, the fully differential cross section
(FDCS) can be written as

t

Ao

dE. d. d

=1 pet IM(Q,p.), (86)

(2m)?
with the classical electron radius r.. The matrix element has the form

2

Z 'R

J=1

M(Q,p.) = (e1 - ) <‘I’§f_)(7“1,’f'2;Pe) ‘I’z‘(”“177°2)>» (87)

where e, e, are the polarization vectors of the incoming and outgoing photons. Here the initial
state W;(71,72) is the helium ground state wave function, and the final state is the scattering
state wave function \Ilgc_)(’rl, r9; p,) with the one-electron continuum state (corresponding to
the asymptotic electron momentum p, ), while the second helium electron remains bound.

Assuming the incoming photon beam is unpolarized and the final polarization state of the
outgoing photon is not detected, we additionally average over the initial polarization and sum up
the probabilities corresponding to both possible final polarizations. Under these assumptions,
the FDCS can be written as

d3o do 1
L — ot ——|M.(Q, p,)|? 88

with the Thompson cross section

do 1, 9
— = —r3(1 7
(sz)Th 27‘6( + cos” 0) (89)

for photons scattered off a single free electron and the electronic matrix element

2

Z ezQ-rj

j=1

M.(Q.p.) = <\I’§c)(7“1,"°2;136) ‘I’i(”‘177‘2)> : (90)

36



E. V. Zemlyanaya, O. Chuluunbaatar Natural Sci. Rev. 8 200605 (2026)

It should be noted that, the A% approximation resembles the first Born approximation (FBA)
for the scattering of a fast particle on an atom. Therefore, the observed effects have an analogous
interpretation and can be described in familiar terms. However, the Compton ionization has
some advantages over traditional mechanisms such as (e, 2e) ionization, namely:

1. the contribution of other second-order terms is very small so that the A? approximation
is often accurate;

2. the photon has no charge so that it is necessary to consider only the evolution of the
field-free system of charged particles;

3. the transferred momentum @ can vary in a wide range so that different regimes are
accessible.

Complementary approaches are used to calculate electronic matrix elements. Approach I
describes both electrons and takes into account correlation in the ground state, but uses
Coulomb waves as scattering states. In contrast, Approach II uses a single-active-electron
description, but includes accurate one-electron scattering states.

In Approach I, the initial state is given by the correlated symmetric two-electron ground
state wave function W;(71,72) (69). To approximate the final state, the main idea is that one-
electron remains bound in the ionic ground state wave function given by ¥f” () (82), and the
free electron can be approximated by the Coulomb wave function % (r;p,) (83). Since the
correct scattering state wave function \Ilgf)(rl, T9; P,) must be orthogonal to the initial bound
state wave function W; (71, 7r5), for the resulting symmetrized final state wave function

O (i) = % (0P U (r2) + 0 (rs p) VE" (1)) (91)

the following orthogonalization condition is used:

\Ilgc_)(rl,m;pe) = Vs(ry,ro;p,) — <\Ilgc_)(r1,'r2;pe) U, (7, r2)> U,(ry,ra). (92)

In Approach II, the non-correlated RHF helium ground state wave function [121] is used;
thus, only the “kicked” electron can escape, while the other electron stays frozen at the core. To
model the influence of the remaining electron on the escaping electron, a single-active-electron
effective potential [139] is employed. This potential has an asymptotic charge of Z = 2 for
r — 0, which is screened by the second electron such that asymptotically for large r, it reaches
Z = 1. The one-electron ground state function ;(r) and the one-electron continuum state
wave function wff)(r; p.) with incoming boundary conditions are calculated numerically via
solving the radial Schrodinger equation. Hence, the electronic matrix element in Eq. (90) is
approximated as

Mo(Q.p,) = V2 (0 (rip,) |97 | i(r)) (93)

This expression is calculated using a plane wave expansion of e@®" and an expansion of the
scattering states 1/1](:)@"; p,.) in terms of spherical harmonics.

Within the A? approximation, the magnitude of the energy transfer is determined by energy
conservation. It is worth mentioning that, under the present conditions, the photon loses only
a few percent of its primary energy. Thus, the momentum transfer is largely a consequence
of the angular deflection of the photon and not a consequence of its change in energy. This
can be seen by inspecting the energy distribution of the ejected electron in Figure 10, a. The
electron energy distribution peaks at zero and falls off exponentially. For electron forward
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Figure 10. Electron energy distribution. The scattering angle for the outgoing photon is restricted to
140° < 6 < 180° in all panels. a) The electron energy spectrum is shown independent of the electron
emission direction. b) The electron emission angle is restricted to forward scattering (0° < 6, < 40°).
¢) The electron emission angle is restricted to backward scattering (140° < 6, < 180°). The black dots
are the experimental data. The error bars are the standard statistical error. The solid lines represent
the theoretical results of Approach I, and the dashed lines represent the results of Approach II.
The experimental data in panels (a) and (b) are normalized such that the maximum intensity is 1;
the theory is normalized such that the integrals of the experimental data and the theoretical curves
are equal. The normalization factors in panel (¢) are identical to the ones in panel (b), since here the
forward /backward direction of the same distribution is depicted.

emission (Figure 10, b), it peaks at 11 eV for photon back-scattering, while the backward-
emitted electrons for the same conditions are much lower in energy (Figure 10, ¢). This also
manifests itself in the FDCS showing the electron angular distribution for a fixed electron
energy and a fixed photon scattering angle of 150° 4+ 20°.

4.1.4. Summary to Section 4.1

The influence of Kato’s cusp conditions on the DCSs of the ionization processes of helium by
fast electron and proton impact, determined by different types of variational helium ground state
wave functions, is studied. It is observed that all wave functions that provide a good accuracy
of the energy give very similar results, while wave functions that provide a poor accuracy of
the energy give different results. It follows that for DCS calculations it is important to use
correlated variational wave functions, which give a good accuracy of the ground state energy,
regardless of whether they satisfy Kato’s cusp conditions or not. Based on this, an optimized
helium ground state wave function on the exponential basis (69) containing only 20 terms,
taking into account the two-electron symmetry, and providing an accuracy of the ground state
energy to 1077 is constructed and applied. Using this wave function, several important physical
results are obtained for the single and double ionization processes of helium by fast electron
and proton impact.

Section 4.1.2 presents theoretical calculations of experimental work with high momentum
resolution on the single ionization of helium induced by 1 MeV protons. The overall agreement
is strikingly good, and even the FBA yields good agreement between theory and experiment.
This has been expected for several decades, but so far has not been accomplished. The influence
of projectile coherence effects on the measured data is briefly discussed in terms of an ongoing
dispute on the existence of nodal structures in electron angular emission distributions.

Section 4.1.3 illustrates the theoretical calculations of the FDCSs for Compton scattering
at a gas-phase atom, unveiling the mechanism of nearthreshold Compton scattering. Our
theoretical results show good agreement with experimental work. The coincidence detection
of ions and electrons, as demonstrated here, paves the road to exploit Compton scattering for
imaging molecular wave functions not only averaged over the molecular axis, but also in the
body-fixed frame of the molecule.
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4.2. Spectrum of the beryllium dimer in the ground X 12; state

Over the last decade, theoretical studies [140-145] have shown twelve vibrational bound
states in the beryllium dimer, whereas eleven states were extracted from the experimental
data of laser pump-probe spectroscopy. Traditionally, potential energy curves (PECs) are
numerically tabulated on a non-uniform grid and continued at large interatomic distances using
additional information about the interaction of atoms comprising the diatomic molecule. The
dominant term of the PEC at large distances is given by the van der Waals interaction, inversely
proportional to the sixth power of the independent variable with the constant, determined from
theory [146, 147]. The problems of matching the asymptotic expansion of the PEC with its
tabulated numerical values and correctly calculating the required sets of bound and metastable
states are studied in [36].

4.2.1. Mathematical statement of the problem

To describe the beryllium dimer in the adiabatic approximation (in which the diagonal nona-
diabatic correction is not taken into account), commonly referred to as the Born-Oppenheimer
(BO) approximation, in [36, 148], the Schrédinger equation is used in the form

(—@%irzir + Sgw +V(r) — E) d;(r) =0. (94)

Here J is the total angular momentum quantum number, r is expressed in A, and s, =
3.741151852 cm™!. F is the energy in cm™! and V/(r) is the PEC in cm™!.

In [36], the potential V(r) (in cm™!) is given by the modified expanded Morse oscillator
(MEMO) potential function, which is an approximation of MEMO tabular values. It should be
noted that the tabular values give a smooth approximation up to r = 12, where the approximate
PEC matches with the asymptotic potential V.EO(r) = s,UBO(r) given analytically by the
expansions [146]

76 T s T (95)

UBO(r) = sy VEO(r), V2O(r) = — (214 10230, 504300) ,
where s, = aue/sy = 58664.99239, Z = r/s3 and s3 = 0.52917 is the Bohr radius in A. This
fact allows considering the interval r € [rpaen = 12,00) as possible for using the asymptotic
potential V.2O(r) at large r and executing conventional calculations based on the tabular values
of V(r) in the finite interval r € [r; = 1.5, = 12] (see also [145]).

In [145], the potential V(r) (in cm™?) is given by the BO potential function plus the rela-
tivistic potential function, marked as STO, with tabular values. In the interval r € [ryaten =

14.552, 00), the potential V(1) = s9U,s(r) is approximated by the asymptotic expansion

UaS(T> = 51‘7aS(7")7 ‘7aS<r) = ‘ZEO(T) + @sel(r)v

_ 1.839-107%  0.11944 19.582  1323.5 (96)
Vas'(r) = — + + - :
as Z4 Z6 ZS ZlO

where VBO(r) and V!(r) are given by (95) and [145], respectively.
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4.2.2. Numerical results

The vibrational-rotational spectrum of the real-valued eigenenergies E,; and the corre-
sponding eigenfunctions ®,;(r) of the bound states of the BVP for Eq. (94) are calculated
using the FEM KANTBP 4M [71] and KANTBP 3.0 [150] programs on the finite interval
[Tmin = 1.9, "max = 40], with the Neumann boundary conditions on the boundary points

4
dr

The potential functions MEMO and STO V (r) from J = 0 to J = 36 support 252 and 253
vibrational-rotational energy levels E,;, respectively. The calculated v = 1 — 10 vibrational
spectra E,j—g — E,—9j—o (in cm™!) are in good agreement with the energies known from the
literature [140, 142-144] and experimental results [149] (see Table 4). It should be pointed out
that there is no energy level F,_g j_14 for the MEMO PEC while E,_g j_14 = —1.4 (in cm™)
for the STO PEC. Figure 11, a (black dots) also shows the vibrational-rotational spectrum E, ;
(in em™!) of the beryllium dimer vs J for the MEMO PEC.

The rotational-vibrational spectrum of the complex-valued eigenenergies £}/ and the cor-
responding eigenfunctions ®/(r) of the bound states of the BVP for Eq. (94) is solved using
the FEM KANTBP 4M [71] and KANTBP 5M [72| programs on the finite interval [ry, =
1.9, "max = 20], with the Neumann boundary condition (97) at the left boundary point r =
rmin = 1.90 and the Robin boundary condition at the right boundary point r = rp., = 20 with
a logarithmic derivative for @ ;(kr) = ®3! (kr)

Q,;(r)=0, 7T="Tmmn, = Tma (97)

AP (kr) B 1 dvf(kr)
o R®slhr) =0, R=Trtr ar

(98)

Table 4. Comparison of the vibrational spectra E, j—g— E,—gj—o (in cm™!) for the Xlzg state of the
beryllium dimer: eigenenergies F, j—g of vibrational-rotational bound states (in cm~!) calculated by
means of the STO and MEMO PECs and experimental (Exp) results [149]|. Here D, is the well depth
and Dy = —FE,—gj—¢ is the dissociation energy in cm™!, r, is the equilibrium internuclear distance in

o

A, rms is the root-mean-square discrepancy between the theoretical and experimental data.

v STO MEMO Exp

Te 2.447  2.4534 2.4536
D, 9344 929.804 929.7+2
Dy 807.7 806.07 807.4
1 223.5  222.50 222.6
2 398.2  397.34 397.1
3 519.3 517.71 518.1
4 995.7  594.89 994.8
5 652.2  651.91 651.5
6 699.3 698.92 698.8
7 738.1  737.72 737.7
8 768.6  768.27 768.2
9 790.1 789.74 789.9
10  802.6 801.66 802.6
11 807.2 805.74

rms 0.7 0.4
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Figure 11. a) Eigenenergies E,; of vibrational-rotational bound states (black dots), the real part
Re E% (empty circles) and b) minus the imaginary part —Im E% of the complex eigenenergies E%
of rotational-vibrational metastable states in cm™*

which follows from the asymptotic solution only for the outgoing wave [32, 151, 152]

+u(kr —mJ/2))
Vir

Here complex-valued k = kY = \/EM /s, in units of A~! is the wave number, E} = 5,&)
cm™L, h(Jl)(z) is the spherical Hankel function of the first kind [153].

The metastable state problem is reduced by FEM to the algebraic generalized eigenvalue
problem (33), where the elements of the matrix A(\) follow boundary conditions (98) and
depend on the spectral parameter A\. Then, Eq. (33) is solved by the CANM algorithm with
the optimal choice of the iteration parameter described in section 2.4.2, which is implemented
in the KANTBP 4M [71] and KANTBP 5M [72]| programs.

The potential functions MEMO and STO V(r) at J = 3,4,7,8,9,11,...,49 support 62 rota-
tional-vibrational metastable energy levels E} [148]. The rotational-vibrational metastable
spectrum EY (in cm™!) vs J for the MEMO PEC is shown in Figure 11, a (the real parts
Re E}! are empty circles) and Figure 11, b (minus the imaginary parts Im E}7).

4.2.83. Summary to Section 4.2

& (kr) = VERD (k) = — & +O(k™3/%72), (99)

Calculations of the spectrum of the bound vibrational-rotational state were performed by
a standard approach, while the spectrum of the metastable rotational-vibrational state having
complex-valued eigenenergies was calculated by CANM. Therefore, this approach is important
for modeling the near-surface diffusion of beryllium dimers in connection with the well-known
multifunctional use of beryllium alloys in modern technologies of electronic space and nuclear
industries [154], and, in particular, the ITER project [155, 156].

4.3. Iterative scheme for solving a continuous minimax optimization problem
and its application

The Rayleigh—Ritz variational expansion method to eigenvalue problems for semi-bounded
operators has found numerous applications in non-relativistic atomic and molecular structure
calculations. For the Schrodinger Hamiltonian the method is based on the Hylleraas-Undheim
theorem [120], which leads to the minimization problem of the Rayleigh quotient on the set of
admissible trial functions.
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Relativistic approaches oriented to the calculation of properties of heavy atoms (e.g. rela-
tivistic many-body perturbation theory, Dirac—Fock self consistent field method), which start
with the Dirac Hamiltonian encounter difficulties directly related to the presence of the negative-
energy continuum in the Dirac spectrum.

Since the Dirac operator is not bounded, the application of the variational technique to
the relativistic Hamiltonian requires modification. One of them is the breakdown of the stan-
dard variational method using, for example, the kinetic balance approach [157]. In [158-160],
various kinetic balanced variational basis functions, which do not give spurious solutions, are
constructed. However, the disadvantage of these basis functions is the low convergence rate.
Even the wave function of the exact solvable Dirac equation with a one-center Coulomb poten-
tial cannot be expressed analytically in terms of kinetic balanced variational basis functions.

In [161-164], the minimax formulation of the Dirac equation with a central potential, one-
and two-center Coulomb potential is used. A condition for constructing a finite number of
variational basis functions without using kinetic balance, which do not give spurious solutions,
is established.

4.8.1. Mathematical statement of the continuous minimaz optimization problem

The formulation of the continuous minimax problem is as follows [165]:

min max f(x,y), (100)

zeX yey

where f(z,y): X x Y C RY x RY — R is a twice continuously differentiable function in the
region of space X x ) C RV x RM,
When considering it, the following notation is used for the gradient G and the Hessian H

View) =G (G ). Vrew 1= (57 5 ). (101

where G, and G, are the vectors of length N and M, Hy,, Hyy, Hy,, and Hy, are the
matrices of dimensions N x N, N x M, M x N, and M x M, and the matrix H is symmetric.

The necessary and sufficient conditions for the local Nash equilibrium and the local minimax
of the twice continuously differentiable function f(x,y) at the point (x*,y*) are as follows:

Proposition 1 (First-order necessary condition). Any local Nash equilibrium and minimaz
point (x*,y*) satisfy
G=0. (102)

Proposition 2 (Second-order necessary condition). Any stationary point (x*,y*) satisfying
the conditions
H,, -0, H,, <0 (103)

18 a local Nash equilibrium.

Proposition 3 (Second-order necessary condition). Any stationary point (x*,y*) satisfying
the conditions

H,, <0, (104)
H,, — H,,H H,, >0 (105)

y
18 a local minimaz point.

Here > 0 and < 0 denote the positive and negative definiteness of the matrix, respectively.
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4.8.2. Numerical approach

Within the gradient descent method and its modifications, there are many algorithms used
to find local Nash equilibrium points in a convex-concave domain. However, the disadvantage
of this method is the low convergence rate and the impossibility of directly checking the con-
ditions (103). There are also several package programs for the discrete minimax problem, for
example, FSQP program [166]|, but there are no package programs for the continuous min-
imax problem. Therefore, we developed a new iterative scheme based on the Newton-type
method for minimization [118] in combination with negative curvature direction methods for
nonconvex-nonconcave, convex-nonconcave, and nonconvex-concave domains [118, 167|.

Algorithm:

0 «T

1. Set the initial approximation z° = (x°, y°)7, where “T” is the transpose of the vector; the
required accuracy € > 0, €¢; > €; the maximum step h correction; 0 < a < 1; and n = 0.

2. If ||G|| < € and conditions (104), (105) are satisfied for 2™ = (z", y™)7, then the iterative
process terminates.

3. Find a diagonal matrix D, that satisfies the condition

H,, = Hy, + D, <0, (106)

and an additional vector v, to use the negative curvature direction method that satisfies
the conditions
Glvy, 20, v Hyv, >0. (107)

If condition (104) is satisfied, then D, = 0 and v, = 0.

3.1 If |G| < € and condition (104) is not satisfied (the so-called “nonconcave” case),

then set
MZT(O ) (108)
Uy

Here 7 = h/||vy||. Next, the inequality

fl@"y") < fl&", 9", 9" =y" + 1o, (109)
is checked. If it is not satisfied, then 02" = adz™ is set. This procedure is repeated
until condition (109) is satisfied. If condition (109) is satisfied, then go to Step 7.

4. Find an additional vector v, to use the negative curvature direction method that satisfies
the conditions
Glv, <0, vlHg,v, <O0. (110)

If the condition H,, > O is satisfied, then v, = 0.
5. Find a diagonal matrix D, that satisfies the condition

H,, + D, - 0, (111)

where H,p = Hyp — Hwy}_I;;Hym. If condition H,, > O is satisfied, then D, = 0.

5.1 If ||G|| < € and only condition (104) is satisfied (the so-called “nonconvex-concave”

case), then set
52" =7 < gw ) (112)
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where 7 = h/||vg|. Next, the inequality
f@ T y") < fla"y"), & =ax"+ 1v,. (113)

is checked. If it is not satisfied, then 6z = adz" is set. This procedure is repeated
until condition (113) is satisfied. If condition (113) is satisfied, then go to Step 7.

6. If |G| > €; or conditions (104), (105) are satisfied (the so-called “convex-concave” case),
then 6z" = (62", dy™)? is calculated using the modified Newton method

H,. +D, H /G
( Hy, Hy, + D, Gy (1)
Next, the inequality
Glox" <0, GlLoy" > 0. (115)

is checked. If at least one of them is not satisfied, then we set (D,);; = 2max ((Dy);;, €1),
(Dy);; = 2min ((Dy);;, —€1), and recalculate 62" from (114). This procedure is repeated
until both conditions (115) are satisfied.

7. Set 2"t = 2" 4 §2z" and n = n + 1. Go to Step 2.

There are two main algorithms for computing the diagonal matrices D, and D,,.
In the first algorithm, we choose

D, = —\I,, D, =-)\]I, (116)

where I, and I, are unit matrices; )\, is a negative number less than the smallest negative
eigenvalue of Hy, # 0; and )\, is a positive number greater than the largest positive eigenvalue
of Hy, £ 0.

In the second algorithm, the matrices D, and D,, are calculated using the modified Cholesky
factorization [118]

H,, + D, = LDL”, (117)
H,, + D, = LDL”, (118)

where L and L are lower triangular matrices, D and D are diagonal matrices, all elements of
which must be negative and positive, respectively.
The second algorithm is more efficient since the matrices D, and D, are more sensitive to

the matrices Hg, and H,,, respectively.
4.3.3. Negative curvature direction method

One of the key steps in finding a local minimax point is to leave the domain of the spurious
minimax point for |G| < €. In this case, Newton’s method and any of its modifications are
ineffective. The negative curvature direction method is one of the most effective.

There are also two main algorithms for computing the additional vectors v, and v,,.

In the first algorithm [167], the vector v, is chosen as the eigenvector corresponding to the
minimum negative eigenvalue A, of the matrix Hy,. Then from (113)

dx") T Hypdx"

F@E g — Sl y) = GLoa  EV a0 6 (g =
TH
= arGly, + a?r2 2zl vam + O (|6=™|*) =
)\min 272
= arGlv, + 22T 4 O (|[sz" %) . (119)

2
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Taking into account (110), we obtain

f@™,y") — fla",y") <0 (120)

at @« = o < 1. Similarly, v, is chosen as the eigenvector corresponding to the maximum
positive eigenvalue A\pa.x of the matrix H,,, after which we find the parameter o = o* < 1
subject to the condition

f(", "t — fz", y") > 0. (121)
In the second algorithm, the vectors v, and v, are chosen as solutions to the systems

L'v, =e,,, LTv,=e,,. (122)

Here e,,, e, are vectors which have all elements are equal to zero, except e, = e,, = 1 and
Sz, Sy are integers such that

¢sz<¢j7 ¢] Zl T j:1727"'7N7
(123)

¢Sy>¢j7 qu_ Zl .: 72,...,M.
The matrices L and D are calculated by formula (117), where the matrix H,, is replaced by

H.,,, and the matrices L and D are preserved by formula (118). In [118], it is proved that the
vector v, and consequently the vector v, define the negative curvature direction.

4.8.4. Mathematical statement of the one-electron two-center Coulomb Dirac equation

The one-electron wave function W(r) is a solution of the stationary Dirac equation
Hp¥(r) = EY(r), (124)

where F = Ep is the relativistic energy, and Hp is the two-center Dirac Hamiltonian:
Hp=ca-p+m.*B+U(r)L (125)

Here c is the speed of light, m, is the mass of the electron, and p is the momentum operator:

0 0 0
p= (—zﬁ%, - hf)y lhf)z) (126)

a, 3 are the well-known 4 x 4 Dirac matrices:

(2 2) (1 D)

o = (0,,0,, 0,) are the Pauli matrices:

0 1 0 — 10
"l’:<1 0)’ “y:<z 0)’ “z:(o —1)’ (128)

I and I are the 4 x 4 and 2 X 2 unit matrices:

1:(32), I:(é?) (129)
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The two-center attractive Coulomb potential U(r) is defined by

Z
U(r) = Vir) + V() V() =2,
where Z is the point charge of the centers 1 and 2, ry =r+ p/2, ro =7 — p/2, p = (0,0, p),
and p is the internuclear distance.
Below, atomic units e = m, = h = 1 are used.
The Slater-type spinor orbitals centered on the nuclei are given as in [168] by

ZPnK(T>Q+nm<97 90)7
7%' m(r = wnnm<r = 130
sin() )7 Qa0 (6.9). 10
Here j = || — 1/2 and Qj,,(6, ¢) = Qi (0, ) are the spinor spherical harmonics [168]:
[ ( [+m+1/2
+ Tylm—uQ(Q, ©),
; 7 k<0, |=—-rk-—1,
—m+1/2
\ + 2l—+1Ylm+1/2(9a ©),
Qe (0, ) = (131)
( l—m+1/2
A\ = Yim-12(0, ¢),
20+1 / ’ k>0, =&k
[+m+1/2 ’ ’
L { + Wlﬁm+1/z(9790),

where Yi,,,11/2(0, ¢) are the spherical harmonics.
When the potential U(r) = V/(r) is spherically symmetrical, the large P,.(r) and small
Qnx(r) radial components satisfy the following coupled equations

(132)

dr r

p (i s “) Pan(r) + (V(r) = & — By) Qua(r) = 0.

The peculiarity of our approach is that, for the two-center problem considered, the one center
basis large P, (r) and small Q,,(r) radial components located on each center are chosen in the
form

max max

Pvm(r) = (_1)l Z Cnpnpnpfi(r)a an(r) = (_1)l Z dnqmqnqn<r)' (133)

np=1 ng=1
Here (—1)" insures the inversion symmetry for the Dirac wave function. p,,.(r) and g, .(r) are
the normalized Slater-type orbitals with non-integer principal quantum numbers (NISTOs):
(2)\’i)’7ﬁ+np—1/2
- VI (27, +2n, — 1)
(2p) e
ann<r) =
V(27 +2n, — 1)

Pt =2 exp (—=Ar),

pnpfi(r)
(134)

a2 exp (—punr),
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Table 5. Total numbers Niqi,1 of NISTOs depending on the maximal principal quantum number Ny ax.

NmaX:2 Nmax:3 ]\'Tmax:4 NmaX:5
Kk States
max max

max max max max max max

(P I T (P U (A O (i
1 s 2 2 3 3 4 4 5 5
1 i P 3 3 4 4 5 5 6
—2  pyp 1 1 2 P 3 3 4 4
2 dy 2 3 3 4 4 5
—3  dy 11 2 2 3 3
3 fo 2 3 3 4
4 fap 1 1 2 2
4 g1 2 3
—5  99/2 1 1
Neotal 11 24 41 62

where A, and p, are positive variational parameters. These functions satisfy the following
uncoupled system of equations

d 1+k B Ve +np+K—1
(dT’ + r )pnp/i<r) - < )\K + r )pnpn(r>7

d 1-kr B Ve +ng—Kr—1
o P A L]

(135)

r

The non-integer parameter -, is chosen from the asymptotic behavior of the large P,.(r) and
small Q),,.(r) components near the corresponding center

Ve = V—k = K2 — —. (136)

The total Slater-type spinor function centered on the nucleus has the following compact form [169]

Nmax n—1
t Zl B Z OPRR(T)Q-MW(@: ©),
VN (T) = ]\71‘(;}( K==, K# (137)

S () (8, 9.

n=1 k=—n, k#0

where Ny, is the maximal principal quantum number. To avoid spurious solutions the highest
np, nge powers of r of Eq. (133) are chosen as [162]

pmax k<0
nmax:n_|ﬁ|_|_17 nmax:{ PR ) )

PR qK ng}iax + 1’ K> O (138)

The total numbers Ny of NISTOs depending on N, = 2—5 are presented in Table 5. It can
be seen that the number of each of the nonlinear parameters A\, and pu, is equal to 2Ny — 1,
i.e., the total number of nonlinear parameters is equal to 4 Ny — 2.

The one-electron ground state wave function W(r) for Eq. (124) has the form

V() = YN (T1) + VN (72). (139)
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Finally, the minimax formulation [161] of the Dirac equation (124) is

—*< Erp= min max (L ()| Hp|¥(r)) = min max (Y(r)| Hp|¥(r))

P B T ey A ey S (10

Making the Rayleigh quotient (140) stationary with respect to the variations in ¢, . and d,,
leads to the generalized eigenvalue problem

A(Z):ERB(sl). (141)

The matrix elements A and B of dimension Nia X Niota matrices are expressed by three-
dimensional integrals and are reduced to one-dimensional integrals by means of the Fourier
transform. It is noteworthy that the ground state energy of the Dirac equation (124) corresponds
to the (m + 1)-th smallest eigenvalue of Eq. (141). Here

mzz Z e (142)

is the total number of the basis functions of the small radial component in (137) (see Table 5),
i.e., the dimension of the vector d. Therefore, problem (141) is solved using the generalized
Jacobi method for diagonalization.

4.3.5. Numerical results

In all our calculations, the speed of light ¢ is 137.0359895 [164]. First of all, the relativistic
energy Epr of the 1o, state of the lightest ion Hj is determined. Since the binding energy
E. = Er — c* and the non-relativistic energy are close for light ions, the initial estimates of the
nonlinear parameters \,, i, (134) for all k are chosen

e = e = ¢ /A — B = ¢/ ~E.(2¢2 + E,) ~ \/—2F.. (143)

Then the relativistic 1o, state energy Er of other ions is calculated step-by-step, using calcu-
lated A, p, for the previous ion with charge Z,q multiplied by the factor Z/Z,q as the initial
estimates of the new nonlinear parameters for ion with charge Z.

Table 6 presents the calculated relativistic 1o, state energy FE. for different ions at the
“chemical” internuclear distance p = 2/Z versus the number N, and compared to the results
given in [170]. For the cases Npax = 2 and Np.x = 3, the same relativistic energies with a
charge step of 1 and with the difference of charges, presented in the Table, are obtained. For
the cases Nyax = 4 and Ny, = 5, there are many minimax solutions; therefore, the relativistic
energies with a charge step of 1 are first calculated, then they are recalculated with different
corrections of the nonlinear parameters A\, and p,.

From the results presented in Table 6, it is evident that our calculated energies give the
upper bounds of the exact energies with monotonic convergence with increasing Ny,... For
Nmax = 5 our results are comparable to those in [170] (used almost 600 Gaussian-type basis
functions) with a relative error of 1077-107%,
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Table 6. Relativistic 1o, state energy E, = Eg — c? at the “chemical” internuclear distance p = 2/Z.

Z Ion Ninax Energy Energy [170]
—1.102 248 990
—1.102 624 606
—1.102 640 853
—1.102 641 574 —1.102 641 581
—4.409 083 664
—4.410 586 724
—4.410 651 814
—4.410 654 700 —4.410 654 728
—110.297 363 139
—110.335 418 709
—110.337 130 064
—110.337 203 677  —110.337 204 410
—442.073 489 140
—442.231 839 925
—442.239 683 071
—442.239 984 905 —442.239 997 265
—998.024 713 682
—998.404 961 752
—998.426 014 019
—998.426 773 718  —998.426 763 032
—1782.802 217 068
—1783.539 606 894
—1783.585 615 512
—1783.587 315 610 —1783.587 355 445
—2803.286 356 845
—2804.566 122 743
—2804.656 452 590
—2804.659 770 918  —2804.659 807 931
—4069.063 950 398
—4071.139 360 212
—4071.304 123 628
—4071.309 804 433 —4071.309 830 161
—5593.251 717 146
—5596.462 436 297
—5596.746 534 092
—5596.754 858 416 —5596.754 864 752
—7393.964 617 394
—7398.751 717 018
—7399.218 916 979
—7399.228 761 754 —7399.228 805 892
—9497.103 757 814
—9504.013 069 800
—9504.748 342 655
—9504.756 578 763  —9504.756 746 927

\)

1 Hj

2 He%Jr

10 Neyt

20 Ca§9+

30 Znd?t

40 Zrp?t

50  Sny’t

60 Ndy'*

70 Yby?Ot

80 Hgl+

90 Thy™*

QU W N |CUERE W N|CUE W N OUE WN|CUERE WN|CUERE W NOUE WN O R WU W NOUE WN O - W
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Continuation of Table 6.

A Ton

3
:

Energy Energy [170]
—9957.149 867 657
—9964.557 040 570
—9965.357 892 685
—9965.365 278 947  —9965.365 468 058
—11942.178 005 611
—11951.832 987 584
—11952.939 381 324
—11952.941 727 610 —11952.941 940 110
—14796.324 879 456
—14809.322 202 267
—14810.852 901 248
—14810.898 911 675
—17461.232 762 069
—17477.122 912 713
—17479.073 413 320
—17479.125 249 624
—18577.427 339 685
—18594.349 381 894
—18596.454 717 052
—18596.509 996 585

92 Ut

100 Fmy”*

110 Ds3™t

118 Ogy**

241+
121 02

QU W N[O R W N|CTU R WN|OUER WNO R W

4.8.6. Summary to Section 4.3

A new computational scheme based on a modified Newton-type method in combination with
negative curvature methods is developed for solving the minimax (or maximin) problem. The
effectiveness of the proposed scheme is confirmed by numerical experiments solving benchmark
problems. The corresponding iterative processes converge to the desired minimax points, not
only for initial approximations given in the convex-concave domain, but also for those given in
the nonconvex-nonconcave, convex-nonconcave, and nonconvex-concave domains.

A new computational scheme is developed for the high accuracy calculation of upper es-
timations for the ground state energy in the relativistic approximation of the Dirac equation
with a one-electron two-center Coulomb potential. In calculations for the large and small ra-
dial components of each Dirac spinor orbital, independent linear combinations of non-integer
Slater-type spinor orbitals are used. The efficiency of using such independent large and small
components enables the use of minimax optimization, thereby eliminating spurious solutions
without using any additional conditions. Our numerical results show that to achieve an electron
energy accuracy of the order of 1078 in the relativistic approximation with charges Z = 1 —121
of atomic nuclei, only 62 basis functions are required, which is significantly less than those used
in previous calculations concerning the two-center Dirac equation.

5. Conclusion

One can conclude that, despite its nearly 60-year history, numerical schemes based on
CANM remain in demand and are actively used to solve a wide range of computational problems
within nonlinear models of complex physical systems studied at JINR and other scientific
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centres. The results of CANM-based investigations, obtained at JINR in different years, served
a basis for the theoretical studies of complex nonlinear processes in nuclear physics, condensed
matter physics, quantum mechanics, quantum-field phenomena, astrophysics, etc.

As mentioned in Section 1, the first numerically obtained energy levels of mesomolecule
states gave a starting point for further studies in this field. The experimental confirmation
of the existence of numerically predicted in [16-18] weakly bound states in muonic molecules
of deuterium and tritium at the Dzhelepov Laboratory of Nuclear Problems of JINR and, as
a consequence, the high efficiency of muon catalysis in a mixture of deuterium and tritium
stimulated work on muon-catalyzed fusion throughout the world. These CANM-based calcula-
tions fostered the development of other computational methods in application to the problem:
different variants of variational calculations, the hyperspherical approach, and others.

Numerically obtained stationary polaron states were used within numerical simulations of
the hydrated electron states formation, see [171] and references therein. Interest in theoretical
studies and CANM-based algorithms for the numerical study of QCD-inspired quarconium
models [2] has been renewed in recent years in the context of the planned experiments of the
NICA megascience project [172]. CANM-based numerical analysis [173, 174| allowed one to
identify and classify the instabilities of gap solitons, which confirmed theoretical predictions
in [173]. These results were later reproduced numerically and theoretically by other authors.
A new physical phenomenon numerically predicted by T. L. Boyadzhiev and co-authors — a
specific dependence of the critical current on the magnetic field in a nonuniform long Josephson
junction [13] — was confirmed experimentally [175]. The use of CANM iteration within the
original numerical continuation procedure made it possible to obtain new stable stationary
complexes of light 77| and dark [88, 89] solitons in a parametrically driven, damped nonlinear
Schrodinger equation. This computational scheme was later adapted for the numerical study
of travelling ac-driven and parametrically driven solitons [23, 74, 75]. This approach was also
extended to the case of time-periodic solitons as solutions of the corresponding two-dimensional
BVP. This enabled, within a unified approach, to obtain new insights into the full complexity
of coexisting stable localised states [23, 24].

The application of the constructed highly correlated helium ground state wave function on
the exponential basis, which provides a good accuracy of the energy, yielded several impor-
tant physical results for the single and double ionization processes of the helium in collisions
with an electron and a proton, presented in [128-137| and others. Using CANM, the entire
rotational-vibrational spectrum of narrow-band metastable states of the beryllium dimer was
firstly calculated [36]. A new computational scheme based on a modified Newton-type method
in combination with negative curvature methods was developed for solving the minimax (or
maximin) problem. This scheme was applied to the high accuracy calculation of upper esti-
mations for the ground state energy in the relativistic approximation of the Dirac equation
with a one-electron two-center Coulomb potential. The obtained numerical results show that
minimax optimization is more efficient than minimization for calculating the energies of the
Dirac equation [169].

The viability and effectiveness of CANM in the XXI century is confirmed by the fact that it
was the primary numerical research tool in 11 candidate and doctoral theses defended between
2000 and 2025 by MLIT staff and colleagues from the JINR Member States working at MLIT.

Finally, we will list the program complexes implementing the CANM numerical solution of
various nonlinear problems, which were elaborated at MLIT JINR and are available via the
JINR program library JINRLIB.
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e SLIP1 — program of the numerical solution of the Sturm—Liouville problem basing on the
continuous analog of the Newton’s method? [57]

e SLIPS2 — program complex for numerical solution of the Sturm-Liouville problem for
the system of differential equations® [68]

e SLIPH4 — program complex for numerical solution of the Sturm-Liouville problem* [55]

e SNIDE — program complex for solving the eigenvalue problem for integro-differential
equation on the basis of CANM?® [61]

e SYSINT(SISINTM) — program complex for numerical solution of the eigenvalue problem
for the system of integral equations® [69]

e CONTIN-NLIN — program complex for CANM-based numerical continuation”, [70]

e SCATTERHG6 — the calculations for a phase shift and wave functions of the Schrédinger
equations for a one-dimensional scattering problem®

e CANM — a program for numerical solution of a system of nonlinear equations using the
continuous analog of Newton’s method? [176]

e NINE — a program for numerical solution of the boundary problems for nonlinear differ-
ential equations on the basis of CANM™ [41]

e SLIPM — a MAPLE package for numerical solution of Sturm-Liouville partial problems
based on the continuous analog of Newton’s method!! [20]

e SLIPH4M — MAPLE program for numerical solution of the Sturm-Liouville problem'? [21]

e KANTBP 4M — program for solving boundary problems of the self-adjoint system of
ordinary second order differential equations® [71]
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